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Outline of the talk

• General framework of super conformal field theory

• New aspects of representation theory in the “super” case

• Classification theorem for small central charges

• Fredholm index and Jones index

One (super) conformal field theory is described with one contin-

uous family (“net”) of injective type III1 factors parameterized

by intervals on S1.

We study such nets of factors with representation theory.
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Axioms

A chiral conformal field theory is given by a family {A(I)} of
von Neumann algebras on a fixed Hilbert space H, where I is an
interval of the circle S1. We think that each A(I) is generated
by observables on I and impose the following axioms.

(1) I ⊂ J ⇒ A(I) ⊂ A(J).

(2) [locality] I ∩ J = ∅ ⇒ [A(I), A(J)] = 0.

(3)[covariance] ugA(I)u∗
g = A(gI) for g ∈ Diff(S1), where u is a

projective unitary representation on H.

(4) We have a vacuum vector Ω ∈ H and positive energy.

These von Neumann algebras are actually factors and we call the
family a local conformal net of factors.
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A “super” version

We assume to have a self-adjoint unitary Γ on H with ΓΩ = Ω
and ΓA(I)Γ = A(I) for all A. This gives grading of even/odd on
operators.

In the locality axiom [A(I), A(J)] = 0, we now regard the square
bracket as a super commutator, that is, we have [x, y] = xy + yx

for odd operators x, y.

For the diffeomorphism covariance, we need to deal with the
double cover of Diff(S1) in an appropriate way.

We call such a family a Fermi conformal net of factors.

The even parts of A(I) give a local conformal net and this net
is called the Boson part of A.
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Representation theory

All A(I)’s act on the initial Hilbert space H from the beginning,
but we also consider their representations on another Hilbert
space, that is, a family {πI} of representations πI : A(I) →
B(Hπ), where Hπ is another Hilbert space, common for all I.
We also need to take of a representation of Diff(S1) in an ap-
propriate way and have a covariant representation.

Through composition of endomorphisms, we have a natural no-
tion of tensor products and a structure of braiding. (Doplicher-
Haag-Roberts + Fredenhagen-Rehren-Schroer)

We have an operator algebraic version of rationality, called com-
plete rationality (K-Longo-Müger, CMP 2001), which is similar
to the finite depth condition of a subfactor.
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Representation theory of Fermi conformal nets

We have a similar definition for a representation of a Fermi con-
formal net A.

It is convenient and useful to study representations of a net
on the real line, which is S1 minus one point. We consider
a covariant representation of a net of factors on the real line,
which is called a soliton.

We also consider the promotion A(n) of the conformal net A to
the n-th cover of S1, where n = 1,2, . . . ,∞. We naturally define
a representation of the promotion.

A soliton as above is identified with a representation of the infi-
nite promotion A(∞).
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Ramond and Neveu-Schwarz representations

We further consider a representation of the infinite promotion

A(∞) which restricts to a usual representation of the Boson part

of A. Such a representation is called a general representation

of A. If we have finite index, then it turns out that such a

representation is indeed a representation of the Fermi conformal

net A or a representation of the double promotion A(2). We say

that the representation is Neveu-Schwarz in the former case, and

Ramond if not. (Carpi-K-Longo)

For a representation of the Boson part of a Fermi conformal net,

we can make an induction procedure called α-induction to obtain

a representation of the promotion. We can determine whether

it is Neveu-Schwarz or Ramond, using the monodromy.
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Virasoro and super Virasoro algebras

Recall that the ordinary Virasoro algebra is defined as follows in
terms of generators Lm, m ∈ Z, and c,

[Lm, Ln] = (m − n)Lm+n +
c

12
m(m2 − 1)δm,−n,

where m, n ∈ Z and c is central.

We have super versions of this Lie algebra, called Ramond and
Neveu-Schwarz algebras, which are defined by

[Lm, Gr] =
(

m

2
− r

)
Gm+r,

{Gr, Gs} = 2Lr+s +
c

3

(
r2 −

1

4

)
δr,−s,

where we have r, s ∈ Z for the Ramond algebra and r, s ∈ Z+1/2
for the Neveu-Schwarz algebra.
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Operator-valued distributions

We have a notion of an irreducible unitary representation of these
(super) Lie algebras. Such a representation maps the central
element c to a positive scalar. This number is called a central
charge and takes only restricted values, {1−6/m(m+1)}∪ [1,∞)
for the Virasoro algebra and {3(1 − 8/m(m + 2))/2} ∪ [3/2,∞)
for the super Virasoro algebra.

For such an irreducible unitary representation of the Virasoro
algebra or the Neveu-Schwarz algebra, each generator of the
(super) Lie algebra is mapped to an (unbounded) operator on a
Hilbert space. We can then form an operator-valued distribution,
called a stress-energy tensor as follows.

TB(z) =
∑
n∈Z

z−n−2Ln, TF (z) =
1

2

∑
m∈Z

z−m−2Gm+1/2.
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Virasoro and super Virasoro nets

For each interval I, we take a real test function f with support
in I and make an (unbounded) self-adjoint operator T (f). We
consider a von Neumann algebras generated by such operators
for a fixed I. In this way, we obtain a local/Fermi conformal net
and it is called the (super) Virasoro net with central charge c.

Goddard-Kent-Olive has a so-called coset construction for both
the Virasoro algebra and the super Virasoro algebras. This con-
struction can be translated into operator algebraic setting as
studied by Xu, and this gives a complete understanding of the
representation theory of the (super) Virasoro net with central
charge c in the discrete parts.

In particular, these nets are completely rational and the S- and
T -matrices have been computed by Xu.
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α-induction

For an inclusion of nets of factors, A(I) ⊂ B(I), we have an
induction procedure analogous to the group representation case,
which is called the α-induction and depends a choice of braiding.

Longo-Rehren, Xu, Ocneanu, Böckenhauer-Evans-K (CMP 1999)

The intersection of the images of α+ induction and α− induction
gives the true representation category of {B(I)}.

z

:
α+

α−

Rep. A(I) Rep.
B(I)
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Modular invariant

The representation theory of a completely rational local confor-

mal net of factors produces a unitary representation π of SL(2, Z)

through its braiding. This is not irreducible in general, but is of-

ten almost irreducible.

Böckenhauer-Evans-K (CMP 1999) have shown that the matrix

(Zλ,µ) defined by Zλ,µ = dimHom(α+
λ , α−

µ ) is in the commutant

of the representation π (using Ocneanu’s graphical calculus).

Such a matrix Z is called a modular invariant, and we have

only finitely many such Z for a given π. For any completely

rational net {A(I)}, any extension {B(I) ⊃ A(I)} produces such

Z. Matrices Z are much easier to classify than extensions.
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Classification of chiral CFT with c < 1:

We can define a central charge as a numerical invariant of a

local conformal net of factors. Any such net of factors {A(I)}
with central charge c < 1 is an extension of the Virasoro net

with the same central charge. So we can apply the above ma-

chinery to classify extensions and we get the following complete

classification list. (K-Longo, Ann. Math. 2004)

(1) Virasoro nets {Virc(I)} with c < 1.

(2) Crossed products of the Virasoro nets by Z/2Z.

(3) Four exceptionals at c = 21/22, 25/26, 144/145, 154/155.

(One of them is really “new”.)
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Classification of full/boundary CFT with c < 1:

In a similar way, but with additional techniques, we can also study

and classify full conformal field theories and boundary conformal

field theories in the operator algebraic framework for the range

c < 1 of the central charge. [(K-Longo, CMP 2004) and (K-

Longo-Pennig-Rehren, CMP 2007).]

In the both cases, one conformal field theory is described with a

certain net of factors with different properties.

Moonshine conjecture, which is on mysterious relations on the

finite simple group Monster and the modular invariant j-function,

can be also studied with local conformal nets of factors. (K-

Longo, Adv. Math. 2006)
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Cappelli modular invariants

We apply the above machinery of classification of extensions to

the Boson parts of the super Virasoro nets with c < 3/2. Then

we take care of the Fermi extensions.

Cappelli has listed modular invariants for the super Virasoro al-

gebra with c < 3/2. We would like to verify that the list is

complete.

Then an idea of Gannon-Walton for classification of coset modu-

lar invariants, with an extra trick, can be extended to the current

situation, with the fixed point resolution studied by Xu, and we

know that the Cappelli list is indeed complete for the Boson parts

of the super Virasoro nets.
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Classification of super conformal nets

All the extensions of super Virasoro nets with c < 3/2 are la-

beled with the pairs of the A-D2n-E6,8 Dynkin diagrams with the

difference of their Coxeter numbers equal to 2.

Besides the super Virasoro nets themselves and their crossed

products by Z/2Z, we have six exceptionals related to E6 and

E8. (Carpi-K-Longo)

Two of them are crossed products by Z/2Z of two among the

remaining four. Two among the remaining four are easy coset

nets similarly to the Virasoro case. The other two are understood

as mirror extensions in the sense of Xu, again similarly to the

Virasoro case.
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Fredhom index for the supercharge operator

Recall that the Ramond algebra has a relation

L0 = G2
0 +

c

24
.

We now consider a general representation of a Fermi confor-

mal net A in which we also have a representation of the above

relation. We denote the image of G0 by Q, which is odd and

self-adjoint, and it is called a supercharge operator. We call such

a general representation of A supersymmetric.

Let Q+ be the the upper off diagonal part of Q and we study

its Fredholm index ind Q+, which is defined to be dimker Q+ −
dimker Q∗

+ and also called a Witten index.

16



Fredholm and Jones indices

We have

ind (Q+) =
d(ρ)
√

µA

∑
ν∈R

K(ρ, ν)d(ν)null(ν, c/24),

for the Fredholm index of Q+, where ρ is one of the two irre-
ducible components of the general representation restricted to
the Boson part of the net, d(ρ) is its dimension, R is the set
of irreducible representations of the Boson part of the net A in-
duced to Ramond representations of A, K is defined with the
left inverse applied to the monodromy operator and, null(ν, h) is
the dimension of ker(L0,ν − h), and µA is the µ-index of the net
A. (Carpi-K-Longo)

The super Virasoro net has such a supersymmetric general rep-
resentation if m is even in c = 3(1 − 8/m(m + 2))/2.
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