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Outline

In this talk, we look at Connes-Moscovici's higher index theo-
rem from deformation quantization point of view, and discuss its
extension to orbifolds.

This is a joint work with Markus Pflaum and Hessel Posthuma.
Plan:

I. Cyclic cocycles on Weyl algebra

II. Cyclic cocycles on deformation quantization

ITII. Algebraic higher index theorem

IV. Formal and analytic index theorem



Part I: Cocycles on Weyl algebras

We illustrate explicit formulas for cyclic cocycles on Weyl alge-
bras.



Weyl algebra Wrev (V)

Let (V,w) be a finitely dimensional symplectic vector space. In
canonical coordinates (p1,...pn,q1,...qn) the symplectic form
simply reads w = ), dp; N dg;.

The Weyl algebra WrPOY(V) is a deformation of the algebra of
polynomials S(V*) on V: we have WP (V) = S(V*) ® C[h, i~ 1]
with algebra structure given by the Moyal—Weyl product

frg=(moexp(2a))(f € g)

where m is the commutative multiplication and o € End (WDO'V(V)®
WDO'V(V)) is basically the Poisson bracket associated to w:

B n of dg of dg
a(f®g) = Z (8}9@' ? dq; 0gq; 31%') .

=1




Cyclic cohomology of W&

By spectral sequence arguments with respect to the hA-filtration,
we can compute the cyclic cohomology of the Weyl algebra.

Clh,h~1] ifk=2n-42p,p> 0,
0 else;

Clh,h~1] ifk=2n+42p,p> 0,
O else.

HCF(WBY) = {

HCL(W3Y) = {

Nest and Tsygan proved that 1®p1Aqi /- - -Apn/Agn IS @ normalized
b+ B cycle which generates the cyclic homology of Wpo'y.



Some notations
To introduce this cocycle, we need some notations.

For 0 <i# j < k < 2n, define a;; € End ((Wg‘;‘y)@kH) by

| Sa
aij(a()@...@a,k) :Zgzl(a0®...®g—;z®..-®a—g‘;®---®ak

_ao...®g§]‘;®...®a—2®...®ak>,

i.e., the Poisson tensor acting on 'th and j5'th slot of the tensor
product

And p; @ (WeeV)®G+1) . Clh, 1] is given by

pi(ag ® ... ®a;) = ag(0)---a;(0).



Cyclic cocycles on W2

For all i with 0 < ¢ < 2n define the cochains 7, € C (Wpo'y) as
follows.

1
I1 oI ui—uj+5) o,
0<i<j<2k

1 ® (ha)(a)duq - - - duoy,

(—1)k_1uzk—1/

AQk—l

mor(a) = (_1)kﬂ2k/

PANZL

uo=0

1
T2k—1(a) [[ ity

0<i<j<2k—1
(ha)(a)duy - - - dugy_1.

ug=0

The cocycle ,, € CQ"(Wpo'y) is the Hochschild cocycle intro-
duced by Feigin, Felder, and Shoikhet up to a sign (—1)".



Properties of (g, - ,7,)

Let 1o : Cp(A) — Cr41(A) and Lg : Cp(A) — Ci(A) be defined by

k

Y (1) (e ®... 9 ®a®a; 11 Q... ay),
i—0

a(ag ® ... ar)

k
Lo(ag® ... R ag) Z(a0®...®[a,ai]®...®ak).

Theorem 1 The cochains t; € C (Wpo'y) satisfy the relation

—Bmop = o)1 = brpp_o.
Hence, (g, -+ ,Ton) is @ b+ B cocycle on WY, Furthermore,
Top € CQk(mey) 0 < k < n are invariant and basic with respect
to spo,, I.€e.,

Lqmop, =0 and qmp, =0 for all a € spy,, C Wpo'y



Part II: Cocycles on deformation quantization

We construct cyclic cocycles on deformation quantization of a
symplectic manifold.



Svymplectic manifold and deformation quantiza-
tion

Let M be a symplectic manifold with a symplectic form w, a
nondegenerated closed 2-form on M. Define the Poisson bracket
on C®(M) by {f,g} = w t(df,dg) € C®°(M) for f,g € C®(M).

Let (g1, - ,qn,p1, - ,pn) be coordinates on T*Q. Then M =
T*Q and w = Y ,dp; N\ dg; iS a symplectic manifold. We can
generalize symbol calculus of pseudodifferential operators on @
to the following structure on a general symplectic manifold.

A formal deformation quantization of a symplectic manifold (M, w)
iS an associative product « on C°*°(M)[[R]], such that

(@) fxg=fg+ L{f g} + isa HCi(f, 9),

(1) C;’s are bilinear local differential operators.



Weyl algebra bundle

The Weyl algebra Wg‘;b'y is a formal deformation quantization of
the symplectic vector space (R2",w).

To construct a deformation quantization of a symplectic mani-
fold (M,w), we introduce a notion a Weyl algebra bundle.

Let FFM be the symplectic frame bundle of TTM. Define YW =
FM Xsp, WTV, where W (V) consists of power series on V
and the Moyal product extends naturally to define an associate
product on Wt (V).

We fix a symplectic connection V on T'M, which lifts to a con-
nection ¥V on W. Let R € QQ(M; End(TM)) be the curvature of
V. Then V2 is equal to #[R, ] € §22<M; End(W)), where R is
obtained from R via the embedding sp,,, — Wg'n.



Fedosov connection and deformation quantiza-
tion

Fedosov proved that there exists a smooth section A € Q1 (M; W)
such that D =V + %[A, —] defines a flat connection on W, i.e.

D2 =0 € Q2(M; End(W)).

This implies that the Weyl curvature Q = R+ V(A) + h[A Al is
in the center of W since D? = h[Q —] = 0. Since the center of

3 is given by C[[h]], 2 = —w + hwy 4+ --- is a closed 2-form in
Q2 (n; Cl[A]).

Fedosov also proved that the sheaf Aﬁ of flat sections with re-
spect to D is isomorphic to C37[[R]] as a C[[h]]-module sheaf.

Moreover, the induced product on C*°(M)[[r]] defines a star
product on M.



Shuffle product

Let A be a graded algebra with a degree 1 derivation V. Recall
that the shuffle product between ag® - - ® ap € Cp(A) and by ®
- @by € Cy(A) is defined to be

(a0® ---®ap) % (b0®"’®bq) —
_ (_1)deg(bo)(zj deg(a;)) Shp,q(aObO Ra1 Q@ - RapRb; Q-+ ® bq),
where
Shp,q(CO R - X Cp_|_q) — Z sgn(o) cog ® Co(1) R Co(p+q)
O'ESp,q

with sum over all (p, q)-shuffles in S, .



Cyclic cocycles on A((ﬁ))

Let A(Um %[h_l] be the kernel of a Fedosov connection
nE v+ #[A, =] on W[A1].

. . . 0 0 _ %k
Definition 2 Define W}, € Q"(M) ®cso(pr) <W®(2k ’L‘H)) (M) by
putting

i

Why(ao®: - ®age_;) 1= (%) 2k ((a0® - ®agp_s) X (L, 4, -+, A)).

Proposition 3 For every chain ag®:--Qaop_; € Cgk+1_i(«4§éf))>

the above defined \Iﬂz,~C satisfies the following equality:
(—1)'dwh, zk(ao ® ® agk41—i)
1
\IJH' 2k(b(ao R a2k+1—i))
1
+ w@+ Yoo (Blag ® -+ ® agpy1-4)).



A quasi-isomorphism

Definition 4 For every «,v with 2r < 1 and evee/ open U C M
define a morphism x' 77" : QUU)((h)) — v Qr( ept )(U) by

Xii7 (@) (ag® - ®a;_o;) = /U a ANWETH (a0 ® - ® aj_2;),

where a € QY (U)((h)) and ag, - - - ,a;_ 2p € géf))(U) Using these,
define morphisms x; : Q7M((h)) — Tot? BC*(AM)) py

E: X& 2r

2r<i

The yx; have the following crucial property.

Proposition 5 For every a € Q*(U)((h)) with U C M open one
has

(b+ B)xe(a) = xe(dav).



Cyclic conomology of A((h))

For every ¢, define a sheaf morphism

Q' : Tot' BQY, (W) :== @ Q4,7 ((h)) — Tot! BU‘( A((h)))
2r<q

which over U € M open evaluated on forms a, o, € Q27 (U)((h))
gives

(2;7,% 27“) (27r\/—)n Q;Sixi—zr,z](ai—zr)-

Theorem 6 The above defined sheaf morphism

Q : (Tot® B3, ((h)),d) — ( Tot® BC*(AM) b + B)

IS a quasi-isomorphism.



Part III: Higher index theorem

We prove a higher index theorem by computing the pairing be-
tween a cyclic cocycle and the Chern-Connes character of a K-

element.



Pairing between cyclic cocycles and K-theory

Let A be a unital algebra over a field k and let e be an idempotent
of A. The Chern character Chy(e) is a b+ B cycle defined by
the following formulas

Chk(e) — (ck,ck 1, " Cl)EBGQk(A) where
. 2(22)!
¢ = (—1) ( 7’) (e——)®e®(22)€A®A22 for 0 < i < k.

For a (b+ B)- cocycle b = (gbzk, - ,¢p) and a projection e € A,
define

2(21)!

i 1
<¢7 €> .= <¢7 Chk(€)> — Z (_1)l ¢2[ <(€ — 5) ReR: - 6) .
[=0

T his construction descends to cohomology and yields the desired
pairing
HC?F(A) x Ko(A) — k.



Pairing on A((71))

Let M be a symplectic manifold and A((h))(M) be a Fedosov
deformation quantization of M. We apply the above constructlon
to obtain a pairing between the cyclic cohomology HC‘(Agf)t )

and the Ky group of Agg?)(M).

An element in KO(A((:S?)) can be represented by a pairing of
projections Py, Py in Sﬁk(A((h))) for some k > 0 such that Pp— Py
IS compactly supported.

The pairing between ¢ = (¢g, -+ ,¢o1) @ b+ B cocycle and e =
(P1, P>) a representative of a K-group element of A((:p}?) is defined
as

<¢7 €> = <¢7 P1> _ <¢7 P2>



A special element

In the following talk of this part, we will assume that M is a
compact symplectic manifold, and consider the special element

1 € KO(A((:E)}?)(M)). We show how to compute its pairing be-

tween a cyclic cocycle Q(a) with a € Tot® BQ%,((h)).

i 1
<Q(a)7 1> N ZZ:O (27_(_\/_—1)71

2n—21
[ ao A wWE3().

We are reduced to compute the expression of w%g:gg(l), for
0<I<n.



Hochschild cohomology and Lie algebra cohomol-
ogy

Let A be a unital algebra, and gly(A) be the Lie algebra of
N x N-matrices with coefficients in A. There is a chain map qSN
from the Hochschild cochain complex C®(A) to the Lie algebra

cochain complex C‘(g[N(A);g[N(A)*>:
V() ((M1®a1) ®-+ ® (M ® ay) ) (M1 ® az)

— gg sgn(o)cag ® ay(1) ® -+ ® ag(g)) tr(MoMy(1y -~ My (r))-
OCOk

We define © o, to be ¢V (my) € Czk(g[N(Wgn)'g[N(Wgn)*). It

) 2 2 2n—2k
is easy to check that W5 — ’,2(1) — (—) o= Qk),egn oL(AN
- ANA)(1).




Chern-Weil maps

Proposition 7 For any k <n, ©x2,(1) is a cocycle in the rela-
tive Lie algebra cohomology complex C2k (g[N(W2n>, aly @5p2n).

Recall that Fedosov connection D is a flat connection on the
Weyl algebra bundle YWW. Accordingly, we have a flat connection
on the corresponding Aut(Wpo'y) “principal’” bundle. It is known
that all derivations of Wpo'y are inner, in fact there is a short

exact sequence of Lie algebras
0 — C[h, k1] — W5Y — Der (WDO'Y) — 0.
By Chern-Weil theory, we have a chain map
pp : C®(9ln (Way), gl @ spoy ) — Q°(M)((R)),
and pp(On2k(1)) = O _op(AA---ANA)(L).



Lie algebra Chern-Weil theory

Using Lie algebra cohomology and Chern Weil theory, we have
reduced the computation of (Q(a), 1) to understand the Lie alge-
bra cocycles ©y o,(1) € C*® (g[N(Wzn),g[N @5p2n) for 0 < k <n.

Let g be a Lie algebra and § a Lie subalgebra with an b-invariant
projection pr : g — h. The curvature C € Hom(AZ?g,h) of pr is
defined by C(u A v) := [pr(uw), pr(v)] — pr([u,v]). Let (S°h*)Y be
the algebra of h-invariant polynomials on ) graded by polynomial
degree. Define a homomorphism o : (S°h*)) — C2°(g, h) by

o(P)(vy A--- Avgg)
1 o
= = > (-1) P(C(vauy Vo(2))s " O (2g-1); “a<2q>))-

|
: oc€59q,
o(2i—1)<o(21)



Characteristic classes

Recall the following invariant polynomials on the Lie algebras gl
and sp,,.: on gly we have the Chern character

Ch(X) :=tr(expX), for X € gly.
On sp,,,, we have the A-genus:
hY /2
sinh(hY/2)
With this, we can now state:

1/2
Ap(Y) := det ( ) , for Y € spo,,.

Proposition 8 In H?*(gly(Way,), gly @spo,) we have the identity

[©n 21l = o ((A;,Ch))
for k <n and N > 0.



Algebraic higher index theorem

In summary, using Lie algebra Chern-Weil theory, we have proved
the following theorem.

Theorem 9 (Nest-Tsygan, Pflaum-Posthuma-Tang) For a se-
quence of closed forms a = (ag,--- ,an;) € Tot2k BQ*(M)((Rh))
and two projects Pi, P> in AAM) with P, — P> compactly sup-
ported, one has

<Q(O¢),P1 i P2>

k
1 .
/M aoy A A(M) Ch(Vi — Va) exp ( _

Q
- ;3 (27/—1)! 277\/——171)’

where V71 and Vo are vector bundles on M determined by the
zero-th order terms of P; and P».



Part IV: Formal and analytic index theorem

We connect the algebraic higher index theorem with Connes-
Moscovici's higher index theorem for elliptic differential opera-

tors.



Alexander-Spanier cohomology

Let O be the sheaf ngo of smooth functions on Q.

Define CRs(O)(U) =2 OFF+L(UF1) /T (A1 (U), UL, where
j(AkJrl(U),U’“‘l) denotes the ideal of sections of OXk+1 over
U*T1 which vanish on the diagonal Ay (U).

And define § : Cic(O)(U) — Cﬁ;"l(O)(U) by the formula

5f =8 o(—=1)'8'f,  where
52]0(3307 SR ,ZEk.|.]_) — f(CUO, ceey Lg—1,Lj41,5 - - - ,Cli‘k_|_1).

We have a sheaf cochain complex (C;S(O),é). The Alexander—
Spanier cochain complex of O is defined by C2<(0O) :=T(Q,CRs(O))
the complex of global sections with the differential 9.



Cyclic cocycles on ¥~ °(Q)

Let $—°°(Q) be the algebra of smoothing pseudo-differential op-
erators on Q).

Given an antisymmetric Alexander—Spanier cocycle f of degree
k, Connes-Moscovici introduced a cyclic cocycle on ~°° by the
expression

Tr(Ag, -, Ag)
= (—1)k/Qk+1 tr (Ro(zo,21) - -+ - - Rp(wp—1,2x)) f (205 - -, 23,

where R; is the distribution kernel of A;.



Analytic higher index

Let D be an elliptic differential operator on a compact man-
ifold @ with principal symbol a. a defines an element [a] in
K1(C*®°(5*Q)), where S*Q is the sphere bundle over Q.

By the exact sequence of K-groups, we have a map
91 K1(C¥(5°Q)) — Ko(WDO™>(Q)),
which is the index map. Therefore, R := 9([a]) is a difference

of two pseudodifferential projections of order —oo on (@),and is
homotopic to the graph projection of D .

Given an antisymmetric Alexander—Spanier cocycle f of degree
2k, Connes-Moscovici defined

ind ;(D) = 74(R).



Generalized traces on deformation quantization

Let Tr be a trace functional on Ag?)) (essentially unique). For
%5 oy fr € C°W)((h)) with U € M open and ag,...,a; €
( (U), the formula

Cpt
XTr(fo® f1® ... ® fi) (a0 ® ... ®ag) == Tr (foxagx...x fray)
defines a chain map xry : C;S( j’j((h))) — C'(Aggi))).

We have the following commutative diagram of chain maps,

Q

Tot BQS, ((h)) Tot BC*(ALY))

cpt

XTr

Clas (CRP((A))



Asymptotic symbol calculus

The symbol calculus for pseudo-differential operators on

@)

Op : Sym™(U) — WDO™(U) C Hom (€5, (U),C>(U)),
(Op(@)f) (@)= [ [ e CEPWx(a y)ale, €)f(y) dy de.

170
naturally defines a deformation quantization A(()(ph)) on T%Q. Fur-
thermore, the operator trace tr on ¥~°°(Q) defines a trace func-

tional on A(()gl)).
Under the above symbol calculus, we have
ind¢(D) = 7¢(R) = x1r(f)(1) = Q0o A(r),

where r is the asymptotic symbol of R



Analytic higher index theorem

In summary, by the asymptotic symbol calculus and the algebraic
higher index theorem, we have proved the following theorem.

Theorem 10 (Connes-Moscovici) For an elliptic differential op-
erator D on a riemannian manifold (Q and an Alexander-Spanier

cohomology class [f] of degree 2k with compact support the
localized index is given by

ind((D) = (2W1—_1) i o Fodfa A A df21 NA(T*Q) Ch(opr(D)).



Generalization to orbifold

We can extend the above constructions on manifolds to orbifolds.

Theorem 11 (Pflaum-Posthuma-Tang)Let D be an elliptic pseu-
dodifferential operators on a reduced orbifold X = M/I", and [f]
be a 23 orbifold cyclic Alexander-Spanier cochomology class.

. J 1
mdm(D) — Z Z /T*JW/V\/E(’Y) (27 /——l)j_rmfy

<v>r=0

—_— N —

X2 () A A(T*MY/C (7)) Cha(opr(D))
where C(~) is the centralizer of v, Ch, is the ~-twisted Chern
character, Ch~y(A_1N) is the localization data about the normal

bundle of the ~-fixed point in T*M, and m~ is the order of local
isotopy group.




Strategy for the proof of orbifold higher index
theorem

The route we take to establish the orbifold index theorem is
analogous to what we have done on manifolds. There are several
new ingredients.

e Present an orbifold by a proper étale groupoid, and work with
deformation quantization of the corresponding groupoid algebra.

e Construct cyclic cocycles on the crossed product algebra Wr°Y x
[ for a finite group I.

e Geometry of groupoids and orbifolds, in particular the geometry
of Burghelea spaces.



