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Definition [Blackadar 1985]
A is semiprojective whenever

E/I

E/IN

A~ E/UTn

B. Blackadar: Semiprojectivity in simple C*-algebras. Proceed-
ings of the US-Japan Seminar held at Kyushu University, Fukuoka,
June 7—11, 1999.



Semiprojective examples

Mn(C) | ejjep; = djkeq, €55 = €ji v
C([0,1]) | x = x* Vv
C(SY) |uwu=utu=1 Vv
Ip.q {f :10,1] = Mpe(C) | v
f(0) € Mp(C), f(1) € My(C)}
qC {f:(0,1] - M>(C) | f(1) is diagonal} | \/
On Do 1887 = 1,8;87s; = s;

s*s=1




Stable relations

C*(G | R) is semiprojective when Ve3o:
e (g;) O-satisfies R in A

e (mw(g;)) satisfies R in A/I

there exist h;, ||h; — g;|| < € such that
e (h;) satisfies R in A

o w(g;) = m(h;).



Inductive limits

When A is semiprojective then for any

we get
4

T e

-

with all maps from A to B homotopic — and pointwise converg-
ing — to o¢.

NB: K is not semiprojective.



Classification seems to require an “ample supply” of semiprojec-
tive C'*-algebras.

T heorem [Spielberg 01]
Any purely infinite C*-algebra A with Ki(A) finitely generated
and with tor K1(A) = 0 is semiprojective.

T heorem [E-Loring-Pedersen 98]
Any pullback

* Fo

| |

C([0,1], F1) —5—F1© F1

IS semiprojective when dim Fp,dim F7 < oo.




(-: Closure properties :-)

A, B semiprojective «<— A & B semiprojective.
A semiprojective «<— A~ semiprojective.

A semiprojective = M, (A) semiprojective. [« when A is unital]



Closure properties

O—A—X—B—0

X semiprojective A A semiprojective.

X semiprojective & B semiprojective.

A and B semiprojective £ X semiprojective.
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Counterexamples

C(X) semiprojective = X is an absolute neighborhood retract.

C(X) semiprojective = X has no closed set homeomorphic to
[0,1]%, k> 2.

TTTyTT T T T T T T T T

11



I-: Probable closure results :-|

Say A, B and C are semiprojective. Then so is X when

(1)

O—A—X—B—0 dim B < oo

(1') [Blackadar]
O—A—X=C—0

(2) Pullback over proper maps «,f:

XA
l Jo
B—5—C
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T heorem [ELP9S]
Any pullback

C([0, 1], Fy) Dp2 Fo

IS semiprojective when dim Fp,dim F7 < oo.

Key technical concepts in the proof:
e Conditionally (semi)projective diagram

e Corona extendible map
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Conditionally projective diagram:

Apgo—Ap1——

L

A10—A11—D

Conditionally semiprojective diagram:

D

|
/J

Aoo—Ao1—D/Jn,

—
—
—
—

>

D/

JIno

Alo;AllﬂD/UJn
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Observation A is semiprojective when the diagram

1)
A—A
IS conditionally semiprojective.

Lemma [ELP98]
For F7 C F5 with dim F> < oo consider the canonical map

¢ Fy — T(F1, Fp) = {f € C([0,1], F) | f(0) € Fy}.
The diagram

B F1
¢, |
T(F1, Fp)—T(F1, F>)

IS conditionally projective.
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T heorem [ELP9S]

O A X F—0

o X

0—A1—X1—~F—0

Suppose dim(F') < oo and «(A) is an ideal of Ay having a unit
there. Then

IS conditionally semiprojective.
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Definition [Loring-Pedersen]
A morphism 6 : A — B (necessarily injective) is corona ex-
tendible when

A—M(E)/E
o 7

P

B

Observation Kasparov's technical theorem essentially amounts
to corona extendibility of any map of the form

®id:C[0,1]® D — C[0,1]® D
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Proposition [ELP9S]
Given a commutative diagram of the form

O—A—X B—0

If
B—RB
s e
B1—B1

is conditionally projective, then x is corona extendible.

18



