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FOCK SPACE CONSTRUCTION.
Initial data:
Number t > O.
B1, ..., Bz symmetric d X d matrices.

C' diagonal d? x d? matrix.



FOCK SPACE CONSTRUCTION.

Initial data:
Number t > O.
B1, ..., Bz symmetric d X d matrices.
C' diagonal d? x d? matrix.
Such that
t(IxI)+C>0
and

(B, @ I)C = C(B; ® I).



Let H = C¢ with an orthonormal basis €1,€Dy...,€]

B; = operator on ‘H, C' = operator on 'H ® H.



Let H = C¢ with an orthonormal basis €1,€Dy...,€]

B; = operator on ‘H, C' = operator on 'H ® H.

w .
Faig(H) = @H®Z:CQ€BH@(H®H)€B...
1=0

vector space of non-commutative polynomials in ey, ep, ..., ey .



Inner product

<777C>C — <777KCC>7

(-,-) = the usual tensor inner product.

K is the non-negative kernel: on H®4,

Ko=1t* (I®2 ® (192 4 C/t)) (I 2 (I®2+C/t)® 1) ((1®2 +C/t)® I®2).



Inner product

<777C>C — <777KCC>7

(-,-) = the usual tensor inner product.

K is the non-negative kernel: on H®4,

Ko=1t* (I®2 ® (192 4 C/t)) (I 2 (I®2+C/t)® 1) ((1®2 +C/t)® I®2).

Factor out vectors of length zero, complete, get the Fock space ]-"g)(H).



Operators

a;I_ (eu(l) 024 €u(2) R ... X eu(k)) —€; X €u(1) 0% €u(2) X ... K Cu(k)>
0 (Cu) @ eu@) ® - ® eu)) = Tiu(1)€u(2) ® -+ ® eu(r);

a;, C =a (CX® I®<k—2)) on HEF.



Operators

a;I_ (eu(l) 024 €u(2) R ... X eu(k)) —€; X €u(1) 0% €u(2) X ... K Cu(k)>
0 (Cu) @ eu@) ® - ® eu)) = Tiu(1)€u(2) ® -+ ® eu(r);

a;, C =a (CX® I®<k—2)) on HEF.

Define

X; = aj_—l—taz-_ + B, +a; C.



Operators

CL;I_ (eu(l) 024 €u(2) R ... X eu(k)) —€; X €u(1) 0% €u(2) X ... K Cu(k)>
0 (Cu) @ eu@) ® - ® eu)) = Tiu(1)€u(2) ® -+ ® eu(r);

a;7C  =a; (C®I%Kk=2))onH®F

Define

X; = aj_—l—taz-_ + B, +a; C.

Lemma. Each X; factors through to ]—"g)(H). Each X; is symmetric and
bounded, so self-adjoint.
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NON-COMMUTATIVE POLYNOMIALS.

R(x) = R{z1,22,...,2q)

Involution

x __
(1 zpx1 21 3)" =3 1 1 T X1.
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NON-COMMUTATIVE POLYNOMIALS.

R(x) = R{z1,22,...,2q)

Involution

x __
(1 zpx1 21 3)" =3 1 1 T X1.

@ a state on R(x): linear functional, ¢ [1] = 1,
p [P*] = [P],

p [P*P] > 0.
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: o : t :
Example of a state: joint distribution 908,){31-} of {X1,Xp,..., X } is a state
on R(xq1,...,xy)

Spg’){Bl} [P(.CU]_, Lo, . .. 7ajd)] — <Qa P(X17 X27 .o 7Xd)Q> .
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Example of a state: joint distribution gog){B,} of {X1,Xp,..., X } is a state
on R(xq1,...,xy)

SO(Ct’){BZ} [P<'CU17 Lo, . .. 7ajd)] — <Qa P(X17 X27 I 7Xd)Q> .

Definition. A state ¢ Is a free Meixner state if

_ @)

forsome t, C, {B;}.
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Free Meixner states come in families:

{908){31:} 1t € [to, +OO)}

for fixed C, {B;}: to = — min C;;. Usually write
ty _  (t)
o) = Y0 {B;}

Will interpret ¢ as a convolution parameter.

“Noncommutative dynamics.”
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FREE MEIXNER STATES: FIRST PROPERTY.

Monic orthogonal polynomials

PZ(X)::UZ—Fa

{Pa(x)} = {1, Bi(x), Pij (%), Pji(x), ...}
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FREE MEIXNER STATES: FIRST PROPERTY.

Monic orthogonal polynomials

PZ(X)::UZ—Fa

{Pa(x)} = {1, Pi(x), Pyj(x), Pj(x), -

Gram-Schmidt: can make orthogonal

(Pg, Py) = ¢ [Pz P3| =0

<y

gl

unless

1
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Proposition. A state ¢ is a free Meixner state if and only if its monic orthogo-
nal polynomials have a generating function

Z: (X)zg =1+ Z P(x)z; + Z j(X)zizj +

— F(z)(l _ inGi(z)>

for some F(z),G;(z).
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Proposition. More precisely, for o a free Meixner state

Z PU(X)Z’J =1 —|— Z PZ(X)ZZ —I— Z PZ](X)ZZZ] —|— ce .
u 1 1,9

= (1- S o) + RUE))

for some U,(z) and R(z) = free cumulant generating function of o.
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Proposition. Even more precisely, for ¢ a free Meixner state

Z PU(X)Z’J =14 Z PZ(X)ZZ + Z PZ](X)ZZZ] + ...
U ( 1,]

= (1- L wOR) V(@ + RO (@)

for R(z) = free cumulant generating function of ¢, D a “left non-commutative
gradient”, and A1) the inverse under composition.

Example:

> 2
D1(2z12027) = 2027

D1(22z122z%) = 0.
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Why interesting?

In a von Neumann algebra (A, ), let {Y; : t > 0} be a process with freely
Independent increments. Let

A= W*(Ys:0<s<t)

and R;(z) = free cumulant generating function of Y;. Then (Biane 1998) for
any function U,

"1 =YiUG) + Ri(U2)) T 1-YU(2) + Rs(U(2))
That is,

1 1
-

1
1 -YU(2) + Re(U(2))

IS a martingale.
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True in many variables, at least if 7 is a trace:

1
(1 - Y Xi()Ui(2) + Ry(U (z)))

IS a martingale.

Corollary. For free Meixner states, orthogonal polynomials are martingales
for the corresponding processes.
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FREE CUMULANT FUNCTIONAL.

For any functional ¢, have a unique free cumulant functional R, on
R{xq1,xo,...,xy4). Free cumulant generating function:

R(z) =Z:R[:Uﬁ] Zﬁ:ZR[wi] zi—I—ZR[aci:Uj} zizj+ ...

1,J
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Properties (Voiculescu, Speicher):

1) pisafree product ¢ = p1 *x o x...*x pgoNn R{xq,x5...

=

x1,To, ...,z freely independent

=

R [wu(l)qu) c e wu(k) =0
unless all u(1) = u(2) = ... u(k).

2) ¢ Is a free convolution o = uHv

=

) CUd>
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OPERATOR MODEL FOR THE FREE CUMULANT FUNCTIONAL.

Recall
o [P(x1,...,x5)] = (2, P(X1,...,X)S2).

Theorem. For a free Meixner state, R [x;] = 0, and
R [:Cip(wl, e ,:Ud)ivj] =1 <€Z', P(S1,..., Sd)€j> :

where

Sizaj_—l—BZ-—I—aZ-_CZXi—tai_.
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FREE MEIXNER STATES: SECOND PROPERTY.

Corollary. ¢ is a free Meixner state if and only if its free cumulant generating
function R satisfies the PDEs

DiD;R(z) = 8;jt + 3 BE(DR) () + - Cij(DiR) () (D;R)(2).
k
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FREE MEIXNER STATES: THIRD PROPERTY.

Recursion relation for their orthogonal polynomials.
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Since
RS(Ot) [:UZ-P(:UL e ,CBd)ZCj} =1 <€7;, P(S1,..., Sd)€j> :
o) 8 () = li+s)

SO
1o 1t € [to, +o0) }

form a free convolution semigroup.
Ift € [0, 400), ¢ freely infinitely divisible.
Always can continue go(tO) to larger t: free phenomenon.
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PROCESS.

If © freely infinitely divisible, can realize all ©(t) as distributions of a single
process: can put all X;(¢) on the same Hilbert space. An idea of Sniady.

Let
H ="H® L>([0,1],dz) Cc H® L2([0, 1], dz).

Inner product

n® f,d®g) = (n,Q) /01 f(z)g(x)dr = (n,{) (fg).
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Its algebraic Fock space
]:alg(H)-

Inner product

(MRfL)®...0m®f),[(1%391)R...0 ((h®gn))c
= o S (Mm&...0mCN ((1®...®))

NC{1l,...m—1}
W(A):(V]_,VQ,...,Vk)

k
! LI fi@gi@)

i€V

where A€ is the complement {1,...,n — 1} \A, and

C/\c — H ]®(i_1) QR C ® ]®(n—’i—1).

1eNC

dx) :
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Example:

(e )8 0o f2)® 08 12),((199) 8 (L 80) @ (:80m))

= (m®m @, (CONUISC)NG® G EG)) (fi91f2920393)
+(m @m @, (Ce NG ® G G)) (f191)(/292f393)
+(m @m @, (1901 ® G ® () (f191f292) (f393)

+ <771 RN2®N3,(1 ®W C3> (f191)(f292)(f393)
Complete F,4(H), get Fo(H).
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Operators:

aj_(t)((m®f1) ®...® (M & fn))
= (e ®1pnH) @M ®f1)Q...8 (M & fn),

a7 (e ®...® (e fn)
= (eim) ([ 1@ da) (2@ £2) @ .. @ (10 @ fu),
BO((mef) @ ... @ (1 ® fn)
= (Bim ® f1lg)) @ (2 ® f2) ® ... ® (M @ fn),
i (M) @ © (10 ® fn))
= ((¢; Cn ®m2) ® (f1lpnf2)) @ M3 ® f3) @ ... ® (1 @ fn),

where 114 4 is the indicator function of the interval [0, ¢). Let

4 (1)

X;t) = o + BD 447 450,
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Each X;(t) self-adjoint on F~(H).

If all fi=g9;, = 1[0’75), then

(Mf)R...0 (M ® frn),((1®91)®...80 ((n®gn))c
:t”<?71®---®77n,€1®---®€n>c/t-

Moreover, each X;(t) restricted to

Fo(H ® Span (1[0’75))) = fg)(H)

IS exactly Xj.

So {X(t)} = process with free increments.
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ANALOGY: QUADRATIC EXPONENTIAL FAMILIES.
Let 1 = probability measure.

Denote

L,(z) = log /_O:O e’ du(x)
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ANALOGY:. QUADRATIC EXPONENTIAL FAMILIES.
Let 1 = probability measure.
Denote

L,(z) = log /_0:0 e’ du(x)

For a function U (z), let
d,u(z)(w) — 22U (2)—L(U(2)) du(z).

Exponential family generated by .

Cf. Gibbs measures.
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A family of polynomials { P,,(x)} is a Sheffer family if

io: 1 b (2)e" = U -LWE)),
|

n=0 "
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A family of polynomials { P,,(x)} is a Sheffer family if

io: 1 b (2)e" = U -LWE)),
|

n=0 "

An exponential family is quadratic if

£V(z) = 1+ L) + ¢ (L)
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A family of polynomials { P,,(x)} is a Sheffer family if

io: 1 b (2)e" = U -LWE),
|

n—~0 n.
An exponential family is quadratic if

L£V(z) = 14 bL/(2) + ¢ (£'())”.

Theorem. (Meixner 1934, Morris 1982) 1 generates a quadratic exponential
family < p-orthogonal polynomials are Sheffer.

Many other characterizations.
Multi-dimensional version: Feinsilver 1986, Pommeret 1996.

Partially classified: Letac 1989, Casalis 1991, 1996.

38



Compare
LV(z) = 14 bL/(2) + ¢ (£'())”.
&

i 1 b (2)en = U -LWE)),
|
n=0 """

with
(D?R)(2) = ;5 + B(DR)(2) + c((DR)(2)) ",

=

S Pa(a)" = (1 —2U(2) + R(U(z))>_1

n=0
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ONE DIMENSIONAL FREE MEIXNER DISTRIBUTIONS.
Probability measures on R.
Orthogonal polynomials { P, (x)}.

Have a generating function

1

Y Pp(z)2" = F(z)
n=0

Proposition. The R-transform R, satisfies

B + bR, + (c/t)R3.

z

forb e R, ¢ > —t.

1 —2G(2)
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Complete description:

1 /4t +¢) — (z - b)?

27tl + (b/t)x + (c/t2)x?

dx + zero, one, or two atoms.
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Complete description:

1 /4t +¢) — (z - b)?
27tl + (b/t)x + (c/t2)x?

dx + zero, one, or two atoms.

Particular cases.

Free probability: free normal, free Poisson, free binomial.

Random matrices: semicircular, Marchenko-Pastur, Jacobi ensemble.

Kesten measures.
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Other appearances:

Szeg0 (1922), Bernstein (1930), Boas & Buck (1956), Carlin & McGregor
(1957), Geronimus (1961), Allaway (1972), Askey & Ismail (1983), Cohen &
Trenholme (1984), Kato (1986), Freeman (1998), Saitoh & Yoshida (2001),
M.A. (2003), Kubo, Kuo & Namli (2006), Belinschi & Nica (2007), . ..
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MULTI-DIMENSIONAL EXAMPLES.

Concentrate on tracial states.
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1. Free semicircular system. Data C = 0, B; = 0.

Each X, has the semicircular distribution, freely independent.

Z: Py(x)zz = (1 — szzz =4 ZZZQ)_l

45



1. Free semicircular system. Data C = 0, B; = 0.

Each X, has the semicircular distribution, freely independent.

Z Py(x)zg = (1 — Z x;2; + Z z,?)_l.

P(x)=z;+... = U1(x;),
Pii(x) =zz;+... =Ui(z;)Ur(xj),
Py(x) = a7 + ... = Us(x;),
P1211.1(x) = 212077 + ... = Up(21) U1 (22) Us(z1),

where U; = Chebyshev polynomials.
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2. Free products. Data C;; = ¢;0;4, B; = bjEj;.

Here E;; = projection onto e;.

S; = at +b;Ey + a; C

acts only on Span (e?ﬂk > O). So

unless all «(7) equal. This means

(X1, Xo,...,X4) ~ free product of 1-dim free Meixner states.

47



Proposition. Let C;; = ¢;0
free product state.

ijr Bi arbitrary, ¢ tracial. Then ¢ = rotation of a

Particular cases:

Multi-dimensional semicircular distribution = free product of semicircular dis-
tributions.

Multi-dimensional free Poisson distribution = rotation of a free product of free
Poisson distributions.
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3. Multinomial. C;; = —1. (Recall T I+ C > 0.)

Choose vectors {f1, ..., fq} with

<fz'afj> = —PiPj;

where
Let
Bi(f;) = (1 —2p;) fi,
Bi(fj) = —pif; — vifi,
and define

X;=a} + Bi+a; +a;C+p;

49



Proposition. X,; = orthogonal projection onto Span ( f; + p;<2).

Orthogonal projections adding up to the identity.
They commute, ¢ factors through to a state on Rz, ...,z 4].

Can be identified with the measure

p = p15€1 —|— p2562 —|— .. .pdéed,

the multinomial distribution.

Note that the multinomial distribution is also classical Meixner.
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Note: have
{go(t) t > 1}

free multinomials.
No longer on commuting variables for ¢ > 1. But:

Lemma. Some () atrace < all o(*) traces.
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4. Generalization.

Lemma. If ¢ ¢p.y Is tracial, then for all ¢, 7,
Biej — Bjei

and

[Bi, Bj] = BiBj — B;jB; = C; Ej;j —

Cyj

E

ji
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4. Generalization.

Lemma. If ¢ ¢p.y Is tracial, then for all ¢, 7,
Biej — Bjei
and

Let C;; = c. Analogs of “Simple quadratic exponential families.” Classified by
Casalis. In a very different way.
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Proposition. In this case, the necessary conditions
Be; = Bje;
and
[B;, Bj] = B;Bj — B;B; = cE;; — cEj;.

are also sufficient for ¢ to be a trace.

Tracial on words of length 3,4 = Trace.



OPERATOR ALGEBRAS.
1. Free products = free products.
2. Cz'j = ¢, T; = 0. Ricard:

W*(Xl,...,xd>={

depending on d, c.

L(Fg)
L(Fy) & B(£?)
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PROOFS: FREE CUMULANTS.

¢ [x7z] = moments of .
R, = free cumulant functional, another functional on R(x).
Rolegl =¢lzgl — ). ]I Re

meNC(n) Benm
m#1

1€B

] |
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Riz] = plail,
R [:UZ:UJ = :UZ:UJ} — R[z;] R [m]] :

R [mzxj:ck = xzm]mk} — R [mzx]} Rlzi] — R[x;] R [mjmk}

S P [
—Q — o——o—0.



Rl = o[xi],
R [:UZ:UJ = :UZ:UJ} — R[z;] R [:U]] :
R [mzx]xk = xzx]xk} — R [mzx]} Rlzi] — R[x;] R [mjmk}
— Rx;x] R [:c]} — R[x;] R [:c]} R [x]

S P [
—Q — o——o—0.

For simplicity, assume ¢ [z;] = 0, ¢ [wzx]} = J;;: mean zero, identity covari-
ance.
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Proof. p atrace < R, atrace.

@ [T1207374] = R[T1707374] + R[2172] R [2374] + R[2174] R [2073]
= R[zpx3z421] + R[2221] R[2324] + R [2223] R [2421] -

e S Vo AN
S a'a'a +_® +AA
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Proof of Lemma.

Recall S; = a; + B; + ca; .

R[zi1z07374785] = (€1, 525354€5)
= (e1, BoB3Bgses) + c(e1,es5) (e2, Baey)
+ c({e1, Baes) (e2,e3) + c(e1, Boes) (e3,¢e4) .
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Proof of Lemma.

Recall S; = a;" + B; + ca, .

R[z120737475] = (€1, 525354e5)
= (e1, BoB3Baes) + c(e1, e5) (e2, Baey)
+ c(e1, Baes) (e2, e3) + c(e1, Boes) (€3, ea) .
But
(e1, BoB3Byes) = (e2, B1B3Bses)
(e, [B1, B3]Baes) + (e, B3[B1, Bales) + (e2, B3BaBse1)

(€2, B3B4Bse1)
+ c((e2, e1) (e3, Baes) + (e2, Be1) (es, s))
— ¢((e2, e3) {e1, Baes) + (e2, Bea) {e1, es))
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Recall S; = aj_ + B; + ca, .

R[z1x0737475] = (€1, 525354¢€5)
= (e1, BoB3Byes) + c{eq1, e5) (e, Baes)
+ c(e1, Baes) (en,e3) + c{e1, Boes) (€3, €4) -

But
(e1, BoB3Bges) = (ep, B1 B3Bses)
(e2, [B1, B3]Baes) + (e, B3[B1, Bales) + (e2, B3B4Bse1)
(e2, B3B4Bseq)
+ C((GQ, e1) (e3, Baes) + (en, B3eq) (eq, €5>)
— C((eg, e3) (€1, Baes) + (e2, Bzeg) (e1, €5>)

and
c(e1, Boes) (e3,e4) = c(ep, Bse1) (e3,e4)
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SO

R[r170237475]
= (e1, BoB3Baes) + c(e1, e5) (e2, Baey)
+ c(e1, Baes) (€2, e3) + c(e1, Baes) (€3, €4)
= (e, B3B4Bse1) + c(en, e1) (e3, Baes)
+ (e2, B3e1) (€4, e5) + c(e2, Bse1) (€3, €4)
= (e2,53545s5€1) = R [zox3747571] .
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e)
R[r170237475]
= (e1, BoB3Baes) + c(e1, e5) (e2, Baey)
+ c(e1, Baes) (€2, e3) + c(e1, Baes) (€3, €4)
= (e, B3B4Bse1) + c(en, e1) (e3, Baes)
+ (e2, B3e1) (€4, e5) + c(e2, Bse1) (€3, €4)
= (e2,53545s5€1) = R [zox3747571] .

The same calculation works in general.
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