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Serre Fibrations

A Serre fibration in Topology is a continuous map p: Y — X
whch satisfies the HLP
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Serre Fibrations

A Serre fibration in Topology is a continuous map p: Y — X
whch satisfies the HLP

h
Z x {0} > Y
7
/
/
L //~ p
s H
// \/
Z x [0,1] > X
H

1
On K -fibrations joint with Ryszard Nest, Herve Oyono-Oyono — p.2/28



Serre Fibrations

A Serre fibration in Topology is a continuous map p: Y — X
whch satisfies the HLP

h
Z x {0} > Y
7
/
/
L //~ P
s H
// Y
Z x [0,1] > X
H

Consequence: If p : Y — X is a Serre fibration with X path
connected, then all fibres Y, = p~1({z}) are homotopy
equivalent. A Serre fibration behaves like a “locally trivial fibre
bundle” up to homotopy.
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General Assumptions

All algebras (except multiplier algebras) are separable and all

locally compact spaces (or groups) are second contable
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C*-Algebra bundles (or Cy(X)-algebras)

A C*-algebra bundle over X is a C*-algebra A = A(X) together
with a nondegenerate *-homomorphism

D : C()(X) — ZM(A)
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C*-Algebra bundles (or Cy(X)-algebras)

A C*-algebra bundle over X is a C*-algebra A = A(X) together
with a nondegenerate *-homomorphism

D : Cy(X) — ZM(A)
If I := ®(Co(X \ {z}))A4, then
A=A/l
IS the fibre of Aatx € X. If a € A, then
x i ||agll, ap:=a+1, € A,

IS always upper semi continuous and vanishes at oo.
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C*-Algebra bundles (or Cy(X)-algebras)

A C*-algebra bundle over X is a C*-algebra A = A(X) together
with a nondegenerate *-homomorphism

d:Co(X) — ZM(A)
If I := ®(Co(X \ {z}))A4, then
A=A/l
Isthefibreof Aatx € X. If a € A, then
r— |azl|, az:=a+1I,€ A,
IS always upper semi continuous and vanishes at co. We say

that A(X) is continuous, if this map is continuous.
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Examples of C*-algebra bundles

* Trivial bundles A(X) = Cy(X, B)
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Examples of C*-algebra bundles

* Trivial bundles A(X) = Cy(X, B)

* Locally trivial bundles: every x € X has an open
neighbourhood U such that A(U) := ®(Cy(U))A = Cy(U, B)
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Examples of C*-algebra bundles

* Trivial bundles A(X) = Cy(X, B)

* Locally trivial bundles: every x € X has an open
neighbourhood U such that A(U) := ®(Cy(U))A = Cy(U, B)

* Continuous trace algebras (the case B = K).
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Examples of C*-algebra bundles

* Trivial bundles A(X) = Cy(X, B)

* Locally trivial bundles: every x € X has an open
neighbourhood U such that A(U) := &(Cy(U))A = Cy(U, B)

* Continuous trace algebras (the case B = K).

* Heisenberg group algebra: C*(Hs) = C*(U,V, W) where
U,V,W are unitaries with relations

ov =wvu, UW=WU, VW =WYV.
Functional calculus: ® : C(T) = C*(W) C C*(U,V, W).

We get A, = C*(U,, V) with relation U,V, = zV,U,. Thus
A, = Ay if z = 270
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: Z — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

1" A(Z) = Co(Z) @y x) AX)
f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ay ,.
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: Z — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

1" A(Z) = Co(Z) @y x) AX)

f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ay ,.

Definition
A(X) is a K-fibration if for every compact contractible space A

the evaluation map ev, : f*A(A) — Ay, induces an
isomorphism K. (f*A(A)) = Ki«(Ag ) forallv € A.
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: Z — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

1" A(Z) = Co(Z) @y x) AX)

f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ay ,.
Definition

A(X) is a K-fibration if for every compact contractible space A
the evaluation map ev, : f*A(A) — Ay, induces an

isomorphism K. (f*A(A)) = Ki«(Ag ) forallv € A.

A(X) is a K K-fibration if ev, : f*A(A) — Ay, Is a KK-equiv.
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: Z — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

1" A(Z) = Co(Z) @y x) AX)

f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ay ,.
Definition

A(X) is a K-fibration if for every compact contractible space A
the evaluation map ev, : f*A(A) — Ay, induces an

isomorphism K. (f*A(A)) = Ki«(Ag ) forallv € A.

A(X) is a K K-fibration if ev, : f*A(A) — Ay, Is a KK-equiv.

A(X) is an RK K-fibration, if f*A(A) ~rrx C(A, Afw))-
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K -fibrations

We have: R K K -fibration = K K-fibration = K -fibration.
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K -fibrations

We have: R K K -fibration = K K-fibration = K -fibration.

We also have the following theorem, which follows from some
deep result of Dadarlat:

Theorem
If A(X) is a continuous and nuclear C*-algebra bundle. Then

A(X) is a K K-fibration <= A(X) is an RK K-fibration.
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K -fibrations

We have: R K K -fibration = K K-fibration = K -fibration.

We also have the following theorem, which follows from some
deep result of Dadarlat:

Theorem
If A(X) is a continuous and nuclear C*-algebra bundle. Then

A(X) is a K K-fibration <= A(X) is an RK K-fibration.

ldea: Let X = A and consider

KK(A,, AA) °XY REK(A;C(A, 4,),C(A, A(A))

— REKK(A;C(A, Ay), A(A)),

where the last map is given by restriction on the diagonal.
|
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Examples of K -fibrations and (/R )/ K -fibrations

* Locally trivial bundles are R K K-fibrations.
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Examples of K -fibrations and (/R )/ K -fibrations

* Locally trivial bundles are R K K-fibrations.

* The Heisenberg group algebra C*(H»)(T) = C*(U, V,W)(T)
Is an R K K-fibration.
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Examples of K -fibrations and (/R )/ K -fibrations

* Locally trivial bundles are R K K-fibrations.

* The Heisenberg group algebra C*(H»)(T) = C*(U, V,W)(T)
IS an RK K -fibration.
° |f A(X) is a K-fibration (resp. K K-fibration) then the same

is true for A(X) x Z™ or A(X) x R™ for every fibre-wise
action o : Z™, R™ — Aut(A(X)).
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Examples of K -fibrations and (/R )/ K -fibrations

* Locally trivial bundles are R K K-fibrations.

* The Heisenberg group algebra C*(H»)(T) = C*(U, V,W)(T)
Is an R K K-fibration.

° |f A(X) is a K-fibration (resp. K K-fibration) then the same
is true for A(X) x Z™ or A(X) x R™ for every fibre-wise
action o : Z™, R™ — Aut(A(X)).

* Theorem. Suppose G is an amenable group which acts
fiore-wise on the C*-algebra bundle A(X).
Suppose that A(X) x K is a K-fibration (resp.
K K-fibration) for all compact subgroups K of G.
Then A(X) x G is a K-fibration (resp. K K-fibration).
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|dea of Proof

If G is amenable, the Baum-Connes assembly map
p: KPP (G A) — K (AxG)
IS an isomorphism for all A, with

K®(G;A) = lim KK (Co(X), A).

Theorem (Chabert, E, Oyono-Oyono) If z € KK (A, B) such
that res@ (z) € KK* (A, B) induces an isomorphism
K.(Ax K) = K,(B x K) for all compact subgroups K of G,

then z induces an isomorphism Ki°®(G; A) = K;°°(G; B).
Apply this theorem to

ev,] € KKC(f*A(A), Ay,) forany given f:A — X.
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|dea of Proof

If G is amenable, the Baum-Connes assembly map
p: KPP (G A) — K (AxG)
IS an isomorphism for all A, with

top (. T G
Theorem (Meyer-Nest) If G is amenable (or satisfies the strong
Baum-Connes conjecture) and x € KK“(A, B) such that

res?(z) € KK% (A, B) is a KK -equivalence for all compact
K CG,thenxx G e KK(AxG,B xG)isa KK-equivalence.

As before, apply this theorem to

evy,] € KKY(f*A(A),Ay) foranygiven f:A — X.

|
On K -fibrations joint with Ryszard Nest, Herve Oyono-Oyono — p.10/28



Further examples

Corollary. If A(X) is a continuous-trace algebra over X and
if G is an amenable group acting fibre-wise on A(X), then
A(X) x G is an RK K-fibration.
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Further examples

Corollary. If A(X) is a continuous-trace algebra over X and
if G is an amenable group acting fibre-wise on A(X), then
A(X) x G is an RK K-fibration.

Proof. It follows from a Theorem of E and Williams, that for
any continuous trace algebra A we have

fFAA) x K 2 C(A, Ay, x K).
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Further examples

Corollary. If A(X) is a continuous-trace algebra over X and
if G is an amenable group acting fibre-wise on A(X), then
A(X) x G is an RK K-fibration.

Proof. It follows from a Theorem of E and Williams, that for
any continuous trace algebra A we have

FRAA) x K 2 C(A, Ap, x K).

Corollary. Suppose that 1 - Z7 — H — G — 1 is any central
extension of groups. Then C*(H) is bundle over over Z via

w:Co(2) =2 C*(Z) — ZM(C*(H))

AN

given by convolution. If G is amenable, then C*(H)(Z) is a
K Kfibration. (Use C*(H) ® K = Cy(Z,K) x G.) |
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Further examples

* The C*-algebra bundle

A([0,1]) = {£ : [0,1] = M(C) : £(0) = (" . %) )}

IS NOT a K -fibration.
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Application: Computation of A -groups.

Consider a K-fibration A(|0,1]) over the unit intervall [0, 1]. Then

for each ¢ € [0,1], we have evy,. : K. (A([0,1]) = K.(4;).
As a consequence, if s,t € [0, 1], then

K (As) = KL (A([0,1])) = K (Ay)
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Application: Computation of A -groups.

Consider a K-fibration A(|0,1]) over the unit intervall [0, 1]. Then

for each ¢ € [0,1], we have evy,. : K. (A([0,1]) = K.(4;).
As a consequence, if s,t € [0, 1], then

K (As) = KL (A([0,1])) = K (Ay)

Example (E, Lick, Phillips, Walters) Consider the
“Non-commutative 2-spheres

Ag X F F = ZQ,Zg,Z4,Z6 C SL(Q,Z).

Then K, (Ag x F) = K,(Ag x F) =2 K, (C(T?) x F).
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Application: Computation of A -groups.

Consider a K-fibration A(|0,1]) over the unit intervall [0, 1]. Then

for each ¢ € [0,1], we have evy,. : K. (A([0,1]) = K.(4;).
As a consequence, if s,t € [0, 1], then

K. (As) = K.(A([0,1])) = K.(Ay)
Example (E, Lick, Phillips, Walters) Consider the
“Non-commutative 2-spheres
AQ X F F = ZQ,Zg,Z4,Z6 C SL(Q,Z).
Then K, (Ag x F) = K,(Ag x F) =2 K, (C(T?) x F).

ldea: Construct a K-fibration B(|0, 1]) with fibres Ay x F,
0 € [0,1].
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Computation of K -groups.

Problem: Construct a K-fibration B([0, 1]) with fibres Ag x F,
0 < |0,1].

* Realize 4y x F as a twisted group algebra C*(Z? x F,wy)
for some wy € Z%(Z* x F,T).
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Computation of K -groups.

Problem: Construct a K-fibration B([0, 1]) with fibres Ag x F,
0 < |0,1].

* Realize 4y x F as a twisted group algebra C*(Z? x F,wy)
for some wy € Z%(Z* x F,T).

* Construct a cocycle Q € Z2(Z* x F,C([0,1], T)) with
Q(-,-)(0) = wy for all 8 € [0, 1].
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Computation of K -groups.

Problem: Construct a K-fibration B([0, 1]) with fibres Ag x F,
0 < |0,1].

* Realize 4y x F as a twisted group algebra C*(Z? x F,wy)
for some wy € Z%(Z* x F,T).

* Construct a cocycle Q € Z%(Z? x F,C([0, 1], T)) with
Q(-,-)(0) = wy for all 8 € [0, 1].

* Construct the twisted crossed product C([0,1]) xq (Z* x F)
with fibres C*(Z? x F,wy).
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Computation of K -groups.

Problem: Construct a K-fibration B([0, 1]) with fibres Ag x F,
0 < |0,1].

* Realize 4y x F as a twisted group algebra C*(Z? x F,wy)
for some wy € Z%(Z* x F,T).

* Construct a cocycle Q € Z2(Z* x F,C([0,1], T)) with
Q(-,-)(0) = wy for all 8 € [0, 1].

* Construct the twisted crossed product C([0,1]) xq (Z* x F)
with fibres C*(Z? x F,wy).

* Use C([0,1]) xq (Z* x F)®@ K = C([0,1],K) x (Z* x F).
(Packer-Raeburn stabilization trick).
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Computation of K -groups.

Problem: Construct a K-fibration B([0, 1]) with fibres Ag x F,
0 < |0,1].

* Realize 4y x F as a twisted group algebra C*(Z? x F,wy)
for some wy € Z%(Z* x F,T).

* Construct a cocycle Q € Z2(Z* x F,C([0,1], T)) with
Q(-,-)(0) = wy for all 8 € [0, 1].

* Construct the twisted crossed product C([0,1]) xq (Z* x F)
with fibres C*(Z2 x F,wy).

* Use C([0,1]) xq (Z* x F)®@ K 2 C([0,1],K) x (Z* x F).
(Packer-Raeburn stabilization trick).
Result: Ko(Ag x F) =75, 78, 7°, Z'° and K{(Ay x F) = {0} for
F =175,75,74,7¢ C SL(2,7).
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Application: The K -theory group bundle

Suppose A(X) is a K-fibration. Then the K-theory group bundle
consists of the collection

Ko (AX)) = {K.(A,) : z € X}

together with isomorphisms ¢, : K.(A;) — K.(A4,) for every
continuous path v : [0,1] — X from x to y given by the
composition

—1
evl,*

ey Ku(Ay) =5 Ko (7" A[0,1]) 5 K.(4,).

We then have c,.,» = ¢y o c,» and ¢, only depends on the
homotopy class of ~.
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Application: The K -theory group bundle

Suppose A(X) is a K-fibration. Then the K-theory group bundle
consists of the collection

Ko (AX)) = {K.(A,) : z € X}

together with isomorphisms ¢, : K.(A;) — K.(A4,) for every

continuous path v : [0,1] — X from x to y given by the
composition

—1
evl,*

ey Ku(Ay) =5 Ko (7" A[0,1]) 5 K.(4,).

We then have c,.,» = ¢y o c,» and ¢, only depends on the
homotopy class of ~.

Proof. If " : [0,1]* — X is a homotopy for v and +/, then show
that both maps coincide with

—1

K. (Ay) 22" K, (T*A([0,1]?)) " K. (4,).
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The K -theory group bundle

Observations.

* If X is simply connected and path connected, and if A(X) is
a K-fibration, then K,.(A(X)) is the trivial bundle
X x K.(A;). The trivialization map is given by

(y, Ki(Ay)) — (v, Ki(Ag)); (y, 1) — (Y, cye (1))

where ¢, , = ¢, for any chosen path v from z to y.
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The K -theory group bundle

Observations.

* If X is simply connected and path connected, and if A(X) is
a K-fibration, then K,.(A(X)) is the trivial bundle
X x K.(A;). The trivialization map is given by

(y, Ki(Ay)) — (v, Ki(Ag)); (y, 1) — (Y, cye (1))

where ¢, , = ¢, for any chosen path v from z to y.

* In general, if X is path connected, there is an action of
m1(X) on K, (A;), and K.(A(X)) is the trivial bundle if and
only if this action is trivial.
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The Leray-Serre Spectral sequence

Suppose that X C X; C --- C X,, = X is the sceleton of a finite
simplicial complex X. Put A, := A(X,), App—1 = A(Xp \ Xp_1).
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The Leray-Serre Spectral sequence

Suppose that X C X; C --- C X,, = X is the sceleton of a finite
simplicial complex X. Put A, := A(X,), App—1 = A(Xp \ Xp_1).
We then have short exact sequences

0— App, = Ap = Ap1 =0
which gives the long exact sequences

L ) 9]
Kq(Ap,p—l) — Kq(Ap) o Kq(Ap—l) — Kq+1(Ap,p—1) —
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The Leray-Serre Spectral sequence

Suppose that X C X; C --- C X,, = X is the sceleton of a finite
simplicial complex X. Put A, := A(X,), App—1 = A(Xp \ Xp-1).
We then have short exact sequences

0— App, = Ap = Ap1 =0
which gives the long exact sequences

L ' 0
Kq(App—1) = Kq(Ap) E Kq(Ap—1) = Kgr1(App-1) —
Now put AP? = K,(A,) and ET"? = K,(A, ,—1). Then we get
the exact couple
L A , @ APH

OET? |

- |
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The Leray-Serre Spectral sequence

Let {EP? dr : EPY — EFPTMI1) be the spectral sequence
derived from the above exact couple. We have

0
dy : E%?q — Kq(Ap,p—l) - Kq(Ap) — q+1<Ap+1,p) — Efﬂ’qﬂ

The higher terms are derived from this iteratively by

E! = (kerneldr/image dr)p 4.

This process stabilizes eventually with
ERPT1 = FI/F] , for F}] := kernel (Kq(A(X)) — Kq(4p))
Since X,, = X we obtain a filtration

{0} = F§CFL, C - CFY) = K (A(X)).
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by ES? =2 HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle K£.(A(X)).
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by ES? =2 HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle K£.(A(X)).

* The case A(X) = C(X) is the classical Atiyah-Hirzebruch
spectral sequence for the K-theory of X.
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by ES? =2 HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle K£.(A(X)).

* The case A(X) = C(X) is the classical Atiyah-Hirzebruch
spectral sequence for the K-theory of X.

* |f A(X) is a K K-fibration, then a similar result holds for the
K-homology of A(X).
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by ES? =2 HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle K£.(A(X)).

* The case A(X) = C(X) is the classical Atiyah-Hirzebruch
spectral sequence for the K-theory of X.

* |f A(X) is a K K-fibration, then a similar result holds for the
K-homology of A(X).

° If A(X) ~grrxx B(X), then the spectral sequences of A(X)
and B(X) coincide, i.e., the spectral sequence is an
invariant for R K K-equivalence.
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Toy Example: Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:

Co(Y) x T™ =2 Cy(X, K) K = K(L*(T™))

|
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Toy Example: Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:
Co(Y)xT" = Cy(X,K) K :=K(L*(T"))

Definition. A C*-algebra bundle A(X) is a non-commutative
principal T™-bundle (or NCP T”-bundle), if it is equipped with a
fiore-wise action a : T™ — Aut(A(X)) such that

A(X) X T ~ar (X, K).
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Toy Example: Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:
Co(Y)xT" = Cy(X,K) K :=K(L*(T"))

Definition. A C*-algebra bundle A(X) is a non-commutative
principal T™-bundle (or NCP T”-bundle), if it is equipped with a
fiore-wise action a : T™ — Aut(A(X)) such that

A(X) Xo T" ~pr C(X, ).
Observation: By Takesaki-Takai duality we get
A(X) ~p Co(X,K) xgZ"™ (and vice versa)

All non-commutative principle T"-bundles are 'R K K -fibrations!
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Toy Example: Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:
Co(Y)xT" = Cy(X,K) K :=K(L*(T"))

Definition. A C*-algebra bundle A(X) is a non-commutative
principal T™-bundle (or NCP T”-bundle), if it is equipped with a
fiore-wise action a : T™ — Aut(A(X)) such that

A(X) Xo T" ~pr C(X, ).
Observation: By Takesaki-Takai duality we get
A(X) ~p Co(X,K) xgZ"™ (and vice versa)

All non-commutative principle T"-bundles are 'R K K -fibrations!
Example. The Heisenberg-algebra C*(H2)(T) = C*(U, V, W)

with respect to the canonical T?-action.
|

|
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The universal NCP-T"-bundle

Let H,, be the group generated by {f1,..., fn, 95,1 <i <j <n}
with relations f; f; = gi; f; fi and g;; is central for all 7.

|
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The universal NCP-T"-bundle

Let H,, be the group generated by {f1,..., fn, 95,1 <i <j <n}
with relations f; f; = gi; f; fi and g;; is central for all 7.

Then C*(Hn) = C*(Ul, e Un, Wij), where U; = 5]02., Wij = 592.3.. It
has the centre

n(n—1)
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The universal NCP-T"-bundle

Let H,, be the group generated by {f1,..., fn, 95,1 <i <j <n}
with relations f; f; = gi; f; fi and g;; is central for all 7.

Then C*(Hn) = C*(Ul, e Un, Wij), where U; = 5]02., Wij = 592.3.. It
has the centre

C*({Wij:1<i<j<n})=C(T =)
Consider the action o : T" — Aut(C*(H,,)) given by

&(21,---,Zn)(Ui) = z; Ui, a(zl,...,zn)(Wij) = Wi;.
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The universal NCP-T"-bundle

Let H,, be the group generated by {f1,..., fn, 95,1 <i <j <n}
with relations f; f; = gi; f; fi and g;; is central for all 7.

Then C*(Hn) = C*(Ul, e Un, Wij), where U; = 5]02., Wij = 592.3.. It
has the centre

C*({Wij:1<i<j<n})=C(T =)
Consider the action o : T — Aut(C*(H,)) given by

Oé(zl,,,_,zn)(Ui) — Z’iUia a(zl,...,zn)(Wij) — W’&J

n(n—1)

One checks that C*(H,,) x, T" =2 C(T™ =z ,K).
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The universal NCP-T"-bundle

Let H,, be the group generated by {f1,..., fn, 95,1 <i <j <n}
with relations f; f; = gi; f; fi and g;; is central for all 7.

Then C*(Hn) = C*(Ul, e Un, Wij), where U; = 5]02., Wij = 592.3.. It
has the centre

C*({Wij:1<i<j<n})=C(T =)
Consider the action o : T — Aut(C*(H,)) given by

Oé(zl,,,_,zn)(Ui) — Z’iUia a(zl,...,zn)(Wij) — W’&J

One checks that C*(H,,) xq T™ = C(T%,K).
n(n—1)

Thus C*(H,,) is a NCP T™-bundle with base T~ =z .
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The universal NCP-T"-bundle

Let H,, be the group generated by {f1,..., fn, 95,1 <i <j <n}
with relations f; f; = gi; f; fi and g;; is central for all 7.

Then C*(Hn) = C*(Ul, e Un, Wij), where U; = 5]02., Wij = 592.3.. It
has the centre

n(n—1)

Consider the action o : T — Aut(C*(H,)) given by

Oé(zl,,,_,zn)(Ui) — Z’iUia a(zl,...,zn)(Wij) — W’&J

One checks that C*(H,,) xq T™ = C(T%,K).
n(n—1)

Thus C*(H,,) is a NCP T™-bundle with base T~ =z .
Notice that C*(H>) is the Heisenberg group algebra.
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Classification of NCP-bundles

Theorem (E-Williams, 1998-2001) Every NCP T"™-bundle over a
given space X is stably isomorphic to one of the form

Yo (f7C7 (Hn))(X)

n(n—1)

where f: X — T~ 2z isacontinuousmapandp:Y — X isa
(commutative) principal T™-bundle over X.
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Classification of NCP-bundles

Theorem (E-Williams, 1998-2001) Every NCP T"™-bundle over a
given space X is stably isomorphic to one of the form

Yo (f7C7(Hn))(X)
where 7 : X — T™% " is a continuous map and p: Y — X is a
(commutative) principal T™-bundle over X.

If A(X) is any NCP T™-bundle, we can twist it by a commutative
bundle p : Y — X by defining

Y« A(X) = (Co(Y) ®cyx) AX))"

where T" acts diagonally on the balanced tensor product.

|
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Problems

Question 1 When are two given NCP T™-bundles A(X) and
B(X) RK K-equivalent?
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Problems

Question 1 When are two given NCP T™-bundles A(X) and
B(X) RK K-equivalent?

Question 2 When is a given NCP T™-bundles A(X) R K K -trivial
(i.e., RK K-equivalent to a trivial bundle)?
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Problems

Question 1 When are two given NCP T™-bundles A(X) and
B(X) RK K-equivalent?

Question 2 When is a given NCP T™-bundles A(X) R K K -trivial
(i.e., RK K-equivalent to a trivial bundle)?

Question 3 When is a given NCP T™-bundles A(X)
R K K-equivalent to a commutative principle bundle?

|
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The K -theory bundles of NCP-bundles

We can explicitly compute the action of 71 (X) on the fibre
K.(4s) = K. (C(T") = A*(Z").

The key-result is the computation for the Heisenberg-bundle
over T. The fibre at 1 € T is C(T?) and we get

|
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The K -theory bundles of NCP-bundles

We can explicitly compute the action of 71 (X) on the fibre
K.(Ag) = K. (C(T") = A*(Z"),

The key-result is the computation for the Heisenberg-bundle
over T. The fibre at 1 € T is C(T?) and we get

Lemma. Let v be the positive generator of 71 (T). Then
¢, : K1(C(T?)) — K1(C(T?)) is trivial and
¢, : Ko(C(T?)) — Ko(C(T?)) is given by the matrix

0 7)

with respect to the generators {[1], 3} of Ko(C(T?)) = Z2.
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The K -theory group bundles of NCP-bundles

Scetch of proof. We have ~ : [0,1] — T;~(t) = ¢*™*. Recall that
7 (C*(Hz)) = C0,1] ® C*(H2).
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The K -theory group bundles of NCP-bundles

Scetch of proof. We have ~ : [0,1] — T;~(t) = ¢*™*. Recall that
¥ (C*(Hz)) = C[0,1] ®, C*(Ha). Let

Then [U'],[V'] are elements of K;(~*(C*(Hz))) which restrict to
the standard generators [u], [v] of K1(C(T?)) at 0 and 1.
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The K -theory group bundles of NCP-bundles

Scetch of proof. We have ~ : [0,1] — T;~(t) = ¢*™*. Recall that
¥ (C*(Hz)) = C[0,1] ®, C*(Ha). Let

Then [U'],[V'] are elements of K;(~*(C*(Hz))) which restrict to
the standard generators [u], [v] of K1(C(T?)) at 0 and 1.

This implies that c,([u]) = [u] and ¢4 ([v]) = [v] and the action on

K1 (C(T?)) is trivial.
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € |0, 1] the generators of Ky(Ag) are given by [1] and
the projective module Ey which is a closure of C.(R) with
respect to a certain Ay-valued inner product and with right action
of Ay given by

(&-Ug)(z) =& +0+1), (& Vo)) =eTE().

|
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € |0, 1] the generators of Ky(Ag) are given by [1] and
the projective module Ey which is a closure of C.(R) with

respect to a certain Ay-valued inner product and with right action
of Ay given by

(&-Ug)(z) =& +0+1), (& Vo)) =eTE().

Rieffel computes 7([Ey]) = 8 + 1, from which we conclude that
|Eg11] = [Eg] + [1] for all irrational 6, and hence for all §. Thus

cy([Eo]) = [Er] = [Eo] + [1]
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € |0, 1] the generators of Ky(Ag) are given by [1] and
the projective module Ey which is a closure of C.(R) with

respect to a certain Ay-valued inner product and with right action
of Ay given by

(&-Ug)(z) =& +0+1), (& Vo)) =eTE().

Rieffel computes 7([Ey]) = 8 + 1, from which we conclude that
|Eg11] = [Eg] + [1] for all irrational 6, and hence for all §. Thus

cy([Eo]) = [Er] = [Eo] + [1]
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € |0, 1] the generators of Ky(Ag) are given by [1] and
the projective module Ey which is a closure of C.(R) with

respect to a certain Ay-valued inner product and with right action
of Ay given by

(&-Ug)(z) =& +0+1), (& Vo)) =eTE().

Rieffel computes 7([Ey]) = 8 + 1, from which we conclude that
|Eg11] = [Eg] + [1] for all irrational 6, and hence for all §. Thus

cy([Eo]) = [Er] = [Eo] + [1]

One can check that [Fy] = —|[G] + [1] and the result then follows
from the obvious fact ¢, ([1]) = [1].
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The K -theory group bundles of NCP-bundles

Lemma (E-Nest-Oyono) Let A(X) =Y * f*(C*(H2))(X) for
some function f : X — T and some principal T*-bundle
p:Y — X. Assume that x € X with f(x) = 1. Then the action of

v € m(X) on K1(C(T?)) is trivial and the action on Ky(C(T?)) is
given on the generators [1], 5] by the matrix

1 —< f,y>
0 1 ’

where < f,~v > is the winding number of fo~v: T — T.

1
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The K -theory group bundles of NCP-bundles

Lemma (E-Nest-Oyono) Let A(X) =Y * f*(C*(H2))(X) for
some function f : X — T and some principal T*-bundle
p:Y — X. Assume that x € X with f(x) = 1. Then the action of

v € m(X) on K1(C(T?)) is trivial and the action on Ky(C(T?)) is
given on the generators [1], 5] by the matrix

1 —< f,y>
0 1 ’

where < f,~v > is the winding number of fo~v: T — T.

A similar (but more technical) result also holds for higher
dimensional NCP torus bundles.
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The K -theory group bundles of NCP-bundles

Lemma (E-Nest-Oyono) Let A(X) =Y * f*(C*(H2))(X) for
some function f : X — T and some principal T*-bundle

p:Y — X. Assume that x € X with f(x) = 1. Then the action of
v € m(X) on K1(C(T?)) is trivial and the action on Ky(C(T?)) is
given on the generators [1], [3] by the matrix

1 —< f,y>
0 1 ’

where < f,~v > is the winding number of fo~v: T — T.

A similar (but more technical) result also holds for higher
dimensional NCP torus bundles.

Corollary. The K-theory group bundle of A(X) is trivial if and

only if f is homotopic to a constant map. |
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R K K -triviality for NCP torus bundles

Theorem (E-Nest-Oyono) Let A(X) be any NCP T™-bundle.
Then A(X) is RK K-equivalent to a commutative bundle

p:Y — X (orrather Cy(Y)(X)) if and only if the K-theory
bundle of A(X) is trivial.

|
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R K K -triviality for NCP torus bundles

Theorem (E-Nest-Oyono) Let A(X) be any NCP T™-bundle.
Then A(X) is RK K-equivalent to a commutative bundle
p:Y — X (orrather Cy(Y)(X)) if and only if the K-theory
bundle of A(X) is trivial.

Proof. If two maps fi, fo : X — T*%" are homotopic, then one
can show directly that f;(C*(H,))(X) ~rxk f5(C*(H,)).

The result then follows from the above and the classification of
NCP-bundles.
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R K K -triviality for NCP torus bundles

Theorem (E-Nest-Oyono) Let A(X) be any NCP T™-bundle.
Then A(X) is RK K-equivalent to a commutative bundle
p:Y — X (orrather Cy(Y)(X)) if and only if the K-theory
bundle of A(X) is trivial.

Proof. If two maps fi, fo : X — T*%" are homotopic, then one
can show directly that f;(C*(H,))(X) ~rxk f5(C*(H,)).

The result then follows from the above and the classification of
NCP-bundles.

Theorem (E-Nest-Oyono) The NCP-bundle A(X) is
R K K-equivalent to the trivial bundle X x T” if and only if the
K-theory group bundle is trivial and the map

do: HY (X, K1(Ay)) — H*(X, Ko(4y))

in the Larey-Serre spectral sequence is the trivial map.
|
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