
Hopf-cyclic cohomology in braided monoidal

categories

Abstract

We start with a Hopf algebra (H, m, η, ∆, ε, δ, σ)

in a strict symmetric braided monoidal abelian

category (C, ⊗, I, ψ), and define a Hopf cyclic

theory for H. As a non-trivial example we

develop a Hopf cyclic theory for super Hopf

algebras. At the end we give some results for

non-symmetric categories.

This is joint work with M. Khalkhali.
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1 Preliminaries

Definition 1.1. (monoidal categry)

A monoidal category (C,⊗, I, a, l, r) consists of a cat-

egory C, a functor ⊗ : C × C → C, an object I ∈ C
(called the unit object), and natural isomorphisms

a = aA,B,C : A⊗ (B ⊗ C) → (A⊗B)⊗ C,

l = lA : I ⊗ A→ A, r = rA : A⊗ I → A,

such that the following diagrams commute

((A⊗B)⊗ C)⊗D

sshhhhhhhhhhhhhhhhhhh

++VVVVVVVVVVVVVVVVVVV

(A⊗ (B ⊗ C))⊗D

²²

(A⊗B)⊗ (C ⊗D)

²²

A⊗ ((B ⊗ C)⊗D) //A⊗ (B ⊗ (C ⊗D))

(A⊗ I)⊗B //

((PPPPPPPPPPPP
A⊗ (I ⊗B)

vvnnnnnnnnnnnn

A⊗B
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Definition 1.2. (braided monoidal category)

A braided monoidal category, is a monoidal cat-

egory C endowed with a natural isomorphisms

ψA,B : A⊗B → B ⊗ A,

called braiding such that the following diagrams

commute

A⊗ (B ⊗ C)
ψ // (B ⊗ C)⊗ A

a−1

))SSSSSSSSSSSSSS

(A⊗B)⊗ C

a−1 55kkkkkkkkkkkkkk

ψ⊗id
))SSSSSSSSSSSSSS

B ⊗ (C ⊗ A)

(B ⊗ A)⊗ C a−1
//B ⊗ (A⊗ C)

id⊗ψ 55kkkkkkkkkkkkkk

(A⊗B)⊗ C
ψ //C ⊗ (A⊗B)

a

))SSSSSSSSSSSSSS

A⊗ (B ⊗ C)

a
55kkkkkkkkkkkkkk

id⊗ψ
))SSSSSSSSSSSSSS

(C ⊗ A)⊗B

A⊗ (C ⊗B) a // (A⊗ C)⊗B

ψ⊗id 55kkkkkkkkkkkkkk
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A braided monoidal category is called symmetric

if

ψA,B ◦ ψB,A = id,

for all objects A and B of C.( Sometimes we just

write ψ2 = id )

It is well known that any braided monoidal cat-

egory is equivalent to a strict one in which a, l and

r are just equalities and the above axioms are re-

duced to the following ones:

(A⊗B)⊗ C = A⊗ (B ⊗ C),

I ⊗ A = A⊗ I = A,

ψA,B⊗C = (idB ⊗ ψA,C)(ψA,B ⊗ idC),

ψA⊗B,C = (ψA,C ⊗ idB)(idA ⊗ ψB,C),

for all objects A,B,C of C.
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Example 1.1.

Let (H, R = R(1)⊗R(2)) be a quasitriangular Hopf al-

gebra and C be the category of all left H-modules.

Then C is a braided monoidal abelian category,

which is symmetric if and only if R−1 = R(2) ⊗R(1).

Here the tensor structure is defined by

h¤ (v ⊗ w) = h(1) ¤ v ⊗ h(2) ¤ w,

and the braiding map ψV⊗W by

ψV⊗W (v ⊗ w) := (R(2) ¤ w ⊗R(1) ¤ v),

for any V and W in C, where ¤ denotes the action

of H.
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Example 1.2. (category of super vector spaces)

As a very special case of Example (1.1), let H =

CZ2 with the non-trivial quasitriangular structure

R = R(1) ⊗R(2) defined by

R := (
1

2
)(1⊗ 1 + 1⊗ g + g ⊗ 1− g ⊗ g),

where g is the generator of the cyclic group Z2.

The category C = Z2- Mod then is the category of

super vector spaces. The braiding map ψV⊗W for

any V = V0⊕ V1 and W = W0⊕W1 in C acts as below

ψV⊗W (v ⊗ w) = (−1)|v||w| (w ⊗ v).

Remark 1.1.

One can extend Example (1.2) to CZn for any n > 2

which provides a good source of non-symmetric

braided monoidal categories.
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Example 1.3. (Yetter Drinfeld category)

Let H be a Hopf algebra over a field k with comul-

tiplication ∆h = h(1)⊗h(2) and the bijective antipode

S.

A left-left Yetter Drinfeld (YD) H-module consist

of

A vector space V , a H-module structure on V

H ⊗ V → V

h⊗ v 7→ hv,

a H-comodule structure on V

V → H ⊗ V

v 7→ v(−1) ⊗ v(0),

and a compatibility (YD) condition

(hv)(−1) ⊗ (hv)(0) = h(1)v(−1)S(h(3))⊗ h(2)v(0).
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The category H
HYD of all YD H-modules is a braided

monoidal abelian category with the braiding map

ψV⊗W (v ⊗ w) = v(−1)w ⊗ v(0).

This category is in general not symmetric and the

inverse of the braiding is

ψ−1
V⊗W (w ⊗ v) = v(0) ⊗ S−1(v(−1))w.
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Definition 1.3. (Braided Hopf algebra)

Let (C, ⊗, I, ψ) be a braided monoidal category. A

Hopf algebra (H,m, η,∆, ε, S) in C consists of:

An object H ∈ objC and morphisms m : H ⊗ H →
H , η : I → H , ∆ : H → H ⊗ H , ε : H → I and S :

H → H s.t.

m(id⊗m) = m(m⊗ id), associativity

m(η ⊗ id) = m(id⊗ η) = id, unit

(id⊗∆)∆ = (∆⊗ id)∆, coassociativity

(ε⊗ id)∆ = (id⊗ ε)∆ = id, counit

∆m = (m⊗m)(id⊗ ψ ⊗ id)(∆⊗∆), compatibility

∆η = η ⊗ η, εm = ε⊗ ε, εη = idI

m(S ⊗ id)∆ = m(id⊗ S)∆ = ηε. antipode
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Example 1.4. (super Hopf algebra)

Any Hopf algebra in Z2-Mod is a super Hopf al-

gebra.

Example 1.5. (T (V ) in H
HYD)

For any V in H
HYD the Yetter Drinfeld category

attached to a given Hopf algebra H, the tensor

algebra T (V ) is a braided Hopf algebra in H
HYD

with the comultiplication and counit defined by

∆(v) = 1⊗ v + v ⊗ 1 and ε(v) = 0 for all v in V .
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Definition 1.4. (H-modules and comodules)

Let H be a braided Hopf algebra in C.

- A right H-module M is an object in C equipped

with a morphism φM : M ⊗H →M , called H action,

such that

(φ)(idM ⊗mH) = (φ)(φ⊗ idH),

(φ)(idM ⊗ ηH) = idM .

- A left H-comodule M is an object in C equipped

with a morphism ρM : M → H ⊗M , called H coac-

tion such that

(∆H ⊗ idM)(ρ) = (idM ⊗ ρ)(ρ),

(εH ⊗ idM)(ρ) = (idH ⊗ εH)(ψH,M)(ρ) = idM .
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Definition 1.5. (stable anti Yetter Drinfeld H-module)

A right-left braided stable anti Yetter Drinfeld H-

module in C is an object M in C such that:

– M is a right H-module via an action φM : M⊗H →
M

– M is a left H-comodule via a coaction ρM : M →
H ⊗M

– M satisfies the braided anti Yetter Drinfeld con-

dition i.e

(ρ)(φ) = [(m)(S⊗m)⊗φ][(ψH⊗2, H⊗idM⊗idH)(idH⊗2⊗ψM,H⊗idH)

(idH⊗2⊗idM⊗ψH,H)(idH⊗ψM,H⊗idH⊗2)][ρ⊗∆2].

(1.1)

- M is stable i.e

(φ)(ψH,M)(ρ) = idM .
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Definition 1.6. (H-module-coalgebra)

A quadruple (C, ∆C, εC, φC) is called a left (braided)

H-module-coalgebra in C if (C,∆C, εC) is a coalge-

bra in C, and C is a left H-module via an action

φC : H ⊗ C → C such that

φC is a coalgebra map in C i.e.

∆CφC = (φC ⊗ φC)(idH ⊗ ψH,C ⊗ idC)(∆H ⊗∆C),

εCφC = εH ⊗ εC.

Now we are going to define a cocyclic module for

any triples (H,C,M), where H is a Hopf algebra,

C is a H-module coalgebra and M is a SAYD H-

module, all in C.
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Let Cn = Cn(C,M) := M ⊗ Cn+1, n ≥ 0.

We define faces δi : Cn−1 → Cn, degeneracies σi :

Cn+1 → Cn and cyclic maps τn : Cn → Cn by

δi =

{
(1M , 1Ci,∆C, 1Cn−i−1) 0 ≤ i < n

(1M , ψC,Cn)(1M , φC, 1Cn)(ψH,M , 1Cn+1)(ρM ,∆C, 1Cn−1) i = n

σi := (1M , 1Ci+1, εC, 1Cn−i), 0 ≤ i ≤ n

τn := (1M , ψC,Cn)(1M , φC, 1Cn)(ψH,M , 1Cn+1)(ρM , 1Cn+1).

Proposition 1.1.

If C is a symmetric monoidal abelian category, then

(C•, δi, σi, τ ) is a para-cocyclic module in C.
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Now let Cn
H = Cn

H(C,M) := M ⊗H C
n+1, n ≥ 0,

with induced faces, degeneracies and cyclic maps

denoted by the same letters δi, σi and τn.

Theorem 1.1. (main Theorem)

If C is a symmetric braided monoidal abelian cate-

gory then, (C•
H , δi, σi , τ ) is a cocyclic module in C.

Example 1.6.

As an special case, if we put C = H as a H-module

coalgebra over itself via mH for module structure

and ∆H for coalgebra structure, and put M = σIδ,

then the cyclic theory in Theorem (1.1) reduces to a

braided version of Connes-Moscovici’s Hopf cyclic

theory in any symmetric abelian braided monoidal

category C. We will explain this example in more

details, in the next section.
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2 Braided version of Connes-Moscovici’s Hopf cyclic theory

Let C be a braided monoidal abelian category and

H be a Hopf algebra in C.

Definition 2.1. (character, co-character and modu-

lar pair)

A character for H is a morphism δ : H → I in C
which is an algebra map i.e

δm = δ ⊗ δ and δη = idI .

A co-character for H is a morphism σ : I → H which

is a coalgebra map i.e

∆σ = σ ⊗ σ and εσ = idI .

A pair (δ, σ) consisting of a character and a co-

character is called a modular pair if

δσ = idI .
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Definition 2.2. (δ-twisted antipode)

If δ is a character for H, the δ-twisted antipode

S̃ is defined by

S̃ := (δ ⊗ S)∆

Proposition 2.1.

If S̃ is a δ-twisted antipode for H then

S̃m = mψ(S̃ ⊗ S̃),

S̃η = η,

∆S̃ = ψ(S̃ ⊗ S)∆,

εS̃ = δ, δS̃ = ε, S̃σ = Sσ,

m(Sσ ⊗ σ) = m(S̃σ ⊗ σ) = η.
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Definition 2.3. (braided modular pair in involution

(BMPI))

A modular pair (δ, σ) for H is called a modular pair

in involution if

m((id⊗m)(S̃σ ⊗ S̃2 ⊗ σ)) = id.

Example 2.1. (σIδ)

One can easily check that, if I is considered as a

right H-module via a character δ

φI = δ : I ⊗H = H → I,

and as a left H-comodule via a co-character σ

ρI = σ : I → H ⊗ I = I,

then σIδ is a braided SAYD module over H if and

only if (δ, σ) is a braided MPI.
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Theorem 2.1. (braided version of Connes-Moscovici’s

Hopf cyclic theory)

Suppose (H, (δ, σ), S̃) is a braided Hopf algebra in

a symmetric braided monoidal abelian category C,
where (δ, σ) is a braided MPI and S̃ is the braided

twisted antipode as above.

If we put (C; φC, ∆C) = (H ; mH , ∆H), and M = σIδ as

in example (2.1), then the theory provided in The-

orem (1.1) reduces to the following one

C0(H) = I and Cn(H) = Hn, n ≥ 1

with faces degeneracies and cyclic maps given by

δi =





(η, 1, 1, ..., 1) i = 0

(1, 1, ..., 1, ∆
ithposition

, 1, 1, ...1) 1 ≤ i ≤ n− 1

(1, 1, ..., 1, σ) i = n

σi = (1, 1, ..., ε
(i+1)thposition

, 1, 1..., 1), 0 ≤ i ≤ n
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τn =

{
idI n = 0

(mn)(∆
n−1S̃, 1Hn−1, σ) n 6= 0

Here by mn we mean, m1 := m, and for n ≥ 2

mn := mHn := (m,m, ...,m︸ ︷︷ ︸
n times

)Fn(ψ),

where

Fn(ψ) :=

n−1∏
j=1

(1Hj , ψ, ψ, ..., ψ︸ ︷︷ ︸
n−j times

, 1Hj).
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A NON-TRIVIAL EXAMPLE:

3 Hopf cyclic theory for super Hopf algebras

Definition 3.1. ( super Hopf algebra)

A Hopf algebra H in Z2-Mod is called a super Hopf

algebra. Thus:

– H is a super vector space H = H0 ⊕H1.

– H is a super algebra i.e. |ab| = |a|+ |b| where a and

b are homogeneous elements of H. Here |a| denotes

the degree of a for any homogeneous element a in

H.

– H is a super coalgebra i.e. |a| = |a(1)| + |a(2)| for

any homogeneous element a of H and for any term

a(1) ⊗ a(2) in ∆(a) = a(1) ⊗ a(2).

– H is a super bialgebra i.e.we have the compati-

bility condition:

∆(ab) = (ab)(1) ⊗ (ab)(2) = (−1)|a(2)||b(1)| (a(1)b(1) ⊗ a(2)b(2)).

– the antipode S is degree preserving i.e. |S(a)| = |a|
for all homogeneous elements a in H.
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Definition 3.2. (BMPI for super Hopf algebras)

Consider a super Hopf algebra H = H0 ⊕ H1 as

in definition (3.1)

– A character for H is an algebra map δ : H → C
which is degree preserving i.e. δ(a) = 0 for all a in

H1 .

– A grouplike element (co-character) in H is a group

like element σ of H which is of degree 0, i.e. σ ∈ H0.

– A twisted antipode is a usual twisted antipode

S̃ which is degree preserving i.e. |S̃(a)| = |a| for all

homogeneous elements a in H.

– The pair (δ, σ) is called a modular pair if δ(σ) = 1C,

and is called a modular pair in involution (MPI) if

in addition σ−1(S̃)2σ = id.
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Theorem 3.1. (Hopf cyclic theory for super Hopf

algebras)

Consider a super Hopf algebra H = H0⊕H1 with an

MPI (δ, σ)

then the complex, faces, degeneracies and cyclic

maps of theorem (2.1) can be written as below

C0(H) = C and Cn(H) = Hn, n ≥ 1

δi(h1, ..., hn−1) =





(1, h1, h2, ..., hn−1) i = 0

(h1, h2, ..., h
(1)
i , h

(2)
i , ..., hn−1) 1 ≤ i ≤ n− 1

(h1, h2, ..., hn−1, σ) i = n

σi(h1, h2, ..., hn+1) = ε(hi+1) (h1, h2, ..., hi, hi+2, ..., hn+1), 0 ≤ i ≤ n
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τn(h1, h2, ..., hn) = αβ (S(h
(n)
1 )h2, S(h

(n−1)
1 )h3, ..., S(h

(2)
1 )hn, S̃(h

(1)
1 )σ),

where hi’s are homogeneous elements and

α =

n−1∏
i=1

(−1)(|h
(1)
1 |+...+|h(i)

1 |)(|h(i+1)
1 |),

β =

n−1∏
j=1

(−1)|h
(j)
1 |(|h2|+|h3|+...+|hn−j+1|).
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APPLICATION:

Let g = g0 ⊕ g1 be a super Lie algebra, let

∧
g :=

T (g)

(a⊗ b + (−1)|a||b|b⊗ a)
,

be the exterior algebra of g and

H = U(g) :=
T (g)

([a, b]− a⊗ b + (−1)|a||b|b⊗ a)
,

be the enveloping algebra of g.

U(g) is a super Hopf algebra and

Theorem 3.2.

HP ∗(δ,1)(U(g)) =
⊕

i=∗(mod 2)

Hi(g;Cδ).
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4 Connes-Moscovici’s Hopf cyclic theory in non-symmetric
monoidal categories

Theorem 4.1. (para-cyclic structure for non-symmetric

case)

Suppose (H, (δ, σ), S̃) is a braided Hopf algebra in

a braided abelian monoidal category C, where (δ, σ)

is a BMPI and S̃ is the braided twisted antipode as

in definitions (2.3) and (2.2). If we define complex

Cn(H), faces δi, degeneracies σi and cyclic maps τn
as below, then we will have a para-cyclic structure.

C0(H) = I and Cn(H) = Hn, n ≥ 1

δi =





(η, 1, 1, ..., 1) i = 0

(1, 1, ..., 1, ∆
ithposition

, 1, 1, ...1) 1 ≤ i ≤ n− 1

(1, 1, ..., 1, σ) i = n

σi = (1, 1, ..., ε
(i+1)thposition

, 1, 1..., 1), 0 ≤ i ≤ n
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τn =

{
idI n = 0

(mn)(∆
n−1S̃, 1Hn−1, σ) n 6= 0

Here by mn we mean, m1 := m, and for n ≥ 2

mn := mHn := (m,m, ...,m︸ ︷︷ ︸
n times

)Fn(ψ),

where

Fn(ψ) :=

n−1∏
j=1

(1Hj , ψ, ψ, ..., ψ︸ ︷︷ ︸
n−j times

, 1Hj).
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Theorem 4.2.

Under the conditions of Theorem (4.1),

τ 3
2 = ψ2

H,H

.

Proof.
τ3
2 = τ2τ

2
2

= τ2(m2)(∆eS, 1, σ)(m2)(∆eS, 1, σ)

= τ2(m,m)(1, ψ, 1)(ψ(eS, S)∆, 1, σ)(m,m)(1, ψ, 1)(ψ(eS, S)∆, 1, σ)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)(∆, 1)(m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)(m,m,m)(1, ψ, 3)(∆,∆, 2)(S, 1, eS, σ)(1, ψ)(ψ, 1)(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(eSm,Sm,m, σ)(1, ψ, 3)(∆S,∆, eS, σ)(1, ψ)(ψ, 1)(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(m(eS, eS)ψ,m(S, S)ψ,m, σ)(1, ψ, 3)((S, S)ψ∆,∆, eS, σ)(1, ψ)(ψ, 1)(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(m,m,m, σ)(eS, eS, S, S, 1, 1)(ψ, 4)(2, ψ, 2)(1, ψ, 3)(S, S, 1, 1, eS, σ)
(ψ, 3)(∆,∆, 1)(1, ψ)(ψ, 1)(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(m,m,m, σ)(eS, eS, S, S, 1, 1)(ψ, 4)(2, ψ, 2)(1, ψ, 3)(S, S, 1, 1, eS, σ)
(ψ, 3)(∆,∆, 1)ψ12(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(m,m,m, σ)(eS, eS, S, S, 1, 1)(ψ, 4)(2, ψ, 2)(1, ψ, 3)(S, S, 1, 1, eS, σ)
(ψ, 3)ψ14(1,∆,∆)(∆, 1)

= τ2(m,m)(1, ψ, 1)(ψ, 2)(m,m,m, σ)(eS, eS, S, S, 1, 1)(1, S, 1, S, eS, σ)
(ψ, 3)(2, ψ, 1)(1, ψ, 2)(ψ, 3)ψ14((1,∆)∆,∆)

= τ2(1,m)(m, 2)(ψ12, 1)(m,m,m, σ)(eS, eSS, S, S2, eS, σ)(ψ, 3)(2, ψ, 1)(1, ψ, 2)(ψ, 3)
ψ14((∆, 1)∆,∆)

= τ2(1,m)(ψ, 1)(1,m, 1)(m,m,m, σ)(eS, eSS, S, S2, eS, σ)(ψ, 3)(2, ψ, 1)(1, ψ, 2)(ψ, 3)
ψ14(∆, 3)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m,m(m,m), σ)(eS, eSS, S, S2, eS, σ)(ψ, 3)(2, ψ, 1)(1, ψ, 2)(ψ, 3)
(3, ψ)(2, ψ, 1)(1, ψ, 2)(ψ, 3)(∆, 3)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, (m(m, 1)(1,m, 1)), σ)(eS, eSS, S, S2, eS, σ)(ψ, 3)(2, ψ, 1)
(3, ψ)(1, ψ, 2)(ψ, 3)(2, ψ, 1)(1, ψ, 2)(ψ, 3)(∆, 3)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m(m, 1))(3,m, 1)(eS, eSS, S, S2, eS, σ)(ψ, 3)(2, ψ21)(ψ22, 1)
(ψ∆, 3)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m(m, 1))(3,m, 1)(eS, eSS, S, S2, eS, σ)(3, ψ∆)
(ψ, 2)(2, ψ)(ψ12, 1)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m(m, 1))(eS, eSS, S,m(S2, eS)ψ∆, σ)(ψ, 2)(2, ψ)(ψ12, 1)(∆, 2)(1,∆)
(1)
= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m(m, 1))(eS, eSS, S, ηδ, σ)(ψ, 2)(2, ψ)(ψ12, 1)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m(m, 1))(3, η, 1)(eS, eSS, S, σ)(3, δ)(ψ, 2)(2, ψ)(ψ12, 1)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m(m(1, η), 1))(eS, eSS, S, σ)(ψ, 1)(δ, 3)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m, 1, σ)(2,m)(ψ, 2)(eSS, eS, S, σ)(δ, 3)(∆, 2)(1,∆)

= τ2(1,m)(ψ, 1)(m,m, σ)(ψ, 2)(eS(δ, S)∆, eS, S, σ)(1,∆)

= τ2(1,m)(m,m, σ)(ψ22)(ψ, 2)(eS2, eS, S, σ)(1,∆)

= τ2(1,m)(m,m, 1)(2, ψ, 1)(ψ22, 1)(eS2, eS, S, σ, σ)(1,∆)

= τ2(m,m(m, 1))(2, ψ, 1)(1, ψ, 2)(ψ, 3)(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)
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= τ2(m,m(m, 1))(ψ13, 1)(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)(∆, 1)(m,m(m, 1))(ψ13, 1)(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)(∆m,m(m, 1))(ψ13, 1)(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)((m,m)(1, ψ, 1)(∆,∆),m(m, 1))

(ψ13, 1)(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(eS, S, 1, σ)(m,m,m(m, 1))(1, ψ, 4)(∆,∆, 3)

(ψ13, 1)(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(eSm,Sm,m(m, 1), σ)(1, ψ, 4)(ψ15, 1)(1,∆,∆, 2)

(2, ψ, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ(eS, eS),mψ(S, S),m(m, 1), σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(1,∆, 1,∆, 1)(1, ψ, 2)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(1, ψ12, 3)(1, 1,∆,∆, 1)(eS2, eS, S, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(1, ψ12, 3)(eS2, eS,∆S,∆σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(1, ψ12, 3)(eS2, eS, (S, S)ψ∆, σ, σ, σ)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(1, ψ12, 3)(eS2, eS, S, S, σ, σ, σ)(2, ψ)(2,∆)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(1, ψ12, 3)(eS2, eS, S, S, σ, σ, σ)(2, ψ)(2,∆)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)

(3, ψ12, 1)(eS2, S, S, eS, σ, σ, σ)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(ψ15, 1)(eS2, S, S, σ, σ, eS, σ)
(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(1, ψ, 4)(S, S, σ, σ, eS, eS2, σ)
(ψ13, 1)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(mψ,mψ,m(m, 1), 1)(eS, eS, S, S, 3, σ)(S, σ, S, σ, eS, eS2, σ)
(ψ13, 1)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(1, ψ, 1)(ψ, 2)(m,m,m(m, 1), 1)(ψ,ψ, 4)(eSS, eSσ, S2, Sσ, eS, eS2, σ, σ)
(ψ13, 1)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(2, ψ23, 1)(ψ22, 4)(eSσ, eSS, Sσ, S2, eS, eS2, σ, σ)
(ψ13, 1)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(2, ψ23, 1)(Sσ, S2, eSσ, eSS, eS, eS2, σ, σ)
(ψ, 2)(ψ13, 1)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(1, ψ12)(ψ, 2)(ψ13, 1)(1, ψ12)(2, ψ)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(1, ψ, 1)(ψ, 2)(2, ψ)(1, ψ, 1)(ψ, 2)(2, ψ)(1, ψ, 1)(2, ψ)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(1, ψ, 1)(ψ, 2)(2, ψ)(1, ψ, 1)(2, ψ)(ψ, 2)(1, ψ21)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(1, ψ, 1)(ψ, 2)(1, ψ, 1)(2, ψ)(1, ψ, 1)(ψ, 2)(1, ψ21)(2,∆)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(ψ, 2)(ψ12, 1)(1, ψ12)(ψ, 2)(1, ψ21)(1,∆, 1)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(ψ, 2)(ψ12, 1)(1, ψ12)(ψ, 2)(2,∆)(1, ψ)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(ψ, 2)(ψ12, 1)(1,∆, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)
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= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(2, ψ)(ψ, 2)(∆, 2)(ψ, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)

= (m,m)(m,m(m, 1),m, 1)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)
(ψ∆, 2)(1, ψ)(ψ, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)

(2)
= (m(m, 1),m(m, 1))(2,m, 3)(1,m, 5)(Sσ, S2, eS, eS2, σ, eSσ, eSS, σ)

(ψ∆, 2)(1, ψ)(ψ, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)

= (m(m, 1),m(m, 1))(2,m, 3)(Sσ,m(S2, eS)ψ∆, eS2, σ, eSσ, eSS, σ)
(1, ψ)(ψ, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)

(1)
= (m(m, 1),m(m, 1))(2,m, 3)(Sσ, ηδ, eS2, σ, eSσ, eSS, σ)

(1, ψ)(ψ, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)

= (m(m, 1),m(m, 1))(1, η, 4)(1,m, 3)(Sσ, eS2, σ, eSσ, eSS, σ)
(ψ)(δ, 2)(ψ, 1)(1, ψ)(ψ, 1)(1, ψ)(1,∆)

= (m(m(1, η), 1),m(m, 1))(1,m, 3)(Sσ, eS2, σ, eSσ, eSS, σ)(ψ)(2, δ)(ψ, 1)(1, ψ)(1,∆)

= (m,m(m, 1))(1,m, 3)(Sσ, eS2, σ, eSσ, eSS, σ)(ψ)(ψ)(1, δ, 1)(1,∆)

= (m,m(m, 1))(1,m, 3)(Sσ, eS2, σ, eSσ, eS, σ)(1, S)ψ2(1, δ, 1)(1,∆)

= (m,m(m, 1))(1,m, 3)(Sσ, eS2, σ, eSσ, eS, σ)ψ2(1, S)(1, δ, 1)(1,∆)

= (m,m(m, 1))(1,m, 3)(Sσ, eS2, σ, eSσ, eS, σ)ψ2(1, (δ, S)∆)

= (m,m(m, 1))(1,m, 3)(Sσ, eS2, σ, eSσ, eS, σ)ψ2(1, eS)

= (m(1,m),m(m, 1))(Sσ, eS2, σ, eSσ, eS, σ)(1, eS)ψ2

= (m(1,m)(Sσ, eS2, σ),m(m, 1)(eSσ, eS2, σ))ψ2

(3)
= (1, 1)ψ2

= ψ2

¤
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Remark 4.1.

In general we have

τn+1
n = ψn

H(n−1),H
,

which is equal to id if ψ2 = id.

Remark 4.2.

The above procedure of eliminating the symme-

try condition can be extended to the more general

case of braided triples in Theorem (1.1).
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