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§1. Introduction

• A: Unital C∗-algebra,

u, v ∈ U(A): Unitaries s.t. uv − vu small,

One can associate the Bott element Bott(u, v)

in K0(A) to u, v (Loring).

e(u, v) =

(
f(v) h(v)u + g(v)

u∗h(v) + g(v) 1− f(v)

)

Bott(u, v) = [χ
[12,∞)

(e(u, v))]0 − [1]0 ∈ K0(A).

• When u is homotopic to 1 in U(A), Bott(u, v)

is an obstruction for existence of a homotopy

{ut}t∈[0,1] in U(A) s.t.

u0 = 1, u1 = 1, and utv − vut small.

This is the only obstruction for many classes

of C∗-algebras.

e.g. purely infinite simple C∗-algebras.

(Bratteli-Elliott-Evans-Kishimoto)
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Automorphism case

• α, β ∈ Aut(A): Homotopic to id s.t.
α ◦ β = β ◦ α.

What is a relevant obstruction for existence of
a homotopy {αt}t∈[0,1] in Aut(A) s.t.
α0 = id, α1 = α, and β ◦ αt = αt ◦ β for ∀t?

• Choose an arbitrary homotopy {γt}t∈[0,1] in
Aut(A) s.t. γ0 = id, γ1 = α.

For x ∈ A, the function t 7→ γt ◦β ◦ γ−1
t ◦β−1(x)

is periodic, which gives a homomorphism
ρ : A → C(T)⊗A.

Let jA : A 3 x 7→ 1⊗ x ∈ C(T)⊗A.

The class [ρ]− [jA] in

KK(A, C0((0,1))⊗A) = KK1(A, A)

does not depend on the choice of {γt}.

This is an obstruction!
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Goal

To classify Z2-actions α with KK(αg) = 1 for

∀g ∈ Z2 by KK1(A, A).

• KK1(A, A) is enough for Kirchberg algebras

(main result).

• Obviously, KK1(A, A) is not enough in stably

finite case.
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§2. Main Results

Γ: Discrete group,
A, B: Unital C∗-algebras,
α : Γ → Aut(A), β : Γ → Aut(B): Actions.

• α and β are conjugate
def⇔ ∃θ : A → B isomorphism s.t. θ−1◦βg◦θ = αg.

• α and β are outer conjugate
def⇔ ∃θ : A → B isomorphism, ∃ug ∈ U(A) s.t.
θ−1 ◦ βg ◦ θ = Adug ◦ αg.

• α and β are cocycle conjugate
def⇔ ∃θ : A → B isomorphism, ∃ug ∈ U(A) s.t.
θ−1 ◦ βg ◦ θ = Adug ◦ αg and
ugαg(uh) = ugh (1-cocycle relation).

If moreover A = B and KK(θ) = 1,
we say that α and β are cocycle conjugate
by a KK-trivial automorphism.

• A Kirchberg algebra is a purely infinite, sim-
ple, nuclear, separable C∗-algebra.
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Theorem (M.I., H. Matui)

Let A be a unital Kirchberg algebra.

Then there exists a one-to-one correspondence

between the following two sets:

(1) The set of outer actions α of Z2 on A

with KK(αg) = 1 for ∀g ∈ Z2, modulo cocycle

conjugacy by KK-trivial automorphisms.

(2) {x ∈ KK1(A, A); [1]0 ⊗A x = 0}, where

[1]0 ∈ K0(A) = KK(C, A).

Example

There are exactly n−1 cocycle conjugacy classes

of outer Z2-actions on the Cuntz algebra On

for n < ∞ because

KK1(On,On) = Ext(Zn−1,Zn−1) = Zn−1.
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Theorem (M.I., H. Matui)

There exists only one cocycle conjugacy class

of outer Zn-actions for ∀n ∈ N on the Cuntz

algebra O∞.

Remark

The same statement for O2 was obtained by

Matui before.

Fix an outer action µ of Zn on O∞.

Theorem (M.I., H. Matui)

Any outer Zn-action α on a Kirchberg algebra

A is cocycle conjugate to the diagonal action

α⊗ µ on A⊗O∞.

In consequence, α has the Rohlin property.

Remark

A ∼= A⊗O∞ by Kirchberg-Phillips.
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• (α, w) is a cocycle action of Γ on A
def⇔ α : Γ → Aut(A), w(g, h) ∈ U(A) s.t.

αg ◦ αh = Adwg,h ◦ αgh,

wg,hwgh,k = αg(wh,k)wg,hk (2-cocycle relation).

• Two cocycle actions (α, w) and (α′, w′) are

equivalent
def⇔ ∃vg ∈ U(A) s.t. α′g = Advg ◦ αg,

w′g,h = vgαg(vh)wg,hv∗gh (cohomologous).

Theorem (M.I., H. Matui)

Any outer cocycle Z2-action (α, w) on a unital

Kirchberg algebra A with trivial cohomology

class [[w(·, ·)]1] ∈ H2(Z2, K1(A)) is equivalent

to a genuine action.

In particular, when [1]0 = 0 in K0(A), any

outer cocycle Z2-action is equivalent to a gen-

uine action.
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Example

Any outer cocycle Z2-action on On for n =

2, · · · ,∞ is equivalent to a genuine action.

Remark

There are countably many cocycle conjugacy

classes of outer Zn-actions on O∞⊗K for n ≥ 3.

This means that for n ≥ 3, there are a lot of

outer cocycle Zn-actions on O∞ that are not

equivalent to genuine actions.
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§3. Strategy

• ρ1, ρ2 ∈ Hom(A, B) are asymptotically unitar-
ily equivalent, ρ1

as.u.∼ ρ2,
def⇔ ∃{u(t)}t≥0 continuous path in U(B) s.t.

lim
t→∞ ‖Adu(t) ◦ ρ2(x)− ρ1(x)‖ = 0, ∀x ∈ A.

• A, B: Unital Kirchberg algebras with
[1A]0 = 0 in K0(A), and [1B]0 = 0 in K0(B).

Ĥ(A, B) :=The set of unital homomorphisms
from A to B modulo asym. u. equivalence.

Theorem (Phillips)
Ĥ(A, B) ∼= KK(A, B).

Theorem (Nakamura)
A: Kirchberg algebra
α, β ∈ Aut(A): Aperiodic
The following conditions are equivalent
(1) KK(α) = KK(β).
(2) ∃θ ∈ Aut(A), ∃u ∈ U(A) s.t. KK(θ) = 1,
θ−1 ◦ β ◦ θ = Adu ◦ α.
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A: Unital Kirchberg algebra,

α, β: Outer Z2-actions on A s.t.

KK(αg) = KK(βg) = 1 for ∀g ∈ Z2.

• γ := α(1,0) is a unique aperiodic automor-

phism with KK(γ) = 1 up to cocycle conju-

gacy by Nakamura.

We may assume Adu ◦ β(1,0) = γ,

⇒B := Aoγ Z = Aoβ(1,0)
Z,

γ̂ = β̂(1,0), dual actions.

• α(0,1), β(0,1) extend to α̃, β̃ ∈ Aut(B) com-

muting with γ̂t.

• Conversely, if θ ∈ Aut(B) commutes with γ̂t,

⇒ the restriction θ0 := θ|A commutes with γ

up to inner automorphism.

⇒ (γ, θ0) gives a cocycle Z2-action.
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Strategy for uniqueness

• T-equivariant versions of the above results of

Phillips and Nakamura.

(for outer conjugacy.)

• Model action splitting

(A, α) ∼= (A⊗O∞, α⊗ µ),

where µ is a quasi-free action.

Every rotation algebra embeds in O∞.

(outer conjugacy ⇒ cocycle conjugacy.)

Strategy for existence

Second cohomology vanishing theorem based

on Ocneanu’s idea

(with special care of K-theory).
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§4. Asymptotically representable actions

A: Unital C∗-algebra,
Γ: Discrete amenable group,
γ: Action of Γ on A.

• γ is asymptotically representable
def⇔ ∃{ug(t)}t∈[0,∞) continuous path in U(A) for
each g ∈ Γ, s.t.

lim
t→∞ ‖ug(t)xug(t)

∗ − γg(x)‖ = 0, ∀x ∈ A,

lim
t→∞ ‖ug(t)uh(t)− ugh(t)‖ = 0, ∀g, h ∈ Γ,

lim
t→∞ ‖γg(uh(t))− ughg−1(t)‖ = 0, ∀g, h ∈ Γ.

If γ is an asym. rep. action, so is its cocycle
perturbation.

• If A is a Kirchberg algebra, and θ ∈ Aut(A)
is aperiodic with KK(θ) = 1, θ gives a unique
outer asym. rep. action of Z on A up to co-
cycle conjugacy by KK-trivial automorphisms.
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B := Aoγ Γ: Crossed product,

γ̂ : B → B ⊗ C∗(Γ): Dual coaction of γ,

EndΓ̂(B) : The set of unital ρ ∈ End(B) s.t.

γ̂ ◦ ρ = (ρ⊗ id) ◦ γ̂.

• ρ1, ρ2 ∈ EndΓ̂(B) are Γ̂-asymptotically unitar-

ily equivalent, ρ1
Γ̂−as.u.∼ ρ2,

def⇔ ρ1 and ρ2 are asym. u. equivalent by a

continuous path of unitaries in A.

• ĤΓ̂(B, B) := EndΓ̂(B) modulo Γ̂-asym. u.

equivalence.
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Assumption

A: Unital Kirchberg algebra.

γ: Outer asym. rep. action.

Lemma

If a unital ρ ∈ End(B) satisfies

KK(γ̂ ◦ ρ) = KK((ρ⊗ id) ◦ γ̂),

then ∃ρ1 ∈ EndΓ̂(B) s.t. KK(ρ) = KK(ρ1).

Lemma

If ρ1, ρ2 ∈ EndΓ̂(B) satisfy KK(ρ1) = KK(ρ2),

then [ρ1] = [ρ2] in ĤΓ̂(B, B).

• The proofs use a very strong form of the

“Rohlin property” of γ̂.

• These two lemmas imply

ĤΓ̂(B, B) ∼= {x ∈ KK(B, B);

x⊗B KK(γ̂) = KK(γ̂)⊗B⊗C∗(Γ) (x⊗ 1C∗(Γ))}.
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Theorem
If [1]0 = 0 in K0(A) and Γ = Z,
then ĤT(B, B) ∼= KK(A, A)⊕KK1(A, A),
with ring structure:

(x0⊕x1)·(y0⊕y1) = (x0⊗Ay0⊕(x0⊗Ay1+x1⊗Ay0)).

x0 ⊕ x1 is invertible ⇔ x0 is invertible.

If ρ ∈ EndΓ̂(B) corresponds to x0 ⊕ x1,
KK(ρ|A) = x0.

Outline of the proof
• Since KK(γ) = 1, (A, γ) is cocycle conjugate
to (A ⊗ O∞, id ⊗ γ′), where γ′ is a quasi-free
action.
⇒ (B, γ̂) ∼= (A⊗ (O∞ oγ′ Z), id⊗ γ̂′).

• (O∞, γ′) KKZ∼ (C, id) ⇒

(O∞ oγ′ Z, γ̂′) KK∼ (C∗(Z), δ)
KK∼ (C⊕ C0(R), δ′).
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To show uniqueness up to outer conjugacy, it

suffices to prove

Theorem

If θ1, θ2 ∈ AutΓ̂(B) s.t.

θ1|A, θ2|A are aperiodic and

[θ1] = [θ2] in ĤΓ̂(B, B),

then ∃ϕ ∈ AutΓ̂(B), ∃u ∈ U(A) s.t.

ϕ−1◦θ2◦ϕ = Adu◦θ1 and [ϕ] = [id] in ĤΓ̂(B, B).

The proof is an Γ̂-equivariant version of Naka-

mura’s argument, which requires the Rohlin

projections for θ1 and θ2 in A.

We need the following two lemmas.
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ω ∈ βN \ N: free ultrafilter,

cω(B) = {(xn) ∈ `∞(N, B); limn→ω ‖xn‖ = 0},
Bω = `∞(N, B)/cω(B),

Aω, B ⊂ Bω.

Lemma (Equivariant Kirchberg theorem)

Aω ∩B′ is purely infinite simple.

• To construct the Rohlin projections for θ1
and θ2 in A, it suffices to show that θ1 and θ2
induce aperiodic automorphisms of Aω ∩B′.

• Note that Aω ∩B′ = (Aω)Γ.

Lemma (Asymptotic Galois correspondence)

Let θ ∈ Aut(A) s.t. θω(x) = x for ∀x ∈ Aω ∩B′.
Then ∃u ∈ U(A) and ∃g ∈ Γ s.t. θ = Adu ◦ γg.

Remark

This lemma holds for any outer action of any

countable discrete group.
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§5. Model action splitting

ρl : O∞ 3 x 7→ x⊗ 1 ∈ O∞ ⊗O∞,
ρr : O∞ 3 x 7→ 1⊗ x ∈ O∞ ⊗O∞.

The essence of the O∞-theorem A ∼= A ⊗ O∞
is the fact that ρl and ρr are approximately
unitarily equivalent, shown by Lin-Phillips.

Γ: Countable infinite discrete amenable group.
µΓ: Quasi-free action of Γ on O∞ = C∗{Sg}g∈Γ
given by µΓ

g (Sh) = Sgh.

Lemma
If there exists a sequence of unitaries {un} in
O∞ ⊗O∞ s.t.

lim
n→∞ ‖Adun ◦ ρl(x)− ρr(x)‖ = 0, ∀x ∈ O∞,

lim
n→∞ ‖µ

Γ
g ⊗ µΓ

g (un)− un‖ = 0, ∀g ∈ Γ,

then (A, α) is cocycle conjugate to
(A ⊗ O∞, α ⊗ µΓ) for any outer action α of Γ
on any unital Kirchberg algebra A.
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Theorem

If the diagonal action µΓ ⊗ µΓ on O∞ ⊗ O∞ is

approximately representable, then (A, α) is co-

cycle conjugate to (A ⊗ O∞, α ⊗ µΓ) for any

outer action α of Γ on any unital Kirchberg

algebra A.

In particular, if µΓ is approximately representable,

the conclusion follows.

Remark

•Since KK1(O∞,O∞) is trivial, there exists only

one outer conjugacy class of outer Z2-actions

on O∞.

• The facts that any rotation algebra embeds

in O∞, and that O∞ is isomorphic to the in-

finite tensor product of itself imply that there

exists only one cocycle conjugacy class as well.

• This shows that µZ
2

is asymptotically repre-

sentable.
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By an induction argument, we get

Theorem
µZ

n
is asymptotically representable for any n.

In consequence, any outer Zn-action α on a
Kirchberg algebra A is cocycle conjugate to
the diagonal action α⊗ µZ

n
on A⊗O∞.

The proof of the theorem shows:
∀ω ∈ Z2(Zn,T), ∃θ ∈ Aut(O∞), ∃ug ∈ U(O∞)
s.t. θ−1 ◦ µZ

n

g ◦ θ = Adug ◦ µZ
n

g ,
ugµZ

n

g (uh) = ω(g, h)ugh.

Corollary
Let α and β be outer Zn-actions on a unital
Kirchberg algebra A.
If α and β are outer conjugate, then they are
cocycle conjugate.

Remark
Nakamura and Katsura-Matui show that for
Z2-actions on UHF algebras, there is a gap be-
tween cocycle conjugacy and outer conjugacy.
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