Embedding theory

Marius Junge

Embedding of noncommutative L,

Marius Junge

Joint work with J. Parcet



Embedding theory

Marius Junge

Embedding of noncommutative L,

Marius Junge

Joint work with J. Parcet

Fields Institute, December 2007



Commutative theory



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then

Ell ) exanllp ~, lI(c)ll2 -
k



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then
Ell ) exanllp ~, lI(c)ll2 -
k

Here a~cbif1/c < a/b<c.



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then
Ell ) exanllp ~, lI(c)ll2 -
k

Here a~c bif 1/c < a/b < c. Hence ¢, C L.



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then
Ell ) exanllp ~, lI(c)ll2 -
k

Here a~c bif 1/c < a/b < c. Hence ¢, C L.

@ (g-stable var.) Ee'®% = exp(—c,|t|9).



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then
Ell ) exanllp ~, lI(c)ll2 -
k

Here a~c bif 1/c < a/b < c. Hence ¢, C L.

@ (g-stable var.) Ee'™ = exp(—c,|t|9). Then £, C L,



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then
Ell ) exanllp ~, lI(c)ll2 -
k

Here a~c bif 1/c < a/b < c. Hence ¢, C L.

@ (g-stable var.) Ee'™ = exp(—c,|t|9). Then £, C L,

(B> arbeP) /P = cl|(cau)llg 0<p<gq
k



Commutative theory

@ (Khintchine inequality) Let £, Bernoulli variables, then
Ell ) exanllp ~, lI(c)ll2 -
k

Here a~c bif 1/c < a/b < c. Hence ¢, C L.

@ (g-stable var.) Ee'™ = exp(—c,|t|9). Then £, C L,

(EI Y ail?) P = cll(n)llg 0<p<g
k
@ (Maurey-Pisier-Krivine)
For every infinite dimensional Banach space there exist
Po. qo such that (7 is (1 + &)—isomorphic to a subspace
of X for all
P € [po, 2] U{qo} -
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Independent variables

(behind the scene)

@ Rosenthal inequality (~72) for mean 0

1> fillo ~ QIRIDYP + QCIfIRY? p > 2

& Later: p<2

1> fillp ~ F:igih_(z lgilIp) P+ Ihil3)? 1<p<2

i

%) = Lo([0,1]) p > 2,

@ Corollary: L,(0,00)N Lo
= 1) p = 2

(0,
LP(07 OO) + L2(07 OO) L ([
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HZXI(@ak”l ~ |nf Zbkbk 1/2”1+H ZCka 1/2||1
k k=

holds for (due to Pisier, Pisier-Lust Picard)
& xx = € or xx independent gaussian ;
8 xx = Mgk), gk free generators;
8 xx = M\(gi), g subsymmetric generators of discrete
group;

& Xy = Sk, xx = Sk + is_j for semi-circular s.
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Starting point ~ 98/99

If OH cb-embeds in L1(N), then
A
54/3 - C ® OH C Ll(B(fz) ® N)
embeds in noncommutative L.

Famous Banach space expert: Maybe not.

Warning: 55, =C é\@ OH is not the standard Sg/3, but

4/3

Sajz = [Sa/3: 5431 -
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1) (Rosenthal in L) Let N = x; gA; be the free product —
eighte
over B and x; € A; with Eg(x;) = 0. Then inequalities

| ZX:II ~ sup [xifloo + | ZEB (xxi + xixt )|/

2) Let sp = Al + pil* . generalized semicircular. Then
| Z ak @ sic|l ~ II( Z IMelPaia) 2l + 110 miearal) ]l -
k

Moreover, the s are analytic vectors in a von Neumann
algebra N(A, p) with faith normal state given by the vacuum
vector (modular group).
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“Applications”

@ Pisier and Shlyakhtenko used this to prove a
Grothendiek inequality for operator spaces.

@ The weighted space C(A) N R(u) defined by the span of
the si's is completely complemented in N(A, u)
(Haagerup/Pisier’'s work).

© The dual space R(\) + C(u) is contained in the predual

of a von Neumann algebra.

@ OH is cb-isomorphic to a subspace of a

noncommutative L; space.
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The operator space OH is defined by complex interpolation

OH = [R,C]; .

Pisier's exercise

The complex interpolation functor can be realized as the
subspace of constants in the quotient space

OH C L5(iR, &) & L5(1 + iR, £2) /HY

where H?/z is the space of analytic functions
f:{0 < Re(z) <1} — £, with f(1) =0.

Corollary (Junge 06) OH is a subspace of R(\) 4+ C(u) for
suitable A and p.

Xu's work made this very precise.
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Let 1 < p < 2. Then the operator space
Sp = G @n Ry

is completely isomorphic to tensor product of the space of

constants in
(LS(IR, £2)DLEP(1+iR, £3) / HY)@n(L5 (IR, 2) DL (1+IR, £2)/ HY) .

For general N we have L,(N) = [L1, L]y and L, is
cb-isomorphic to a subspace of

(L5(N; Lo(iR)) ® Ly(N; L5(1 + iR))/Hg)
@n.n (LS(N; Ly(iR) @ L(N; L5(1 + iR))/HY) .

Here L3 =[N, Lg]l satisfies

Com ®@n Lg @ Cpy = La(Mm(N))S5" .
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Application of the tensor product formula

1) L, is completely isomorphic to a subspace of

Li(N) + DY*Lg 5 (N) + Ly 5(N)DY* + DY*L30(N) DY/*

Here D is the density of strictly semifinite weight
(incorporating the unbounded operator from complex

interpolation).

2) Let E € QS(R @ OH) (quotient of a subspace of) and
F € QS(C @ OH). Then

E®pyF C L1(N)+DY*LS o(N)+L: (N)DY*+DY41Sh(N)D/4
4/3 4/3 2

for some strictly weight.
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New Voiculescu inequality

Theorem Let xi, ..., x, be mean 0 variables in N = x; gA;.

Then

1> xi @ %12 ~ sup x|
1

i

+ sup (Z lax;b][3)"/>

llally 8y <1, ||b||L2

sup ZHaX:||4 )4+ sup _ ZIIX:bH4 )4

HaHL4 B)<l =1 161l24(8)

Remark: The L, version is harder.
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Sketch of proof

Marius Junge

Theorem (Pisier):

1> x @il = ZLX,-R*
,- -

_ New inequalities
o, | S
Here a is an arbitrary positive element in Ly(x; gA;) too

much!

Want: a € [»(B)!

Technique: Decompose a in elements which start with

symbols in Ay, end with symbols in A, remainder terms.

Use freeness:input small-output free, input free -output

small, input small-output small, input free-output free+

error.
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Combining four terms

Marius Junge

Theorem The space
DY*NDY* 0 DY4LS N DY41; n 1gh
is completely complemented in an ultra product of

Loo(OH) .
Main results

Using OH C L; and duality we get:

Theorem a) E € QS(R @ OH), F € QS(C & OH), then
there is a cb-embedding
E®pF C Li(N).

b) Let 1 < g < p<2and N avon Neumann algebra. Then

for some M
Lp(N) Cep Lg(M) .
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where ¢(x) = tr(Dx) is the density of a quasi free state
associated with pu, v, the generators of the CAR. Haagerup

and Musat recently gave a more elementary proof.
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