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Tn=(s1,...,50; Vk<n, sis, =1> Zsjsf}
j=1
Definition.
Let A be a C*-algebra and p € P(A) a projection.

— p infinite < 371 = (s1) — pAp unital x-homom.
— p finite & pis not infinite
— p properly infinite < 375 = (s1,s) < pAp unital x-homom.

Definition.
A unital C*-algebra A is ’ properly infinite‘ iff

1ais ’ properly inﬁnite‘ in A

Proposition. [Cuntz]
If there exists a full prop. inf. proj. p € Pyl prop.inf.(A),

-Vge Ko(A), dqg e Pfullprop.inf.(A) with [q] =8
- If p,q € Pfullprop.inf.(A)v p~qg<= [P] = [q] in KO(A)‘
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Deformation of C*-algebras

Definition. [Kasparov]|
A unital C(X)-algebra is a unital C*-algebra A endowed with a

unital morphism C(X)— Z(A)

VxeX, |G(X)={feC(X)|f(x)=0}]
A, :=A/[Cx(X).A] and a€ A+— a, € A,

x = flaxll = lla+ G(X)A]
=inf{|| [1 = f + f(x)]a||, f € C(X)}
upper semi-continuous (u.s.c.)

Definition. The C(X)-algebra A is continuous
(or is a continuous C*-bundle over X with fibres A,)
iff
Va e A, the function x — ||ax|| is continuous.
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Let A be a unital continuous C(X)-algebra.
» A properly infinite (prop. inf.) = A, prop.inf. (x € X)

(Vx € X, Ax prop. inf.) = A prop. inf.

» Ay prop. inf. = 3F € V(x) s.t. Ajr prop. inf.
(by semi-proj. of 73)

» Let with Dy, Dy unital prop. inf. C*-alg.

/\
\/

Is D=D; ®p D2 prop. inf. if Dy, Dy prop. inf.

Note that Q2 = Q1
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Let o1 :73 — Dy and oo :73 — Dy be unital *-homom.

2
Then |v = )" (mo1)(sj) (m202)(s;)* | partial isom. in B
j=1

s.t. (’7['10'1)(5_,’) = V(ﬂ'20'2)(5_i)

Lemma.
Let v € B partial isom. s.t. 1 — vww* and 1 — v*v are full + prop. inf.

Then |Juel(B)| st a)v=uv'v and

b) [u] =0 in Ki(B).
Suppose that there exists w € U(Dy) s.t. ma(w) = u.
In (&), define o5 : 7o — Do by 05(sj) = woo(s))

:3&2(0'1,0'5):75—>D:D1@BD2
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What we know:
Lemma. [B., Rohde, Rgrdam|
Let B be a unital C*-algebra.

If -—uel(B) st b)[u=0in Ki(B)
- peP(B) c) p very full then | u € UO(B).

d) llpu —up|| < 1
» Under the assumptions of (&), put :

= (", ) cutmenamis= (1) Pme),

Then T € U°(Mo(B)) by the above Lemma.
= Jw € U(Ma(D,)) s.t. ] (id @ m)(w) = a\

= My(D) prop. inf.

~» If A unital continuous C(X)-algebra with prop. inf. fibres,
dn>1st.  Man(A) prop. inf.
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Notations. Let B be a unital C*-algebra.
U(B), Un(B) = U(Mn(B)), U°(B), Uy (B)

un(B) - un—i—l(B)

v o el A Ka(B) =lim Un(B)/Un(B)

Proposition. [Cuntz]

The map U(B) — Ki(B) is if B is prop. inf.
Are all unital prop. inf. C*-algebras Kl—injective

» In diagramme (&), B Ki-injective = D prop.inf.
Hence Q3 = Q2
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Proposition. Let B be a unital prop. inf. C*-algebra

and v € U(B) a unitary s.t. ( g 0 ) ~h ( (1) (1) ) in Un(B)

ie. Jue C([0,1], Us(B)) with u(0) = ( v 0 > u(1) = 1o,

Thenu<8 (1)>u~<8 (1’>in C(T; Ma(B)).

Proof.PutWt:ut(g (1)) (0<t<1) O

Hence p := 10 *'s’stabl e 'alent‘to 10
p.-uOOU| y equiv 00 )

But are these projections equivalent in C(T; Ma(B))?
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Universal example

Let A={f € C(]0,1], O * Ox), (0) € 10(Ox) and (1) € 11(O) }

Proposition. TFAE
A is prop. inf.

b) All unital pullback of prop. inf. C*-alg. are prop.inf.

d) All unital prop. inf. C*-alg. are Kj-injective.

a)
)
c) All unital cont. C(X)-alg. with prop. inf. fibres are prop. inf.
)
e) O

o * O is Ki-injective
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Concluding remarks

Proposition. [Cuntz]
Every ’ purely infinite simple unital ‘ C*-algebra is Ki-injective.

Proposition.

Let - X be a|contractible | compact Hausdorff space,

- D a C*-algebra,
- p € P(C(X, D)) a projection and
- xp € X a point.

Then p is prop. inf. < py, is prop. inf.



