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Introduction

Row-contraction: T = (T1,---,Ty),
T, € B(H), Y4, T;TF <1 (orTT*<1).

Coisometric if T T* = 1.

Minimal isometric dilation (mid) (G. Popescu)
for row-contractions.

Constrained dilations for row-constractions
satisfying polynomial relations.
(B.V.R.Bhat, Popescu, Zacharias, S.D. )
(Arveson, Drury - commuting dilation)

Polynomial relations:  {p;(z)},cs a fi-
nite set of polynomials in d n.c. variables
(indexed by J).

T is said to be J-constrained if

pn(L) =0 Vn e J.



e Given R on L, there exists maximal sub-
space L7 s.t.

R/ O
7

and py(R’) =0 forall neJ
EJ '— maximal J-constrained piece.

o 1. p;j(2) = zzj—2;z for (i,5) € {1,2,--- ,d}.

2. p; i(2) = zizj—qjizjz for (i,5) € {1,2,--- ,d}?

—1
where |g;;| = 1 and ¢;; = ;-

3. p;ij(2) = zizj—a;jzz; for (4,5) € {1,2,--- ,d}?
where A = (a;j)axq iS @ 0 — 1-matrix.

If case 1, we write J? instead of J.
If combination of all three, we write J'.

if £ E* <1, Ei—<ci O)

° E:(El,...,Ed) on HEZHCEBHA.

-\ B; A
then E is a lifting of C by A.



2. Minimal constrained dilation
e Denote by V the mid of T.

e A result from previous work:

Theorem 1 Let T be a J'-constrained
row contraction. Then V7' is the mini-
mal J'-constrained dilation of T.

e Question: Is V' the minimal constrained
dilation of T7'?

Theorem 2 SupposedimH < oo, T; € B(H)
and T T* = 1. Then:

(1) the maximal commuting subspace of
V is contained in 'H.

(2) VJ/° is the standard commuting dila-
tion of T .

e A lifting E of C is subisometric if the
mids of £ and C are unitarily equivalent.



Corollary 3 Let E on a f.d. Hilbert space
be a coisometric lifting of C by a x-stable
Then E/° = C7°.

Theorem 4 Suppose T T* =1 and TV
is s-stable. Then V' is the minimal J'-
constrained dilation of a T/ .

Characteristic function

FE is contractive lifting of C,
then there exist a contraction v : D, 4 —
Do between the defect spaces.

HYy = {h € Ha 1 Xjo)=n |A5HII2 = ||1]|2
for all n € N}. If HY = 0, then A is called
completely non-coisometric (cnc).

FE is reduced lifting of C if A is cnc and
~v IS injective.



° I_::(C@(Cd@((Cd)®2@...@(@d)®n@...

Lix ' =m=e;®x for xe€l,t=1,---,d,

where {eq,---,ey} std basis of C?.
Popescu’s construction of mid on He(I'®
DT) IS

Viih® > ea®da) = Tih®[eg® (Dr)ih
acN
+e® > ea®dal.

aeN

e a dilation S1 of T obtained by a com-
pression of the Popescu’s realization of
mid to H & (I ; ® Dy) is called pseudo
J-constrained dilation.

e WSt = (S“ @ Z)W
for some unitary W. T he constrained char-
acteristic function is defined as

MjcoE = Pr,eop Wir oDy
J C J



e Denote by K ; the space on which S are

1

defined. Ay, ., = Q- Mj-pM;jcE)2.
For reduced liftings

WK := Ho®(I ;®Dc)®Ay, . x(I'y ® Dp),
(1)

WHE = WK ;6(Mjc 08, ) (T jODE).
(2)

Theorem 5 For a constrained row con-
traction,

its constrained reduced liftings are uni-
tarily equivalent if and only ifits constrained
characteristic functions coincide.




4. Invariants of Hilbert modules
e Assume v to be isometry.

e From equation (1) and (2) we get

I(M)* vl = || Pyyye,, (vO)||, for v € T@De

and

2 2 2
[0]|* = [Py (v @ O)||* + | M] o goll*

(where Mg : H — T 7(CH ® Do

M()]h =) ea® YD, AALK)
(87

e comparing above two equations we get

Mg (M§)* + Myc pMjor = 1r (ctep,.
(3)



e Hilbert module (Popescu, Kribs; and be-
fore in commuting case by Arveson):

(CIE“;{' — free semigroup algebra with n
generators.

To E = (Fq,---,E;) on Hg, a Hilbert
(left) module over CCIF;L" IS associated, by

g.h:=g(Ey, - ,E)h, for g€ CF;", h € Hg,

lg1h1+ -4 gnhall® < |R1lZ 4+ || hnl*.
e Assume rank Dgo < oo

e Following well-known invariants are de-
fined as:

. r[K*(A)(P<, ® 1p, ) K(A)]
curvA = |lim ’
n—0o0 d™
- K[KF(A)(P<n @ 1p, ) K(A)]
x(A) ;= lim ’ :
n—00 14+d+...4+dnt
where K(A) is the Poisson kernel of A.

Y




Theorem 6

tr{Me pM{ p(P<p @ 1)]
curvA = rkDo— lim C, C,E\" =n

n—oo dn

Y

W(A) = lim - [( 0,58M6,p) (P<n ® DI
nTee 14+d+...+dr1

e In commuting case
curvA = lim tr[1 — 0 5s5(r¢)0%s(r¢)]do (¢),

8]B3dr—>1
tr(6 39*3 1
=rkDc — (d—1)! lim 0.5 J (an X )]’

(A = at fim A= 05:05:)(@cn ® )]

n—oo nd




