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Introduction

An interesting quantum field theoretical model

action functional for real-valued field ¢ on R*:

1 - A
S[¢] = /j“x (Eqb* (—A+Q%%% + %) ¢ + 2P oxox ¢) (x)

Moyal product « defined by © and X := 201 . x

@ renormalisable as formal power series in A
[H.Grosse+R.W.; 2004]
means: well-defined perturbative quantum field theory

@ p-function vanishes to all ordersin A for O = 1
[M.Disertori, R.Gurau, J.Magnen + V.Rivasseau; 2006]
means: model is believed to exist non-perturbatively
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Noncommutative spin manifolds = spectral triples

@ suggested 1996 by A. Connes (axioms of spectral triples)
using insight from the standard model of particle physics

@ commutative spectral triples are indeed compact spin
manifolds [distinguished lecture by A. Connes|

@ equivalence classes of spectral triples describe Yang-Mills
theory (inner automorphisms) and gravity (outer
automorphisms)

@ spectral action principle [A. Chamseddine, A. Connes;
1996] provides action functional = starting point for QFT

some divergent one-loop Feynman graphs are
renormalisable by construction
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Spectral triples and Yang-Mills theory for Moyal space

@ Moyal spaces are non-compact spectral triples [V.Gayral,
J.M.Gracia-Bondia, B.lochum, T.Schicker, J.Varilly; 2003]

@ spectral action for Moyal space [V.Gayral, B.lochum; 2004]
is Yang-Mills with Moyal product
problem: spacial regularisation required

for renormalisation we need oscillator potential. . .

Is there a spectral triple associated with a Dirac operator with

oscillator spectrum?
@ answer is no if all noncommutative dimensions coincide
@ examples (Podles quantum sphere, standard model)
require different metric and KO dimensions

answer is yes for independent metric and KO dimensions
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Axioms for non-compact spectral triples

(adapted from Gayral et al; subject to alteration ...)

Definition (non-compact spectral triple (A, 5, H,D,J, x,C))

@ a non-unital algebra A acting faithfully on a Hilbert space
‘H (via a representation )

@ a preferred unitisation 5B of A acting on H, too

@ a densely defined selfadjoint unbounded operator D on H
s.t. [D, w(b)] extends to a bounded operator Vb € B

@ in the even case: a selfadjoint operator y on H satisfying
2 =1, xm(b) =n(b)x Vb e B, Dx =—xD

@ in the real case: an antiunitary operator J on H which
satisfies conditions 4 and 5 below

subject to the following conditions 0—6.
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The conditions

© Compactness.
The operator 7(a)(D — A)~1 is compact for all 2 < A and all
A not contained in the spectrum of D.

© Regularity and dimension spectrum.
Both 7(b) and [D, =(b)] belong for any b « 5 to

> dom(s"), with 6T := [(D), T] and (D) := (D? + 1)z.

For any element « of the algebra Wy (.A) generated by
d"m(a) and 6"[D, w(a)], with a < A, the function

Ca(z) := Tr(a(D)~*) extends holomorphically to C \ Sd for
some discrete set Sd C C (dimension spectrum).
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@ Metric dimension.
For the metric dimension d := sup{r € R N Sd}, the
Dixmier trace Tr,,(w(a)(D)~9) is finite for any and
positive for positive elements of A.

© Finiteness.
The algebras A and B are pre-C*-algebras.

The space 1™ := (] H*, with 7 := dom(D*) completed

=0 with norm [[¢]2 .= [[¢]2 + ||D*¢ |2,
is a finitely generated projective .A-module p.A™, for some
projector

The scalar product on H* is recovered from the hermitian
structure (, )4 : H*™ x H*> — A and the Dixmier trace:

(Em) =T(Ema@™),  &nens
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Q Reality.
J defines a real structure of KO-dimension k € Zg, i.e.

P =¢, ID=£DI, JIx=£"xJ (evencase)
[k mod8]0 1 2 3 4 5 6 7]

€ 1 1 -1 -1 -1 -1 11
e 1 -1 1 1 1 -1 11
e’ 1 -1 1 -1

The action 7 of B on H satisfies [7(b1), 7°(b2)] = 0 for all
bi,by € B, where 7°(by) = Im(b3)I L.

© First order.
[[D, 7(b1)], 7°(b,)] = O for all by, b, € B.
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© Orientability.
3 Hochschild d-cycle ¢ on 3 with values in B ® B°,
The representation 7(c) defined by

m((b-1 ®bg) ® by ® -+ - ® by)
= Jﬂ(bil)J_lﬂ(bO)[D> ﬂ(bl)] e [D> ﬂ(bd )]

satisfies 7(c)? = 1.
m(c) defines the volume form on A, i.e.

¢7r(c)(ao, c ,ad)
= Tro,(m(Ca)m(a0)[D, m(a1)] - [D, m(aq)(D) )

provides a non-vanishing Hochschild d-cocylcle on A.
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The Dirac operator for the harmonic oscillator

Hamiltonian of one-dimensional harmonic oscillator:
2
H=—25 + w22 on L%(R)

@ H~1 has eigenvalues /i, — ,NEN

1
w(2n+1)
@ H generalises Laplacian —A, Dirac operator is a square

root, so eigenvalues of H=1 = D=2 are of order O(})

suggests: D ~ H? seems to be of spectral dimension two!

Construct D in two Clifford dimensions

D, = icrlc?—x—i—azwx

B 0 i(&+wx)| 0 iv2wa
“\i(&k-wx) 0 ~ \-ivawal 0

[a,al] =1

Raimar Wulkenhaar  (Munster) A spectral triple for harmonic oscillator Moyal space



Spectral triple for harmonic oscillator
0®00000000

Generalisation to d-dimensional harmonic oscillator

d bosonic and fermionic creation and annihilation operators:

Q [a.a]= [aLv,a,T,v] =0 [au,al] =0 pv=1,....d
{b//~b1/}: {b'wb/'/} =0 {b/l //j )////

Q Dy=Vow Z (|au ® b, —ia}, ® b.) (supersymmetry)
= |af ( b}.) + wx# @ (ib,—ib,,)
wwx —I—wrd+/,x“ Cliff(C2d)

O Hy =L%(RY) @ A(CY) (bosonic ® fermionic Hilbert spaces)

g . ICEEY
Xd =1® Huzl(bLbM - bubL) =(-)(-1) = +Tad
Q@ D2 =wX ) ({awal}el+ 18], b)) = Hy © 1+ we T
2 d
Hd = _(%(SW + wzxpxu zd = Zu:l[bL’ bl/']
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Spectral data for harmonic oscillator Moyal space

Q D= (Mo, +Qrrtx,) p=1,....4 Xy =2(071),x"
D2 = (—A + Q?||%]?) 1 + Q%4 G =2 0=0s; S2=-1)
@ Hilbert space Hy = L2(R*) ®
© algebra A, = S(R*) with
(o)) = [ at ‘;4‘; + 1ek)g(x +y)e®

Ay acts on H, componentwise by 7(f)y = L, (f)y =1 x ¢

B4 = { smooth bounded functions on R

with all derivatives bounded } * extends to B,
Q xa=To  dap=xah 4
orientation form is 7(c4) = mn(rﬂ +Qre+4), not Iy

p=1
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Verification of the axioms

L.(b) and [D,L.(b)] = i(M* + Qr#+4)L,(9,b) are bounded

© Compactness
(D — M)~ itself is compact for A ¢ sp(D)
(for spectral action one should probably require (D — A)~* compact)

© Regularity dA D214 (A-N)
- P TAADHIH(A-N)
o define (D) = (D?+1)z, eg. (D)= o VN DZlta
o L,(b) and [D,L,(b)] belong for all n to the domain of ¢":

key: [(D)2,L*(b)] = —L,(Ab) — 2L, (9"b)V
[VEY, Li(b)] = Li(9,b) (D)2, V"] = ¢, V(@)

5n|—*( ):FZk:O (E)(_l)k
oo, K 1 e o AN V(D)
< ( iz )P e ].Hl(<D> )

for PI"(V) — operator polynomial of order in m in V()
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© dimension spectrum
@ Wo(A) = algebra generated by ¢"L,(a) and " [D, L,(a)]
Wy (A) := Wo(A)(D)¥ pseudo-differential op’s of order < k

o study zeta-function ¢, (z) := Tr(a(D)~?) for a € Wo(A)
important:

integral kernel for resolvent

1 & PSP _
(<D>—2+Ai)(x7y):/0 di eTE AT - e (x, )
involves Mehler kernel

—tHq = 2
009 = (3rhaan)

(solves (& +Hq x)e ™ (x,y)=0, lim e ™Mi(x,y)=6(x—y))

d = ~ & =
2 o~ 4 coth(Qt)[|x—y||*~ § tanh(Gt) [x-+y |2

| A\

integral kernel for Moyal multiplication (d = 4)

(L@)(X.Y) = =i [dwa(w) gl y0 i) 20 0y
v
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© dimension spectrum (continued)

(O"L ())( y)

00 n &
/ ds;dt; _OSiOt - s (s (1460%a)
2\/— S| + t|)z

x /d4x/d4y’e*ZJ”zlsiH“(x,x’) e 2y’ y)

with

a't-" e dandr <n
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© dimension spectrum (continued)
Tr((0™Li(a1)) -~ (6™ L.(ap))(D)*)

1 o 2
= m/ dto tO /d4X0d4X1...d4Xp

5)Jo
X ("L (82)) (%0, X2) -+ (™ L (3p)) (%p, Xo) (€ P4 (X0, X4 ) -
is concatenation of Mehler kernels and
resembles one-loop Feynman graph, all integrals are Gaul3ian
- _(ad(H))™ (L. (as))
(ad(H))™(L«(a4)) e 2"
(ad(H))™(L«(a2))
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© dimension spectrum (continued)
@ result for : finite linear combination of integrals

1 o0 Z4nq +2i
o) i [ e

/d4w g (w tanh(Qt)) (1 + tanh?(Gt))'e -

forq e { ,—[3]-1,...,mm—2},heZandgq € A
Taylor expansion: l4(z) holomorphic forz +n; ¢ {2,4,...,-2q}
= Tr(6"L,(a){D)~*) holomorphic on C\ (4 — N)

@ residues are local, i.e. /d“w g(w)
@ general case p > 2:
residues are again local, i.e. /d“w (91 % - *xgp)(W)

@ relates to locality of counterterms in QFT
n € {0,1} = only
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© Metric dimension.

o d:=sup{fkeR : keSd} =4
@ Connes’ trace theorem (generalised)

Tr(L(@)(D) ) = lim (s — 1Tr(L.()(D)*)

1 4
= gy /

© Finiteness

@ smooth spinors ¢ € H>® := (| dom(DX) are
keN

consequence: H>* = (A)* is a free module
@ hermitian structure (, )4 : H® xH*® — A

@ scalar product from hermitian structure and Dixmier trace:
(& Mre = Tro((§,m)a (D))
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© Reality: Jiy = gy defines real structure of KO-dimension
0, independent of d

@ First order: by construction
@ Orientability
@ unitisation B of A contains plane waves u,, = exu

@ Hochschild 4-cycle on

Ca = gty Loes,(—1)°
X (Ug(1)*Uo(2)*Ug (3) XU (4)) ™ ©Ug (1) @Ug(2) OUg(3) @ U a)

) 7T(C4) (1+Q2)2 (Fl + Qrs)(rg + QF6)(F3 + QF7)(F4 + Qrg)

@ Hochschild 4-cocycle on A is volume form (a=L.(a))
(;57‘.((;4)(6107 ceey 34): Tr, (7T(C4)ao[D, al] cee [D, a4]<D>‘4)

=55 /ao * dag A, day A, dag A, day
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U(1)-Higgs model

tensor (A4, Ha, Da, x4) With (C @ C,C?,Moy) [Connes+Lott]
Dy Ml >
Mg Dy
@ selfadjoint fluctuated Dirac operators Da:=D+ ), &;[D, by],
aj, bie A=A40A4 are of the form
Dy+(TH+QrH+4)L, (A,,) Mol (¢) )

O’D’D4/12+F9/rrll\/l<

Da = FoL. (&) Dy+(TH+QrH+4)L,(B,,)

for A, =A,,B,=B,,¢€ A
((H4+L*(w* O)I4E4+Fa  I(TH+QrH) gL (D, o) )

o D= _
A i) gl (D,0)  (HatL. (0« 0))1+X4+Fg
® Dup=0,6—iAxd+ip*B
Fa={L.(A"),i0, + Q°Ma(X,,) } + (1 + Q%)L.(A, x A¥)
(g0, T+ 3 Q2 T QP L(F )
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Spectral action principle

most general form of bosonic action is S(Da) = Tr (x(D3))

o
@ Laplace transf. + asympt. expansion e P = D ag(DA"

o0 n=-d/2
leadto S(Da) = Y xnTr(an(DR)) (d =dimension)
n=-—d/2
with x; =2 Jo dss™*7*x(s) forz ¢ N
xk = (—1)kx®)(0) fork € N

@ a, — Seeley coefficients, must be computed from scratch

~

Duhamel expansion: D% = Hg — V
t
et(Ho-V) _ g—tHo _ / dty L (e~ (- 1)(Ho-V)g—tiHo)
o dy

t
:e—tH0+/dtl (e—(t—tl)(Ho—V)Ve—tlHO) ... iteration
0
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Position space kernels

Mehler kernel

2 _t0 _olx—yI®_ @ 2
_Hot(X y) 02(1—tanh?(t))2  —tQX4l—% anh(at) tanh(Qt)HeryH

167r2tanh2(Qt)
WithQ=2 ©=¢s S2=-1)

vacuum trace X
Tr(e o) =tr /d“x e tHo)(x,x) = ————1tr
( ) =tree ( )(X,X) 8 sinh? (@) ot

= i = 2007+ 5@+ F + 0

(e—tfzz4)

@ expansion starts with t—* = corresponds to 8-dim. space
@ spectral action is finite, in contrast to pure Moyal at Q = 0
@ view spacial regularisation as part of geometry
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Vertex kernels — (with x Ay = x#(©71),,,y")
L.(f _ d4Z f e2i(xAy—i—yAz—i—zAx)
Ly = [ SZi@)

{Lu(A%),i0, + Q2Mo(%,,) } (X, Y)

d ~ ~ .
_/ 4024 (2z# — (1—92)(Xﬂ+yﬂ))AM(Z)eZI(XAy+yAz+z/\X)

o one -vertex trace
/ diy Tr(e~("MoL ()e~1h)

& 2
_ 02t 4 iz |z|
T 1672(1+92)2sinh?(Qt) /d zf(z)e

@ orderis t~! as in 4D-standard model
opposite sign of t 1, 1Y = spontaneous symmetry breaking
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The spectral action

94 _ 292 _ R
S(Da) = g+ 50 2+5§,§0 + 27r2(i<i92)2/d4z {ZD“¢* Dno

1_922 1—924 v v
+(OEE W) (FA « FLY + FB «FLY)

T 3(1+2)?
2
7 402 p 1, N X1
+<()*()+ l+QZXA *XA/, — 7)
2
y 402 G X—1
+<“*“+WXB *XB// — T)

~ ~ 2
2 AR+ Koy — X2) H2) + O(a)

deeper entanglement of gauge and Higgs fields

covariant coordinates >~<A/1(z) = (0 1),,2" + A,(z) appear with
Higgs field ¢ in unified potential; vacuum is non-trivial!

potential cannot be restricted to Higgs part if distinction into
discrete and continuous geometries no longer possible
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The spectral action

S(Da)= 6;)52144'2632&)2(2 22+ o Atz /d4 2D,¢ * Dyop
(O ) AR+ FR FyY)
+<u * G+ 1L XA x Xy, — %)2
+<(»* ¢+ 17 sz/’ XB/, — \Ol>2

_2(11992)(” *Xou - %> }(Z) +00a)

further remarks
@ coefficient in front of Yang-Mills action is positive

@ spectral action is invariant under gauge transformations

) spectral action is translation-invariant!
(Xau(x) considered as a whole)
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The vacuum

vacuum field equations (¢V%¢ = gvac, AYEC = B))

giz[)sz, [)zkv )ZAV]*]* + 2[¢’ [)2#7 ¢]*]*
= 2 (6% ot L XK+ Xny =1 XY

2[Xaw, [0, XKLde = {6 0+ 2L XK + Xay =112, 0},

_ (1-9%)? (1—-9%)* 2 X—l)
2 3122 T =%

(with 2 =

spirit of emerging geometry
® Q=0 = solution: [X,, X,]=0,,=const , p=n=const
Q # 0 gives some dynamical geometry

@ analytical solution seems impossible
= need numerical simulations
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