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Introduction

Motivation & Model Problems

Actual Tnitial Condition

B » Objectives:

L . » Control fluid flow with the least
amount of energy possible
» Estimate flow based on incomplete

Q and/or noisy measurements
N l. * ¥ » The Navier-Stokes system

Vorlicity Fleld

o

§:+(V-V)V+VP—MAV:¢, in Qx(0,T)
V.v=0, inQx (0, T)
Initial condition onl x(0,T)
Boundary condition inQatt=0
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Introduction

Motivation & Model Problems

Actual Tnitial Condition

s » Objectives:
L . » Control fluid flow with the least
) amount of energy possible
» Estimate flow based on incomplete

Q and/or noisy measurements
| (o™ l. S » The Navier-Stokes system

X/
. @—F(V-V)V—FVP—MAV:(j), inQx(0,T)

Vorlicity Fleld

ot

V.v=0, inQx (0, T)
Initial condition onl x(0,T)
Boundary condition inQatt=0

» Inverse problems
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Statement of the Problem |

» Flow Domain
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Statement of the Problem |

» Flow Domain v » Assumptions:

» viscous, incompressible flow
» plane, infinite domain
- o) » Re =150
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Statement of the Problem Il

> Find popr = argmi% J(¥) , where

1 T
T(3) = 2/ { [ power related to ] N [ power needed to ] } dt
0

the drag force control the flow

.
- ;/0 7{0 {[p(&)n — pn - D(v(9))] - [¢ (2 x ¥) + voo]} dodt
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Statement of the Problem Il

> Find popr = argmi% J(¥) , where

1 T
T(3) = 2/ { [ power related to } N [ power needed to ] } dt
0

the drag force control the flow
1 T . . .
- 2/0 ?{ {[p(&)n — pn - D(v(9))] - [¢ (2 x ¥) + voo]} dodt
0

» Subject to:

ov
+ (v-V)v—puAv+ Vp 0 .
ot =
[ Y.y 0 in Q2 x (0, 7),
v=_0 att =0,
V = QoptT onl
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework |

» Constrained optimization problem

min 7 (x, ¢)
(x:¢)

S(x(p),¢) =0
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework |

» Constrained optimization problem

min 7 (x, ¢)
(x:)
S(x(¢),¢) =0
» Equivalent UNCONSTRAINED optimization problem (note that
x=x(¢)) i
minJ (x(¢), ) = min 7 (¢)
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework |

» Constrained optimization problem

min 7 (x, ¢)
(x:¢)

S(x(9),9) =0
» Equivalent UNCONSTRAINED optimization problem (note that

x = x(¢) ) 5
min J(x(¢), ¢) = min J (¢)

» First—-Order OPTIMALITY CONDITIONS (U - Hilbert space of
controls
) Ve Tee) = (VT,0), =0,

with the GATEAUX DIFFERENTIAL
T (i ¢') = lime_o 2[T (¢ + e¢) = T (#)]-
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework Il

» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U

Zﬁ =—-0V,J(p) onrT e (0,00) (pseudo-time),
-

® = o at 7 =0.
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» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U
Zﬁ =—-0V,J(p) onrT e (0,00) (pseudo-time),
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® = o at 7 =0.

» Typically well-behaved (quadratic) cost functionals
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework Il

» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U
Zﬁ =—-0V,J(p) onrT e (0,00) (pseudo-time),
-
® = o at 7 =0.

» Typically well-behaved (quadratic) cost functionals
» Typically ill-behaved constraints: THE NAVIER—STOKES
SYSTEM
» nonlinear, nonlocal, multiscale, evolutionary PDE,
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework Il

» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U
Zi =—-0QV,J(p) onT € (0,00) (pseudo-time),
-
® = o at 7 =0.

» Typically well-behaved (quadratic) cost functionals
» Typically ill-behaved constraints: THE NAVIER—STOKES
SYSTEM
» nonlinear, nonlocal, multiscale, evolutionary PDE,
» Dimensions:
» state: 109 — 107 DoF x 102 — 103 time levels
» control: 10* — 10® DoF x 10?2 — 103 time levels
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework Il

» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U

Zﬁ =—-0V,J(p) onrT e (0,00) (pseudo-time),
p
® = o at 7 =0.

» Typically well-behaved (quadratic) cost functionals
» Typically ill-behaved constraints: THE NAVIER—STOKES
SYSTEM
» nonlinear, nonlocal, multiscale, evolutionary PDE,
» Dimensions:
» state: 109 — 107 DoF x 102 — 103 time levels
» control: 10* — 10® DoF x 10?2 — 103 time levels

» No hope of using “matrix” formulation ...
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Abstract Framework Il

» Minimization of J(¢) with a DESCENT ALGORITHM in U
= solution to a STEADY STATE of the ODE in U

Zﬁ =—-0V,J(p) onrT e (0,00) (pseudo-time),
-

® = o at 7 =0.

v

Typically well-behaved (quadratic) cost functionals

» Typically ill-behaved constraints: THE NAVIER—STOKES
SYSTEM
» nonlinear, nonlocal, multiscale, evolutionary PDE,
» Dimensions:
» state: 109 — 107 DoF x 102 — 103 time levels
» control: 10* — 10® DoF x 10?2 — 103 time levels
» No hope of using “matrix” formulation ...

v

Formulation equivalent to Lagrange Multipliers
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Differential of the Cost Functional

» The cost functional:

o1 T lated t ded t
‘7(90):5/0 {[powerreae o]_i_{powerneee o]}dt

the drag force control the flow

1 T
= 5/ {[p(@)n — pn - D(v(¢))] - [ (e x r) + voo]} dordt,
0 lo
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Differential of the Cost Functional

» The cost functional:

L 17 lated t ded t
‘7(90):5/0 {[powerreae o]_i_{powerneee o]}dt

the drag force control the flow

1 T
= 5/ {[p(@)n — pn - D(v(¢))] - [ (e x r) + voo]} dordt,
0 lo

» Expression for the Gateaux differential:
(- 1 T / /! .
TG =5 [ {B0n—m-DWEN (e x 0 +val +

[p(4)n — n - D(W())] - (e, x ¥) h} dor de = By
= (VI (), h) 1,00,y
The fields {v'(h), p’(h)} solve the linearized perturbation system.
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Differential of the Cost Functional

» The cost functional:

L 17 lated t ded t
‘7(90):5/0 {[powerreae o]_i_{powerneee o]}dt

the drag force control the flow

1 T
= 5/ {[p(@)n — pn - D(v(¢))] - [ (e x r) + voo]} dordt,
0 lo

» Expression for the Gateaux differential:
(- 1 T / /! .
TG =5 [ {B0n—m-DWEN (e x 0 +val +

[p(2)n — un - D(v(¢))] - (es x 1) h} do dt = B,
= (VI(t), h), 0,1

The fields {v'(h), p’(h)} solve the linearized perturbation system.
» How to calculate the GRADIENT V. J7?
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Sensitivities and Adjoint States

» The linearized perturbation system

N{ vi ]:{ %";+(V~V)v’+(v’.V)v—uAv’+Vp/ }:[g} n 0 x (0.7),

p -V v
VI:O att:O,
v =hr onlx(0,T)
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Flow Optimization Example
PDE-Constrained Optimization
Preconditioning

Sensitivities and Adjoint States

» The linearized perturbation system

N{ vi ]:{ %";+(V~V)v’+(v’.V)v—uAv’+Vp/ }:[g} n 0 x (0.7),

p -V v
VI:O att:O,
v =hr onlx(0,T)

» Duality pairing defining the adjoint operator

! * ! *
(le e ]) ([5]~[5]) ot B
L>(0,T:L2(9)) L(0,T;L2(92))
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Flow Optimization Example
PDE-Constrained Optimization

Preconditioning

Sensitivities and Adjoint States

» The linearized perturbation system

N{ vi ]:{ %";+(V~V)v’+(v’.V)v—uAv’+Vp/ }:[g} n 0 x (0.7),

p -V v
VI:O att:O,
v =hr onlx(0,T)

» Duality pairing defining the adjoint operator

! * ! *
(le e ]) ([5]~[5]) ot B
L>(0,T:L2(9)) L(0,T;L2(92))

» The adjoint system ( TERMINAL VALUE PROBLEM !! )

* av* * * * *
A i Y USSR R I,
P -V -v* 0
vi=0 att=T,
v =r X (ez) + Voo onT x (0,T)
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Flow Optimization Example
PDE-Constrained Optimization
Preconditioning

Cost Functional Gradient

» The ADJOINT STATE and DUALITY PAIRING can now be used
to re—express the cost functional differential as:

i
(¢ h) = ;/0 %{mn D(v*) -7+ - D(v(9)) - (e, x 1)} hdo dt
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Cost Functional Gradient

» The ADJOINT STATE and DUALITY PAIRING can now be used
to re—express the cost functional differential as:

1 T
(1 h) = 2/ f{,mn D(v*) -7+ - D(v(9)) - (e, x 1)} hdo dt
o Jr
» |dentification of the COST FUNCTIONAL GRADIENT

T3 ) = (VI (), B)ory = /0 V(1) hot

V() = 5 § {nRn D) 7+ m-D(() - (e x 1)} do
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Optimality (KKT) system

» Complete optimality system for Qopt, [Vopt, Popt], and [v*, p*]

1 .
5 § (R0 D) -7+ - D(v(gopr)) - (ex x 1)} d = 0
ov
K4+ (v-V)v—puAv+ Vp 0 .
8 =
|: t Y.v 0 in Q2 x(0,T),
v=0 att =0,
V = QoptT onl
* ov* * *\T * *
N V* _| % v [Vv* + (Vv)T] — pAv* + Vp _10 in Q x (0, T),
P -V -v* 0
vi=0 att=T,
V' =1 X (Poptez) + Voo on

Bartosz Protas Adjoint—Based Optimization in Fluid Mechanics



Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Optimality (KKT) system

» Complete optimality system for Qopt, [Vopt, Popt], and [v*, p*]

1 .
5 § (R0 D) -7+ - D(v(gopr)) - (ex x 1)} d = 0
ov
K4+ (v-V)v—puAv+ Vp 0 .
8 =
|: t Y.v 0 in Q2 x(0,T),
v=0 att =0,
V = QoptT onl
* ov* * *\T * *
N V* _| % v [Vv* + (Vv)T] — pAv* + Vp _10 in Q x (0, T),
P -V -v* 0
vi=0 att=T,
V' =1 X (Poptez) + Voo on

» A counterpart of the Euler—Lagrange equation
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Optimality (KKT) system

» Complete optimality system for Qopt, [Vopt, Popt], and [v*, p*]

1 .
5 § (R0 D) -7+ - D(v(gopr)) - (ex x 1)} d = 0
ov
K4+ (v-V)v—puAv+ Vp 0 .
8 =
|: t Y.v 0 in Q2 x(0,T),
v=0 att =0,
V = QoptT onl
* ov* * *\T * *
N V* _| % v [Vv* + (Vv)T] — pAv* + Vp _10 in Q x (0, T),
P -V -v* 0
vi=0 att=T,
V' =1 X (Poptez) + Voo on

» A counterpart of the Euler—Lagrange equation
» Solved with an iterative Gradient Algorithm
(e.g., Conjugate Gradients, quasi—-Newton, etc.)
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Iterative Optimization Procedure

0. provide initial guess ¢°
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Iterative Optimization Procedure

0. provide initial guess ¢°
1. Solve for {v(¢"); p(¢')} on [0, T]
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Iterative Optimization Procedure

0. provide initial guess ¢°
1. Solve for {v(¢"); p(¢')} on [0, T]
2. Solve for {v*(¢"); p*(¢')} on [0, T]
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Iterative Optimization Procedure

0.
1.
2.
3.

provide initial guess gbo
Solve for {v(4'); p(¢')} on [0, T]
Solve for {v*(¢"); p*(¢')} on [0, T]

Use {v(¢);p(¢))} and {v(&);:p*(¢")}
to compute V.7'(t) on [0, T]
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Iterative Optimization Procedure

0.
1.
2.
3.

provide initial guess gbo
Solve for {v(4'); p(¢')} on [0, T]
Solve for {v*(¢"); p*(¢')} on [0, T]

Use {v(¢);p(¢))} and {v(&);:p*(¢")}
to compute V.7'(t) on [0, T]

4. update control according to ' T1(t) = ¢/(t) — iy (VI(t))
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Iterative Optimization Procedure

0.
1.
2.
3.

>

provide initial guess gbo
Solve for {v(4'); p(¢')} on [0, T]
Solve for {v*(¢"); p*(¢')} on [0, T]

Use {v(¢);p(¢))} and {v(&);:p*(¢")}
to compute V.7'(t) on [0, T]

update control according to ¢'*1(t) = $/(t) — ajyi (VI (t))
iterate 1. through 4. until convergence, i.e. until VJ/(t) ~0
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Primal and Adjoint Simulations
for Cylinder Rotation as Control
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Results

Vortiy Field

» No Control .

ization in Fluid Mechanics



Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Results

» Flow Pattern Modifications due to Control (T = 6)

Vortiiy Fiold Vortiiy Fiold Vorticty Fiold

» No Control
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Results

» Flow Pattern Modifications due to Control (T = 6)

Vortiiy Fiold Vortiiy Fiold Vorticty Fiold

» No Control

04
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Conditioning and Preconditioning

» Rate of convergence in a NLP depends on CONDITIONING OF
THE PROBLEM
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Conditioning and Preconditioning

» Rate of convergence in a NLP depends on CONDITIONING OF

THE PROBLEM
» Conditioning determined by the reduced Hessian

2 F_ du du\" du\", o du
VieF = boot Lo (dg0> - (dso> . <dx0) b (dw)

where (via the implicit function theorem)

L(u, 0, N) = (1, 0) + (A S(u(9), 9)) j—w — s,
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Flow Optimization Example
PDE-Constrained Optimization 7 J via int System
Preconditioning

Conditioning and Preconditioning

» Rate of convergence in a NLP depends on CONDITIONING OF

THE PROBLEM
» Conditioning determined by the reduced Hessian

2 F_ du du\" du\", o du
VieF = boot Lo (dg0> - (dso> . <dx0) b (dw)

where (via the implicit function theorem)
d _
L(u, 0, A) = (1, 9) + (A, S(u(), ©)) gp =SS

» Preconditioning via “Sobolev Gradients” [Neuberger (1997)]

dr

de _ —VeT(¢) onrte(0,00) (pseudo-time),
= o at 7=0.

where (V<7,¢')o = (VRT,¢'), and Q c U
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Conditioning and Preconditioning

» Rate of convergence in a NLP depends on CONDITIONING OF

THE PROBLEM
» Conditioning determined by the reduced Hessian

2 F_ du du\" du\", o du
VieF = boot Lo (dg0> - (dso> . <dx0) b (dw)

where (via the implicit function theorem)
d _
L(u, 0, A) = (1, 9) + (A, S(u(), ©)) gp =SS

» Preconditioning via “Sobolev Gradients” [Neuberger (1997)]

dr

de _ —VeT(¢) onrte(0,00) (pseudo-time),
= o at 7=0.

where (V<7,¢')o = (VRT,¢'), and Q c U
» Variable Preconditioning: Q = Q(7)
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Illuminating Example: Ritz—Galerkin Method for the
Poisson equation |

» Solve
Au=g, uc H;er(Q)7 g€ Hp_elr(Q)
= u| A HL(Q) — HL(Q)

per

£

X x+2m’ per

by minimizing the functional 7 : H;e,(Q) — R,

7() = /Q [(1/2)(V)? + gb] d
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Illuminating Example: Ritz—Galerkin Method for the
Poisson equation |

» Solve
Au=g, uc H;er(Q)7 g€ Hp_elr(Q)
= u| A HL(Q) — HL(Q)

x+2m? per per

by minimizing the functional 7 : H;e,(Q) — R,

7(®) = [ [1/2)(V0)? + g&] g
Q
» The Gateaux differential (the optimality condition)

T(®; ') = /Q[—ACD +gle'd2 =0
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Illuminating Example: Ritz—Galerkin Method for the
Poisson equation |l

» Gradient in Ly(Q): VT =—-Ad+ge Q)
» Hessian eigenvalues (Fourier space): {kZ, k3,..., k& }

g k
» The condition number: x = 3 — 00 for ky — oo
1
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

An Illuminating Example: Ritz—Galerkin Method for the
Poisson equation |l

» Gradient in Ly(Q): VT =—-Ad+ge Q)
» Hessian eigenvalues (Fourier space): {kZ, k3,..., k& }

g k
» The condition number: x = 3 — 00 for ky — oo
1

> Gradient in H}(Q): VT = —n; A0 —g] € HY(Q)

> Hessian eigenvalues (Fourier space): {1,1,...,1}
» The condition number: k=1 independent of ky
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Reconstruction of a Turbulent Channel Flow |

WALL SHEAR — the “footprint” of streaky structures in the
boundary layer

Simulation:_T. Bewley
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Reconstruction of a Turbulent Channel Flow Il

» Flow domain » Navier—Stokes system:

ot | ox ax | ox;
ult=0 =® inQ,

u(0,y,z) =u(2rly,y, z);
u(x,y,0) =u(x,y,2rL,)
u(x,+1,x) =0

, oy
” S 8 /
____________ — =] N(Q) - <8u,- 4 uju; XJVC?U,' N 8P>
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Reconstruction of a Turbulent Channel Flow Il

» Flow domain » Navier—Stokes system:

ot | ox ax | ox;
ult=0 =® inQ,
u(0,y,z) =u(2rly,y, z);
u(x,y,0) =u(x,y,2rL,)
u(x,+1,x) =0

, oy
” S 8 /
____________ — =] N(Q) - <8u,- 4 uju; XJVC?U,' N 8P>

\

» constant mass flux
» turbulent flow at Re; = 100

Bartosz Protas Adjoint—Based Optimization in Fluid Mechanics



Flow Optimization Example
PDE-Constrained Optimization V J via nt System
Preconditioning

Reconstruction of a Turbulent Channel Flow Il

» Flow domain » Navier—Stokes system:
y duj
L Ix;
____________ _ N(Q) — ou; uju; ij du; op
U('y) ot Ox; Ox; Ox;

ult—o =® in Q,

u(O,y,z) = u(27TLX7y?Z);
u(x,y,0) =u(x,y,2rL,)
u(x,+1,x) =0

\
» wall shear and wall pressure
measurements

.
J(¢)=%/O {al

» constant mass flux

» turbulent flow at Re; = 100
2 2
dt,
|

N + a2
I—2

2

+ a3
rE
2

o
— —m
0X2

u3
o M3
()XQ

=

p—m
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Flow Optimization Example
PDE-Constrained Optimization 7 J via nt System
Preconditioning

Different strategies for gradient extraction

> L2 Gradient Extraction

=>VJL2 =—u”

hdQ = (VJL2(9), h)
t=0
u

L(Q)

t=0
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Different strategies for gradient extraction

> L2 Gradient Extraction

C< —

= vJh® =

Thd2= (VJLQ(Q)’ h)L @
2

t=0

t=0

> H:l Gradlent Extractlon

* HY 2 HY
. T (®; 1+/2/ (VI s+ 20w o) do
o2 Helmholtz operator
- —_—
o2 1 1
14+ 24] vgH = —u*
y =\ TyplttEAVI "o
: VJHIW =0
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Flow Optimizati
PDE-Constrained Optimization V J via Adj
Preconditioning

Gradient Extraction in Banach Spaces — Theory (I)

» Consider a BANACH space X (without HILBERT structure!)

27
T [Vt = (T =

Note that X* (the dual space) is usually “bigger” than X
Hence VX7 ¢ X is not an acceptable descent direction !1!
No Riesz Theorem in Banach spaces ...

Bartosz Protas Adjoint—Based Optimization in Fluid Mechanics



Flow Optimizati
PDE-Constrained Optimization V J via Adj
Preconditioning

Gradient Extraction in Banach Spaces — Theory (I)

» Consider a BANACH space X (without HILBERT structure!)

27
T [Vt = (T =

Note that X* (the dual space) is usually “bigger” than X
Hence VX7 ¢ X is not an acceptable descent direction !1!
No Riesz Theorem in Banach spaces ...

» Alternative definition of the descent direction g ensuring that g € X

27
g = argmax|| /|, -1 <VXJ, 90/>x*xx = argmax, {/ 74 v*‘t:O dx + pll¢’|Ix
0
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Gradient Extraction in Banach Spaces — Theory (I)

» Consider a BANACH space X (without HILBERT structure!)

27
T [Vt = (T =

Note that X* (the dual space) is usually “bigger” than X
Hence VX7 ¢ X is not an acceptable descent direction !1!
No Riesz Theorem in Banach spaces ...

» Alternative definition of the descent direction g ensuring that g € X

27
g = argmax|| /|, -1 <VXJ, 90/>x*xx = argmax, {/ 74 v*‘t:O dx + pll¢’|Ix
0

» For instance, when X = WP9(Q) with ||z||weea = 02’T
plel* 2 + pot (|06l V0%e) = v,

078, = 078, _,, =0

x=2m

|z|9 + 13|02 u|? dx,

p—LAPLACE equation
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Flow Optimization Example
PDE-Constrained Optimization 7 J via int System
Preconditioning

Gradient Extraction in Banach Spaces — Theory (1)

» o € X, but due to “Bumpy Landscape” in X, descent may be
slow
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Flow Optimization Example
PDE-Constrained Optimization 7 J via int System
Preconditioning

Gradient Extraction in Banach Spaces — Theory (1)

» o € X, but due to “Bumpy Landscape” in X, descent may be
slow

» Try to smooth out the landscape via a change of variables
(topology), but one change of variables may not work well for
all iterates
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Flow Optimization Example
PDE-Constrained Optimization V J via Adjoint System
Preconditioning

Gradient Extraction in Banach Spaces — Theory (1)

» o € X, but due to “Bumpy Landscape” in X, descent may be
slow

» Try to smooth out the landscape via a change of variables
(topology), but one change of variables may not work well for
all iterates

» Shorten the path ¢(7) by confining it to a Family of NESTED
SPACES
0O coWc...coWc...cu.
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Flow Optimization Example
PDE-Constrained Optimization 7 J via int System
Preconditioning

Gradient Extraction in Banach Spaces — Theory (1)

» o € X, but due to “Bumpy Landscape” in X, descent may be
slow

» Try to smooth out the landscape via a change of variables
(topology), but one change of variables may not work well for
all iterates

» Shorten the path ¢(7) by confining it to a Family of NESTED
SPACES
0O coWc...coWc...cu.

» PRECONDITIONED GRADIENTS ensure that % € QK
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Flow Optimization Example
PDE-Constrained Optimization 7 J via int System
Preconditioning

Gradient Extraction in Banach Spaces — Theory (1)

» o € X, but due to “Bumpy Landscape” in X, descent may be
slow

» Try to smooth out the landscape via a change of variables
(topology), but one change of variables may not work well for
all iterates

» Shorten the path ¢(7) by confining it to a Family of NESTED
SPACES
0O coWc...coWc...cu.

» PRECONDITIONED GRADIENTS ensure that % € QK
» Example choice of nested spaced (Lebesgue spaces):

LplngQ~--§kag~-~QL2,

where p1 > pp > - > p > > 2.
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Flow Optimization Example

Results for the Kuramoto—Sivashinsky Equation: tough problem
with very long optimization horizon

» Vg

(classical gradients)

L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
k
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Flow Optimization Example
PDE-Constrained Optimization V J via int System
Preconditioning

Gradient Extraction in Banach Spaces — Results

Results for the Kuramoto—Sivashinsky Equation: tough problem
with very long optimization horizon

» Vg
(classical gradients)

» Vieyg . ylyg -

k—o0

(Lebesgue gradient)

s L L L L L L L L L

10
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
k
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Flow Optimization Example
PDE-Constrained Optimization V J via int System
Preconditioning

Gradient Extraction in Banach Spaces — Results

Results for the Kuramoto—Sivashinsky Equation: tough problem
with very long optimization horizon

» Vg
(classical gradients)

» Vieyg . ylyg -

k—o0

(Lebesgue gradient)

L L L L L L L L L

B: L 10°
» VPre7 — V27T 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
k—o0 k

(Besov gradients)

Bartosz Protas Adjoint—Based Optimization in Fluid Mechanics



Motivation

Stefan Problem

Optimization of Problems in Moving Domains
Non—Cylindrical Calculus

Optimization of Free—-Boundary Problems

Free-Surface Flows in a Weld Pool (1)

» Motivation: Welding in Automotive Industry
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

Optimization of Free—-Boundary Problems W=l Caliins

Free-Surface Flows in a Weld Pool (I1)

» Goal: Optimize Shape of Free Surface During Solidification

Legl= 449 mm

£ ) nvexity=
105 mm
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Motivation
Stefan Problem
L Optimization of Problems in Moving Domains
mization of Free—Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (I)

» Domain o,

Adjoint—Based Optimization in Fluid Mechanics
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (I)

» Domain o,

» Governing Equations c o
— V. (ksVT)=0 in Qg,
-V (kVT)=0 in Q.
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems Ny
Optimization r undary Froblem Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (I)

» Domain nA ) rg L ’
» Governing Equations c o
— V. (ksVT)=0 in Qg,
-V (kVT)=0 in €.

» Interface Conditions
» (conservation of energy)

{8T

On} =0 on g,
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (I)

» Domain o,

» Governing Equations c
— V. (ksVT)=0 in Qg,
-V (kVT)=0 in Q.

» Interface Conditions
» (conservation of energy)

oT1"
k—| = r
{ On}s 0 on g,
» (second principle of thermodynamics)

T=T, onfls.
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (II)

» Domains with “corners”
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Motivation

Stefan Problem

Optimization of Problems in Moving Domains
Non—Cylindrical Calculus

Optimization of Free—-Boundary Problems

Stefan Problem in the Presence of Contact Points (II)
n(6%)
» Domains with “corners” 97,,,’::@

» The temperature interface condition corresponds to an
inequality, and hence is nonunique

— 2
LTTime = 5 {f(@) + ddfe(f)] on the smooth part of I'g,
C(0")=C(67) at the contact points B and B’,

The interfacial free energy f(6) and capillary force C(6) determined
at the microscopic level and not available ...
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (lII)

» Stefan Problem as an PDE Optimization (inverse) problem

min J(Fst), where
Mse
¢
J(Ts) & = /[T 1) — Tm)? d5+ [cos(a(T's1)) — cos(am)]® B,B’

The contact angle «,, is a constitutive property of the
material.
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems Ny
Optimization r undary Froblem Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (lII)

» Stefan Problem as an PDE Optimization (inverse) problem
min J(Fst), where
Fst

a2} / [T(Ts) ~ Tal? ds5 leos(aTs) —os(em)l?],

The contact angle «,, is a constitutive property of the
material.
» Shape Optimization problem

Bartosz Protas Adjoint—Based Optimization in Fluid Mechanics



Motivation
Stefan Problem
Optimization of Problems in Moving Domains

Optimization of Free—-Boundary Problems W=l Caliins

Stefan Problem in the Presence of Contact Points (lII)

» Stefan Problem as an PDE Optimization (inverse) problem
min J(Fst), where
Fst

a2} / [T(Ts) ~ Tal? ds5 leos(aTs) —os(em)l?],

The contact angle «,, is a constitutive property of the
material.

» Shape Optimization problem
» Parametrization of geometry

x(t,Z) =x+tZ for x € T'5.(0),

where Z : Qg; — R? is the perturbation “velocity” field.
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (lII)

» Gateaux shape differential

T s1(0):2Z) 2 lim J(Tsi(t,2)) = I(Ts(0))

t—0 t
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (lII)

» Gateaux shape differential

T s1(0):2Z) 2 lim J(Tsi(t,2)) = I(Ts(0))

t—0 t

» L, gradient V227 not smooth enough

e[ oTaT )" [, 0T T 1" | (T — Tw)?
Vj—Hkasas] [Ean}Jr%iz
(T — Twm)?

[T* (¢rc — @sc)ex + — 7t

n+

S S

+ s ¢ [cos(a) — cos(am)] sin(a) T:| [6(s —sgr) — 6(s — sB)]+

£ [cos(ar) — cos(am)] sin(a) {6(5 —sp1) — (s — SB)} n onlg,

Bartosz Protas Adjoint—Based Optimization in Fluid Mechanics




Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I N =
Non—Cylindrical Calculus

Stefan Problem in the Presence of Contact Points (lII)

» Gateaux shape differential

T s1(0):2Z) 2 lim J(Tsi(t,2)) = I(Ts(0))

t—0 t

» L, gradient V227 not smooth enough

e[ oTaT )" [, 0T T 1" | (T — Tw)?
Vj—Hkasas] [Ean}Jr%iz
(T — Twm)?

[T* (¢rc — @sc)ex + — 7t

n+

S S

+ s ¢ [cos(a) — cos(am)] sin(a) T:| [6(s —sgr) — 6(s — sB)]+

£ [cos(ar) — cos(am)] sin(a) {6(5 —sp1) — (s — SB)} n onlg,

» Must work with smoother H!/H? gradients.
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Motivation

Stefan Problem

Optimization of Problems in Moving Domains
Non—Cylindrical Calculus

Optimization of Free—-Boundary Problems

Stefan Problem in the Presence of Contact Points (V)

Tor the free banday Idines of T Via 227
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Simple Model Problem

>
Ot = Au =0 in Q(¢) = [a(0), b(0)],
O] gy = & Outi]yy) =0,
Ul sy = Ul = U
+ INITIAL CONDITION
where:
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Simple Model Problem

>
Ot = Au =0 in Q(¢) = [a(0), b(0)],
O] gy = & Outi]yy) =0,
Ul sy = Ul = U
+ INITIAL CONDITION
where:

» the control variable: ¢ = ¢(t)
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Simple Model Problem

Ot = Au =0 in Q(¢) = [a(0), b(0)],
O] gy = & Outi]yy) =0,

Ul sy = Ul = U

+ INITIAL CONDITION

where:
» the control variable: ¢ = ¢(t)
> the cost functional: J(¢) = [ [b(¢) — B dt
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Simple Model Problem

Ot = Au =0 in Q(¢) = [a(0), b(0)],
O] gy = & Outi]yy) =0,
15y = Ul oy = U
+ INITIAL CONDITION
where:

» the control variable: ¢ = ¢(t)

> the cost functional: J(¢) = [ [b(¢) — B dt
» solution: u = u(Q(¢))
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Simple Model Problem

Ot = Au =0 in Q(¢) = [a(0), b(0)],
O] gy = & Outi]yy) =0,
15y = Ul oy = U
+ INITIAL CONDITION
where:

» the control variable: ¢ = ¢(t)

> the cost functional: J(¢) = [ [b(¢) — B dt
» solution: u = u(Q(¢))

» Note that the model problem is GEOMETRICALLY
NONLINEAR
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Two Options

1. Optimization after transformation to a FIXED DOMAIN
t t

T T

QY O
Ww(t)

a(t) b() .

X -1 1 3
L(t) = b(t) — a(t), xo(t) & =—————,

X = x(t,€) = L(;)g +xo(t),  A(t€) = ut, x(t,€)
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Two Options

1. Optimization after transformation to a FIXED DOMAIN
t t

T T

QY O
Ww(t)

a(t) b() .

X -1 1 3
L(t) = b(t) — a(t), xo(t) & =—————,

X = x(t,€) = L(;)g +xo(t),  A(t€) = ut, x(t,€)

2. Optimization in a VARIABLE DOMAIN
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Optimization in Fixed Domains (1)

» Geometric vs. Algebraic nonlinearity
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Optimization in Fixed Domains (1)

» Geometric vs. Algebraic nonlinearity
» The Governing System {1, L, xo}

ot On2k+ &L 4vd%h

E—%T—p@_o n (O,T]X[—l,l],
o L ol L

il _ = el B ; T

b, =i, = up in (0, ],

i|,_, = o in [-1,1],
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Optimization in Fixed Domains (1)

» Geometric vs. Algebraic nonlinearity
» The Governing System {1, L, xo}

ot du2io+<L A dPn

E—%T—p@—o n (O,T]X[—l,l],
ou L ou L .
875_1 §¢, 8*51—§W in (0, T],
Elilzalzub in (0, T],
i|,_, = o in [-1,1],
» The Cost Functional
1 /7 L 7
7@ =3 [ oo+ b e
0
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Optimization in Fixed Domains (I1)

» Adjoint System for The Model Problem {i*, 3, b*}

au* L an* 2% + EL 4w B%0*
- p L 2 2ot el A OW in (0, T] x [~1, 1],
at L ¢ L L2 9e?
2 L2
vt|_,=——3", u"|,=——b" in (0, Tl,
-1 4 1 v
1 [d i 2% + L O 8v 920 ‘
/ 7<§ggx)+ %o + ¢ ig*+l£g* dg_gg*:
Jo1|dt \Lo¢ 2 o¢ L3 o¢2 2
1( L E) in (0, T]
=_-|x+t- - in (0, T],
2\ 3
1d /200, L
/ —(——D)df:xo+——b in (0, T},
—1dt \L 3¢ 2
i|,_y=0 in [—1,1],
-k T*
3|, =0, b*|,_;=0

Note the presence of NONLOCAL CONSTRAINT
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

timization of Free-Boundary Problems N
Optimization r undary Froblem Non—Cylindrical Calculus

Optimization in Fixed Domains (I1)

» Adjoint System for The Model Problem {i*, 3, b*}

au* L o™ 2% + £L 4v O%0*
- +

*

L C s U e in (0, T] x [—1,1],
at L a¢ L L2 9g? Ol ]
2 2
o*|_, = ——3", o -y in (0, 7]
-1 4 1 4v Y
1 [d O 2% + €L 9@ 8v 80 b
/ 7(§ggx)+ % + € ig*+l£g* dg_gg*:
J_1|dt \Log 2 o¢ 13 9¢2 2
1( L 5) in (0, 7]
=—=|x+ = — n R
2?72
1 d /200, L
/ 7<7—D)d5:x0+——b in (0, T],
_1dt \Lo¢ 2
i|,_y=0 in [-1,1],
-k T*
3|, =0, b*|,_;=0

Note the presence of NONLOCAL CONSTRAINT
» Cost Functional Gradient for the Model Problem

v7=Lts i [0, T]

N
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I e =
Non—Cylindrical Calculus

Optimization in Variable Domains ()

» Space-Time Tube: Q= Utepo, 7 {t} > Q(1)
» Flow Map 7 (t) characterizes domain evolution Q(t) = 7 (t)Qo
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I e =
Non—Cylindrical Calculus

Optimization in Variable Domains ()

» Space-Time Tube: Q= Utepo, 7 {t} > Q(1)
» Flow Map 7 (t) characterizes domain evolution Q(t) = 7 (t)Qo
» Parameterize the Flow Map using Velocity Field V

% — V(5 T(6,x),  te(o,Tl,
T(O,X) =X, in 5(0)
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Motivation
Stefan Problem
Optimization of Problems in Moving Domains

Optimization of Free—-Boundary Problems Non—Cylindrical Calculus

Optimization in Variable Domains ()

» Space-Time Tube: Q= Utepo, 7 {t} > Q(1)
» Flow Map 7 (t) characterizes domain evolution Q(t) = 7 (t)Qo
» Parameterize the Flow Map using Velocity Field V

% = V(t,7(t,x)), t € (0, T],
7(0,x) = x, in Q(0).

» Differentiation of functions w. r. t. to evolution of the domain
parameterized by velocity V/, i.e., Q = Q(V/(t)) in the direction of
velocity W(t)

a(V; W)

vV, w) & %[U(V + pW) o’]}]’pzo —(Vu)Z(W), where

7, — the transverse map, Z(W) — the transverse variable
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Motivation
Stefan Problem

Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I e =
Non—Cylindrical Calculus

Optimization in Variable Domains (II)

» Adjoint System for the Model Problem

—dut — Aut =0 in Q(¢) = [a(#), b(9)],
Ou* =0 at x = a(¢),

Bt = W‘g)xiu*b] at x = b(o),

v =0 at t=T

» Cost Functional Gradient for the Model Problem
VI($) = u"l,
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I e =
Non—Cylindrical Calculus

Optimization in Variable Domains (II)

» Adjoint System for the Model Problem

—dut — Aut =0 in Q(¢) = [a(#), b(9)],
Ou* =0 at x = a(¢),

Bt = W‘g)xiu*b] at x = b(o),

v =0 at t=T

» Cost Functional Gradient for the Model Problem
VI($) = u"l,

» Remarks
» the same gradient direction, but a different expression, as for

the adjoint obtained in a fixed domain
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I e =
Non—Cylindrical Calculus

Optimization in Variable Domains (II)

» Adjoint System for the Model Problem

—dut — Aut =0 in Q(¢) = [a(#), b(9)],
Ou* =0 at x = a(¢),

Bt = W‘g)xiu*b] at x = b(o),

v =0 at t=T

» Cost Functional Gradient for the Model Problem
VI($) = u"l,

» Remarks
» the same gradient direction, but a different expression, as for

the adjoint obtained in a fixed domain
» transformation to a fixed domain and derivation of the adjoint

system do not commute
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Motivation
Stefan Problem
Lo Optimization of Problems in Moving Domains
Optimization of Free—-Boundary Problems I e =
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