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Mutual Information
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= —H(CXY) + H(X) + H(Y).

Properties.
e I(X,Y) = 0if and only if X, Y are independent.
e 1(X,Y) depends only on a(X), o(Y) inside (X, Y).
e HOXY) = =1(X,Y) + H(X) + H(Y).



Free Analog ?

H(X,Y), H(X), H(Y) ~ x (X, Y), x(X), x (Y)
RelEnt(u(x,y), ux ® pry) ~» No analog !

“Free mutual information” should be determined by
W*(X), W*(Y) € W*(X,Y),

and “= 0" iff “X, Y are freely independent.”

If x(X), x(Y), x(X,Y) are finite, then the “free mutual
information” should be:

—X(X,Y) + x(X) + x(Y)
Non-microstate definition of “free mutual information”
was already introduced by Voiculescu; where the
process AdU,( - ) with free unitary BM U, plays an
important role. However no relation to y (or x*)
has been yet proven !



Setting & Notations

e a tracial W*-prob. sp.
=a VN alg. M with a tracial state 7.
e (non-comm.) r.v.s (write X,Y, etc.)
= self-adjoints in M.
e (non-comm.) multi-r.v.'s (write X, Y, etc.)
= families of self-adjoints in M.
o W*(X) or W*(X)
=the vN alg. gen. by X or resp. X inside M.
e My(C)*3=the N x N self-adjoints;
RE = its diagonals with decreasing entries.



Voiculescu’s Microstate Free Ent.  y

I1R(Xl, LX) xn; N’ m, 7)
= all (Ay,..., An) € (My(C)%¥)" satisfying

* Al <R ,
o |RTrn(AL - AY) = T(Xiy - X)) < 7 (I < m).

XR(X15..., Xp) is the inf 21,50 lim supy_,., Of

=5 10g VoI(Tr(X1, .+ -, Xn; N, m 7)) + 5 log N.
Property & Def.

[B-B] M
X 1= Xe = SUPrsoXRr (= xrforlarge R > 0)
(Write x. = x«(Xg,..., X;) for short. )



Orbital Microstates

(Mn(C)®5, Vol)
= ((U(N)/T) x RY, LeftinvProb. & vy)
« (U(N) x R[}, HaarProb. ® VN)

Identify (My(C)$3)" with (U(N)/TN)" x R:”, and get

Tr(X1s-. 5 XniN, ) € (U(N)/TY)" x R
~> rorb,R(xla ceey Xn; N’ rn’7) c U(N)n



Orbital Microstates, continued

Ar(Xi; N, myy) := Tr(Xi; N,my) N RY,
P, := HaarProb.

Fact:
VOI(I'r(X1y .+« «y Xns N, My )

n
< Pu(Tomb,r(X1y .+« 5 Xn; N, m, y)) X rl n(AR(Xk; N, m,y))
k=1

n
= Py(Lor,r(X1y++ oy Xn; N, My ) X rl Vol(I'r(Xk; N, m,y))
k=1

Moreover, the converse inequality holds “in the limit” as
N = oco,m— oo,y \y O



Orbital Free Ent. — Def. & Rel. to  y

Def. [Hiai-Miyamoto-U]

L Xorb,R(xl, ceey Xn) |S the Inf m:l’z,_"’;y>0 ||m SUpN_)oo Of
% |09 I[Du(l—‘orb,R(xb cees Xy N, m, 7))

® Xorb -= SUPR5o Xorb,R (= Xorb,R for large R > 0)
(write Xorb,r = Xorb,rR(X1, ..+, Xp), etc., for simplicity).

Thm 1. [H-M-U]
X(xl, ceey Xn) = Xorb(xl, ceey Xn) + 2E=1X(Xk)

(possibly with —co = —o00)



Orbital Free Ent. is determined by ~ W*(X\)’s

Thm. 2 [H-M-U]
IFW*(X,) = W*(Y,) forall k = 1,..., n, then

Xorb(xla ey Xn) = Xorb(Yl’ ey Yn)-

Therefore,

Xorb(X1y+ e 5 Xn) = “ Yoo (W*(X1), .« ., W*(Xy)).”



Orbital Free Ent. — Rel. to Free Indep.

Prop. 3
If Xq, {Xo,..., Xy} are free, then

Xorb(xla Xoyeuny Xn) = Xorb(XZa ceey xn)-

(Proof in the case when Xi,..., X, are freely indep. )
e Choose £(N) € R s.t. £(N) — X, in moments, i.e.,
vm,y, AN, £k(N) € Ar(Xk; N, m, ).
e \oiculescu’s asymptotic freeness:
]PU{(U")Eﬂ : (kak(N)U’l:)’l:=1 “almost” free } >3 >0
for all large N
loge

e 02 5 logPy(-++) 2 =% - 0as N — 0. QED



Orbital Microstates, revisited

Choose &(N) € RY (in My(C)$2 O.K.) in such a way that
E(N) — X, in moments as N — oo.

Lo (X1, 00y Xn 2 £1(N), ..., £n(N); N, my ) is
{(U,_, - (Uksk(N)UD)L_| € T(Xq, ..., Xni N, m, y)}

~> Yo (Xas ooy X &) With € = {Ex(N), .., E(ND_,

Prop. 4 xom(-++) = Yo (- §).
COI’ Xorb(Pl,- cey Pn) =Xproj(P1,..., Pn)



Xorb = Oimplies Free Indep.

Prop. 5 (A new variant of multivariable TCI)

Wfree,Z(Il(Xl,...,Xn), Hx, Kk ook ﬂXn) <C ‘/_Xorb(xl, ceey Xn)

with a universal constant C > 0 depending only on the
op.-norms of Xy’s.

Key ingredient: “Orbital RM-model” Uy kak(N)U; of Xy

Thm 6 [H-M-U]
Xorb(X15...3Xp) =0
= H(XyXn) = HX, * ek pUx,
& Xyg,..., X, are freely indep.



Generalization: yonp Of hyperfinite multivariables

The description of xorm BY Xorb(***) := xorb(+ -+ : &) allows to
define yom for Xy, ..., X, with all W*(Xy)’s hyperfinite

~ Xorb Of hyperfinite multivariables  yom (X1, ..., Xp).

e Each approx. seq. £x(N) should be changed from one
element to a set of microstates.

o All the properties of yon, Still hold for hyperfinite
multivariables, but

XX U uX,) = xon (X, ..., Xp) + Zrlz:l/\/(xk)
is meaningless since it always becomes —co = —c0.

e Hyperfiniteness is essential due to Jung’s result of
unitary equiv. on embeddings to R®.

Bonus Yy € W*(Xy) for all k implies
Xob(X1y e v 03 X0) £ Yo (Y1000, Y0)



Orbital Free Ent. Dim. [HMU]
Replacing

X ™~  Xorb;
X+ VIS ~ X UXU?
gives the new dimensions:

Sorb (X1, ..., Xy)  (orbital free ent. dim.)
e UPTU, . U, U
.= limsup

N0 |log Vel
do,orb(X1,...,X,)  (modified orbital free ent. dim.)

1 1)« * . 1
Xon (U U= ulx,u0s -y u)

&

= lim sup
N0 llog Vel



Orbital Free Ent. Dim., continued

60rb(X1’ ey Xn)
Yoo (U XU, L, U XU )

= lim sup
#\0 |log Vel
xUOXUP LU0 - 3 X U0

= lim sup
N0 |log Vel
XU UD= U

= lim sup
&\0 |log Vel



Orbital Free Ent. Dim., continued

do,orb < 0 and Free Indep. implies 6o = O.

Reverse monotonicity, i.e., Y, ¢ W*(Xy) for all k implies
00,0rb (X1y e ey X)) < 000 (W1yeeey ¥n).

Jung’s packing formulation of dy still works well for 6o -

Rel. to éo:

60(X1, - -+ Xn) < So,0n (X1, Xn) + X7 So(W*(Xy)).

Equality can be proven when all W*(Xy) are finite dim.
We conjecture it is true in general !



Recent progress

e More Precise Upper bdd:
00,00 (X1y e, X)) < =(N=1) So(W*(Xy) N e NWH(X)),
~» Jung’s hyperfinite ineq. for o when every
“components” are hyperfinite.

e Equality holds when Xy,...,X, are free with amal. over
W*(Xy) N -« N W*(X,) (use Brown-Dykema-Jung).



Recent Progress, continued

e (joint with Masaki lzumi and Fumio Hiai)
In the case of 7(P) = 7(Q) = 1/2 we could prove

=Xob (P, Q) = —xproj (B, Q) = I"(W*(P); W*(Q))
under a very reasonable assumption — a certain
“weighted” L3-condition for PQP + something.



