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Strichartz's estimates

Let ¢ be a solution of the homogeneous wave equation in R"*%, n > 2;

D2p(x,t) — Agp(x,t) =0, x€R" t R,
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Strichartz's estimates

Let ¢ be a solution of the homogeneous wave equation in R"*%, n > 2;

D2p(x,t) — Agp(x,t) =0, x€R" t R,

(Strichartz (1977), Ginibre-Velo (1985), Keel-Tao (1998))

[6lleoe;, < CllI#0)]l s + 10:¢(0)] 1]

if 1/g+n/r=n/2—sand 2/q+ (n—1)/r < (n—1)/2 with exception
(q,r) = (2,00) when n = 3.

v

Ana Vargas (UAM) Null forms February 22, 2008 3 /47



Strichartz's estimates

Let ¢ be a solution of the homogeneous wave equation in R"*%, n > 2;

D2p(x,t) — Agp(x,t) =0, x€R" t R,

(Strichartz (1977), Ginibre-Velo (1985), Keel-Tao (1998))

[6lleoe;, < CllI#0)]l s + 10:¢(0)] 1]

if 1/g+n/r=n/2—sand 2/q+ (n—1)/r < (n—1)/2 with exception
(q,r) = (2,00) when n = 3.

v

o) =5 ([ eI d+ [ e T o)

1 i(x-E+le]) 8t¢( 9:9(, 0)(€) oilxE t|g|)3t¢>( 0)(£) )
e 2 2 )

Ana Vargas (UAM) Null forms February 22, 2008 3 /47



Strichartz's estimates

Notation :

eiit‘/Zf(x) ::/ e"(X'gﬂlgD?(f) d§.
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Strichartz's estimates

Notation :

eiit‘/Zf(x) ::/ e"(X'gﬂlgD?(f) d§.

. , . . +i \/Z ]
Strichartz's estimates : [[e™"V £ a), < Cl|f]|y
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Strichartz's estimates

Notation :
eiit‘/Zf(x) ::/ ei(X'gitlg|)?(§) d§.

. , . . +i \/Z ]
Strichartz's estimates : [[e™"V £ a), < Cl|f]|y

Restriction of the Fourier transform to the cone, adjoint version : (Stein
70's)
F={(&m)eR" xR 7=}

|’eiit\/zf“Lq(R"+l) < CHfHLP(R")
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Strichartz's estimates

Notation :

eiit‘/Zf(x) ::/ ei(X'gitlg|)?(§) d§.

. , . . +i \/Z ]
Strichartz's estimates : [[e™"V £ a), < Cl|f]|y

Restriction of the Fourier transform to the cone, adjoint version : (Stein
70's)
F={(&m)eR" xR 7=}

|’eiit\/zf“Lq(R"+l) < CHfHLP(R")

B. Barceld (1985) : sharp estimates (g = r) for n = 2.
T. Wolff (2001) : sharp estimates in higher dimensions.
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Surfaces with non-vanishing curvature (Schrodinger eq.)

n =2 : Feffermann (1972), Zygmund (1974)
Higher dimensions, p = 2 : Tomas (1975), Strichartz (1977), Stein (1986)

p # 2 : Bourgain (90's), Wolff, Moyua, V, Vega, Tao (2003) (surfaces
with positive curvature)

V, Sanghyuk Lee : the saddle (negative curvature) 7 = £2 — £3.
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Bilinear restriction estimates

< 2(”,1;11), f compactly supported : ||eiit\/zf||Lq(Rn+1) < C[fl 2(rny-

Q|
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Bilinear restriction estimates

< 2(”,1;11), f compactly supported : ||eiit\/zf||Lq(Rn+1) < C[fl 2(rny-

Q|

Bilinear version : [|e**VAf e VAL | g gniny < ClIfilligrn) I Foll 2.
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Bilinear restriction estimates

< 2(””;11), f compactly supported : ||eiit‘/zf||Lq(Rn+1) < C[fl 2(rny-

Q=

I eiit\/Zfl eiit\/ﬁfz

Bilinear version : ”Lq/2(Rn+1) S CHf]_HL2(Rn)Hf2HL2(Rn).

Bilinear restriction theorem (Wolff, Tao). A supported in {¢ € R” :
€] ~ 1, 0<&-e < 1/4} and fp supported in {{ € R" @ |{] ~ 1, 0<
& - e < 1/4}, then

=V AReEVAL g/2mminy < Clifillizgroy I falli2(ro)
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Bilinear restriction estimates
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Bilinear restriction estimates

There were previous results by Bourgain (1995), Tao-V (2000)
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Null form estimates

60l < CUIEO) s + 10:0(0) gys—1) < (N (O)ll s + [0 (0) | o1
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Null form estimates

60l < CUIEO) s + 10:0(0) gys—1) < (N (O)ll s + [0 (0) | o1

Dof (¢,7) = €[F(&,7),
D F(&,7) = (I&] + IT)F (&),
D_F(&,7) = |l¢] = |7I[F(&, 7).

Ana Vargas (UAM) ull forms February 22, 2008 8 /47



Null form estimates

60l < CUIEO) s + 10:0(0) gys—1) < (N (O)ll s + [0 (0) | o1

Dof (¢,7) = €[F(&,7),
Do F(&,m) = (1€ + IT)F (&, ),
D_f(¢.7) = [[¢] = |7IF(&.7).
Null form estimates :

1052 D D= ()l 91

C([l(0)l ar + [10e6(0)[ fas-1) X (I[P (O) o + 1828 (0)[ 1)
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Null form estimates

60l < CUIEO) s + 10:0(0) gys—1) < (N (O)ll s + [0 (0) | o1

Dof (¢,7) = €[F(&,7),
Do F(&,m) = (1€ + IT)F (&, ),
D_f(¢.7) = [[¢] = |7IF(&.7).
Null form estimates :

1052 D D= ()l 91

< C(le(O) yar + 19:0(0) | yar—1) X (1 (O)] oo + (1068 (0] o -1)

r=q=2: Beals (1983), Klainerman-Machedon (1993...), Klainerman-
Selberg (1997), Klainerman-Tataru (1999), Foschi-Klainerman (2000).
General values of g, r : Tao-V (2000), Tao (2001), Tataru (2001).
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Null form estimates

If
(&,7) = (D 1eW]) + (@) €2)) € supp é + nsupp P
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Null form estimates

If
(&,7) = (€D, |eD)) + (6@, 1)) € supp é + nsupp

About D_ :
If €W = ¢@) then

€] — |7 = €W + B — (|eW] + |€@)] = 21D — 21¢W)) = 0.
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Null form estimates

If
(&,7) = (€D, |eD)) + (6@, 1)) € supp é + nsupp

About D_ :
If €W = ¢@) then

€] — |7 = €W + B — (|eW] + |€@)] = 21D — 21¢W)) = 0.

About Dy, D, : If || ~ 2K >> |¢()] then
&| ~ 2K, 7| ~ 2K, Dy~Dy~2  D_~1
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Null form estimates

If
(&,7) = (€D, |eD)) + (6@, 1)) € supp é + nsupp

About D_ :
If €W = ¢@) then

€] — |7 = €W + B — (|eW] + |€@)] = 21D — 21¢W)) = 0.

About Dy, D, : If || ~ 2K >> |¢()] then

|£|N2k, "7'|'\‘2k7 DOND+N2k7 D_Nl
About Dy, D,
If €1 = —£() | then
€=0, &+ =2gW), Do << D,
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Null form estimates

Ana Vargas (UAM)

QO(d)a ¢) = 0ttt — Vo - Vi
Qoj(#, ) = 0rdpOxp — Oy, POty
QU(¢7 ¢) = ax,gbaxjw - 8XJ¢8X,¢
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Null form estimates

QO(d)a ¢) = 3t(/>3t¢ = Vx¢- V9
Qoj(¢, 1) = 0r¢0x b — Ox; 9O
Qij(¢: ¥) = O0x;9Ox 1 — Ox;9Ox Y

_2Q0(¢71/}) = D+D*(¢v1/})
Qoj(¢, ¥) ~ DY2D(Dy*$Dg/* )
Qi(6,¥), ~ DoD DYDY D)
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Null form estimates

QO(d)a ¢) = 3t¢3t¢ = Vx¢ -V
Qoj(¢, 1) = 0r¢0x b — Ox; 9O
Qij(¢: ¥) = O0x;9Ox 1 — Ox;9Ox Y

_2Q0(¢71/}) = D+D*(¢v1/})
Qoj(¢, ¥) ~ DY2D(Dy*$Dg/* )
Qi(6,¥), ~ DoD DYDY D)

Null form estimates :
10§ D D%~ Q(, )l a1

< C(12O) g1 + 10e8(0)| gra—1) > (1 (O)ll oo + [1063(0)] 1)
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Study semilinear wave equations with quadratic non-linearities, arising
from wave maps :

Given a Riemannian manifold (M, g) consider functions

¢ : R x R" — M. Wave maps are critical points of the Lagrangian

1) = [ (1002 - 10:0f2) o
In local coordinates,

036" — D' =T/ 1 () [0:/0r0F = > 05, 00" =T} ((¢)Dy D_(H6*).
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Motivation

To simplify, let us consider n =2
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To simplify, let us consider n =2
Local “smoothing” estimates for waves : ¢+ = et/V—ALf

6™ Lo, 21xm2) < CllF llwee(r2),
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To simplify, let us consider n =2
Local “smoothing” estimates for waves : ¢+ = et/V—ALf

6™ Lo, 21xm2) < CllF llwee(r2),

Conjecture (a) : Holds for p =g =4 and all « > 0.
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To simplify, let us consider n =2
Local “smoothing” estimates for waves : ¢+ = et/V—ALf

6™ Lo, 21xm2) < CllF llwee(r2),

Conjecture (a) : Holds for p =g =4 and all « > 0. )

For fixed t, the sharp estimate (J. C. Peral (1980)) is

165 )l isqazy < Il asmagaey
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To simplify, let us consider n =2
Local “smoothing” estimates for waves : ¢+ = et/V—ALf

6™ Lo, 21xm2) < CllF llwee(r2),

Conjecture (a) : Holds for p =g =4 and all « > 0. J

For fixed t, the sharp estimate (J. C. Peral (1980)) is

165 )l isqazy < Il asmagaey

Conjecture (b) : Holds for g > 4, p=(q/3)' and all « > 3/2 —6/q. J
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Motivation

1q A
1 2
B Delta: 1/q+1/2>=2/p - o
12 d P
Knapp: 3/2q >=3/2p -
3/101 PP P
12 D o c
1/4
(q+3)L =
us| E G
F
Focus: 3/q- 1/2>=1/p-
H 1
& D 1
0 12 1
Ana Vargas AM)
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Theorem (Tao-V (2000) : Suppose that qo < 2 is such that the nuII form
estimate is true in the (++) case for g =qo, Bo =B+ =0, B_ = 2q0 —1+
2¢, and a1 = ap = m + € for arbitrarily small € > 0. Then the conjecture
(b) is true for all g > qo + 3.
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Theorem (Tao-V (2000) : Suppose that qo < 2 is such that the nuII form
estimate is true in the (++) case for g =qo, Bo =B+ =0, B_ = 2q0 —1+
2¢, and a1 = ap = m + € for arbitrarily small € > 0. Then the conjecture
(b) is true for all g > qo + 3.

The conjecture (b) holds for for ¢ >5—1/3 )
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The multiplier of the cone

(e = o) (1- 41

T/+

Taf(€,7) = m*(€,7)F (€, 7).
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The multiplier of the cone
(0%
)

T

(e, ) = o) (1- 1)

_l’_

Taf(€,7) = m*(€,7)F (€, 7).

Conjecture (n = 2) : For all @ > 0, the operator T, is bounded in
L*(R? x R). J
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The multiplier of the cone

(e = o) (1- 41

T/ +

Taf(€,7) = m*(€,7)F (€, 7).

Conjecture (n = 2) : For all @ > 0, the operator T, is bounded in
L*(R? x R). J

Mockenhaupt, Seeger, Sogge, Bourgain, Wolff, Tao, V, Laba,
Pramanik, Schlag, Garrigds
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Necessary conditions :

Null form estimates :
105° D D= ()l iy < C(IS(0) ]| gy + 10eb(0)] 1)
([0 o + 196800 ]| oy 1)

Ana Vargas (UAM) Null forms February 22, 2008 16 / 47



Necessary conditions :

Null form estimates :
105° D D= ()l iy < C(IS(0) ]| gy + 10eb(0)] 1)
([0 o + 196800 ]| oy 1)

Scaling invariance :

1

B0+ B+ fo =ar+azt T —n(l 7). 1)
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Necessary conditions :

Null form estimates :
1052 D D= ()l a1, < C(IS(0) ] gy + 10 (0) [ oy 1)
([0 o + 196800 ]| oy 1)

Scaling invariance :

1 1
ﬁo+ﬁ++ﬁ7:a1+a2+a—n(1—;). (1)
Geometry of the cones :
1 1 1 1 1
ST, 2 (2)
q 2 r q 4
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Necessary conditions :

Null form estimates :
1052 D D= ()l a1, < C(IS(0) ] gy + 10 (0) [ oy 1)
([0 o + 196800 ]| oy 1)

Scaling invariance :

1 1
50+5++ﬁf:041+042+5—”(1—;)- (1)
Geometry of the cones :
1 1 1 1 1
ST, 2 (2)
q 2 r q 4
Concentration near null directions :
1 n—1 1
> 1-—2-). 3
R i E ) 3)
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Necessary conditions :

Low frequency interactions (++) :

! *)

Bz —(n+1(1-}) )
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Necessary conditions :

Low frequency interactions (++) :

! *)

Bz —(n+1(1-}) )

Low frequency interactions (+—) :

1
a1+ as > 5, (6)

1

3
>——n(l—-). 7
a1+a2_q n( r) (7)
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Necessary conditions :

Interaction between high and low frequency :

aigﬁ—+gu (8)

n 1 n—-11 1
aIS/B—‘i‘E_E 2 (5_;)7 (9)
azpo+l-Laadlly (10)
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New necessary conditions

Interaction between high and low frequency :
a,gﬂ_+g—%+%, (12)
a;§6_+g—§+n(%—%)+%—(—17. (13)
Low frequency interactions (++) :
B2 == nll-1)- 3. (14)
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An (almost) sharp theorem

Null form estimates :
105° D D= ()l 1, < C(IS(0)]] oy + 10eA(0) ] oy 1)

X (19Ol oo + 19:8(0) | o 1)
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An (almost) sharp theorem

Null form estimates :
105° D D= ()l 1, < C(IS(0)]] oy + 10eA(0) ] oy 1)

X (19Ol oo + 19:8(0) | o 1)

Theorem (S. Lee-V)
Suppose (1) holds and that (2)- (15) hold with strict inequalities.

a) If n > 4, the null form estimate holds.

c)Forn=2,n=3ifr>2 and%’ < 7, orifl1 <r <2, null form estimate
holds.

v
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New necessary conditions

For n = 3. Low frequency interactions (+—) :

31
atap> =+ -2 (15)
qg r
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New necessary conditions

For n = 3. Low frequency interactions (+—) :

1
a1+a22§+——2. (15)
qg r

Theorem (S.Lee-K. Rogers-V)

For n = 3. Suppose (1) holds and that (2)- (15) and (16) hold with strict
inequalities.

Then, the null form estimate holds.
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Some ideas of the proof

1) Littlewood-Paley decomposition of the waves :

b= > ¢ v= >

j=— k=—o00

®j, Yk are waves having frequency supports on region |{| ~ 2, €| ~ 2k,
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j=— k=—o00

®j, Yk are waves having frequency supports on region |{| ~ 2, €| ~ 2k,
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Some ideas of the proof

1) Littlewood-Paley decomposition of the waves :

b= > ¢ v= >

j:—oo k=—00

®j, Yk are waves having frequency supports on region |{| ~ 2 €] ~ 2k,

Then, to prove the estimate, it is sufficient to show that
105 D D2 (160 g, < C27UHI(225(0) | 2) (22|44 (0) | 2).
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Some ideas of the proof

2) For each | > 0, decompose dyadically the double light cone into
projective sectors I, I’ with angle 2~/

do=>_ dor, Y=Y Yk
r r

We denote by Z(I', ") the angle between the sectors. Then, we have a
Whitney type decomposition

b0tk = Z Z bo,rk,r-

1>0 [,[7;£(F, " )~2-!
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Some ideas of the proof

Ana Vargas (UAM) Null forms February 22, 2008 24 / 47



Some ideas of the proof

It is enough to show that if Z(I', ") ~ 2!, then for ¢ > 0 and k,/ >0,

|05 D D (go,rvokr )l auy < C2KHD292K 6o £ (0)]] 2l [4hr, o (0)] 2
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Some ideas of the proof
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Some ideas of the proof

Use the bilinear restriction theorem for the cone.
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Some ideas of the proof

Use the bilinear restriction theorem for the cone.

Prove a bilinear restriction theorem for two waves Fourier supported at
different frequences :

Theorem
fi supported in {£eR": [¢|~1, 0<&-e <1/4} and f, supported in
{€€R": |¢|~2K 0< & e <1/4).

Then, fore > 0 and 1 < q,r < 2 satisfying 1/q < min(1, %1)7

1/q < %1(1 — %), there is a constant C (independent of k, ¢ and 1)
such that

168l 1 (or 198191, ) < €227 6(0) 1.2 46 (0) ] 2-
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Some ideas of the proof

Use the bilinear restriction theorem for the cone.

Prove a bilinear restriction theorem for two waves Fourier supported at
different frequences :

Theorem
fi supported in {£eR": [¢|~1, 0<&-e <1/4} and f, supported in
{€€R": |¢|~2K 0< & e <1/4).

Then, fore > 0 and 1 < q,r < 2 satisfying 1/q < min(1, %1)7

1/q < %1(1 — %), there is a constant C (independent of k, ¢ and 1)
such that

168l 1 (or 198191, ) < €227 6(0) 1.2 46 (0) ] 2-

Tao proved it for the case g = r.
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Some ideas of the proof

Instead of the conditions :
1

o1 +ap > —,
q

3 1
ag+ap>——n(l—2>).
q r

Tao (Tataru) had to assume something stronger :

n >1_i_n+3(1 1
o1 + o = —— =)
e P
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Some ideas of the proof

Instead of the conditions :

1
o1 +ap > —,
q

3 1
ag+ap>——n(l—2>).
q r
Tao (Tataru) had to assume something stronger :

n >1_i_n+3(1 1
[0 (6% - .
e P

Critical :

n—+2 1
g=r= , a1 + o = —.
n q

This turned out to be related to the bilinear restriction theorem for
paraboloids in R x R"1.
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Some ideas of the proof

Si:{§€Rn:b§£n<b+37’51/§n+(_1 ie;171| §1/2}7 i:172'

Theorem (++)

Let 5(6), m) supported in S1 and S, respectively. If
0<axkl1l1l1<b<2andn>2, then for q,r satisfying

1/q < min(1,n/4),2/q < n(1 —1/r), and for any ¢ > 0, there is a
constant C, independent of a and b, such that

lév s, < Cat=7=[6(0)l2ll%(0)ll2-
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Some ideas of the proof
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Some ideas of the proof

e—removal lemma for mixed norms :
Ir =[-R/2,R/2] and Qx C R"! It is enough to show that for and € > 0,

l6162llstmyis, (@pemy < Ca' Y REIfull2lIf2]l2

—

where f; = ¢;(0), and we take 0;¢;(0) = 0.

Ana Vargas (UAM) Null forms February 22, 2008 30 / 47



Some ideas of the proof

e—removal lemma for mixed norms :
Ir =[-R/2,R/2] and Qx C R"! It is enough to show that for and € > 0,

l6162llstmyis, (@pemy < Ca' Y REIfull2lIf2]l2

—

where f; = ¢;(0), and we take 0;¢;(0) = 0.

The case ¢ = 0o, r = 1 is trivial (Plancherel). Hence, by interpolation, it is

enough to consider the case g = 1, r = .75.
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Some ideas of the proof

0() =\/1+[EP -1, & =(&,&, - 6n-1)

¢i(X7 t) = / ei(X’f’+ann+t'fn9(f’/§n))f}(é-)dg” i = 1, 5
S

i
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Some ideas of the proof

0() =\/1+[EP -1, & =(&,&, - 6n-1)

¢i(X7 t) = / ei(X’f’+ann+t'fn9(f’/§n))f}(é-)dg” i = 1, 5
S

i

b+a .
di(x,t) = / 3 (X', t)e™" ds.
b

S ={(¢s) eER" xR:7=50(/5), (', 5) € Si}
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Some ideas of the proof

0() =\/1+[EP -1, & =(&,&, - 6n-1)

¢i(X7 t) = / ei(X’f’+ann+t'fn9(f’/§n))f}(é-)dg” I _ 1, 2
Si

b+a .
di(x,t) = / 3 (X', t)e™" ds.
b

S ={(¢s) eER" xR:7=50(/5), (', 5) € Si}

For fixed s, we decompose in wave packets, corresponding to tubes 7 of
dimension (RY/2)"1 x R.

ACRIE
TETS
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Some ideas of the proof

5 S 1/2
162C, )l ~ (S0 116, 0)]12:) 2.

TE€TS
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Some ideas of the proof

S S 1/2
162C, )l ~ (S0 116, 0)]12:) 2.

TE€TS

Let {B} be a collection of R1~9 cubes which partition Qk X Ig. Then,
there are relations ~3, ~35 between B and 7 € 7%,

ZII > 5l < CRYIF)I3

T~ B

I > d.88llize) < CRTTAATE £ £
TEIB or T'ASB
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Some ideas of the proof

b+a .
bix, t) = / G3(x', £)e™ ds.
b
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Some ideas of the proof

b+a .
bi(x, t) = / 63(x, £)e™ ds.
b

We need to show

b+a pb+a
D SR LT .
b Jb T LE(DL 2 (B'%R)

B or 7/t B .

< Ca?/"R| fi||2| 2 l2-
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Some ideas of the proof

b+a b+a ( +/)
s s i(s4s")xn !
H/b /b E [(rbl,‘r s,T]e dsds HLil,t(B)L)%n

Tob$B or /o5 B

b+a ,
<[ sl =90 X 0105, oy s
ToSB or T/t B

b+a ,
< R [T g~ IR 2l el o

b+a b+a ,
< R/ [P g [ 165 a2

< CRTIAECI2|f 2 g2
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Some ideas of the proof

By Holder's inequality in t,

H // Z (')HL%(’)Li/YXn(BIXR) < Cal/2R_(n_4)/4+C§HfH2”gH2'
TA3B or T/45 B
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Some ideas of the proof

By Holder's inequality in t,

H // Z (')‘|L}(/)Li/7Xn(B'XR) < Cal/2R_(n_4)/4+C§HfH2”gH2'
TA3B or T/45 B

Trivially

] X Oluou, @ < R lllgL
Tob$B or /45 B
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Some ideas of the proof

By Holder's inequality in t,

H // Z (')‘|L}(/)Li/7Xn(B'XR) < Cal/2R_(n_4)/4+C§HfH2”gH2'
TA3B or T/45 B

Trivially

] X Oluou, @ < R lllgL
Tob$B or /45 B

Finally, we interpolate

Ana Vargas (UAM) Null forms February 22, 2008 35/ 47



The counterexamples :

Low frequency interactions (++) :

2

1 1
ﬂoza—n(l—;)—

5-
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The counterexamples :

Low frequency interactions (++) :

2

1 1
ﬂOZa—n(l—;)—

5-
We will take @ supported in B((1,0,...,0),2=™) and 77/7(3) supported
in B((—1,2=™+3,0,...,0),2=™).
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The counterexamples :

Low frequency interactions (++) :

2

1 1
ﬂOZa—n(l—;)—

5-
We will take @ supported in B((1,0,...,0),2=™) and 77/7(3) supported
in B((—1,2=™+3,0,...,0),2=™).

O—

@

Ana Vargas (UAM) Null forms February 22, 2008 36 / 47



The counterexamples :

1) About the multiplier : DY D% D%~

If (¢,7) € supp@w\) = supp ((}5* {b\), then, |{] ~ 27" and || ~ 1. Hence
€1+ 7| ~ 1 and [r] - [¢] ~ 1.

105 D D2 (6586 lgyr ~ 27 ™|tk .-
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The counterexamples :

—_

2) About ¢ : Take ¢(0) the characteristic function of B(e;,27™).
6(x, ) = / GIEHIED g
B
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The counterexamples :

—_

2) About ¢ : Take ¢(0) the characteristic function of B(e;,27™).
6(x, ) = / GIEHIED g
B

If x = (x1,x') and |[x'| < £2™, |x; + t| < £52™ and |t| < 5227, then
6(x,1)] = c2-m.
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The counterexamples :

—_

2) About ¢ : Take ¢(0) the characteristic function of B(e;,27™).
6(x, ) = / GIEHIED g
B

If x = (x1,x') and |[x'| < £2™, |x; + t| < £52™ and |t| < 5227, then
6(x,1)] = c2-m.

om
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The counterexamples :

Proof : Note that

112 12
=@+l = el 1+ 1S ~ a1+ 0(1E )]

€2
1]

~ &+ 0(272M).

Hence,

Ix-E+té]] < [X-€ |+ +t&a+t0(272M)| < X&' |+|(xa+t)é|[+[tO(27>™)]
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The counterexamples :

3) About ¢ : Take B’ = B((—1,2-™+3,0,...,0),2=™).

$i(0)(€) = ey

for some convenient x;, and

TZJ(Xa t) = Zwi()@ t)'
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The counterexamples :

3) About ¢ : Take B’ = B((—1,2-™+3,0,...,0),2=™).

$i(0)(€) = ey

for some convenient x;, and

TZJ(Xa t) = Zwi()@ t)'
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The counterexamples :

Interaction between high and low frequency :

<ﬂ+n 1+(1 1)+1 1
i - ——4n(z—-)+-——.
= 2 q 2 r r q
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The counterexamples :

Interaction between high and low frequency :

<6+n 1+(1 1)+1 1
i - ——4n(z—-)+-——.
= 2 q 2 r r q

—

In this case we take 1(0) to be the characteristic function of the region

1/2<&6 <3/4, ||g+& -2/ <27k
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The counterexamples :

Interaction between high and low frequency :

<6+n 1+(1 1)+1 1
i - ——4n(z—-)+-——.
= 2 q 2 r r q

—

In this case we take 1(0) to be the characteristic function of the region

1/2<&6 <3/4, ||g+& -2/ <27k

This is the projection on the &-variable of the region

1/2<& <3/4, T=¢, |r+& -2/ <27k
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The counterexamples :

This is contained in a 2~ neighborhood of a parabola.

Ana Vargas (UAM) Null forms February 22, 2008 42 / 47



The counterexamples :

This is contained in a 2~ neighborhood of a parabola.
2 T T

1k

0 0.2 0.4 0.6 0.8 1

\\ //
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The counterexamples :

Then v(x, t) ~ 27K in the region |x| < %, Ix1 — t] < %, [t < 1—102".

We take ¢ is a dilation of Knapp example.

supp $(0) C {& : &1 ~ 2K, [¢] <1}.
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The counterexamples :

Then v(x, t) ~ 27K in the region |x| < %, Ix1 — t] < %, [t < 1—102".
We take ¢ is a dilation of Knapp example.

supp $(0) C {& : &1 ~ 2K, [¢] <1}.

Do ~ Dy ~ 2K, D_~1
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The counterexamples :

Interaction between high and low frequency :

n 1 1
aigﬁf‘FE—aﬁ-E-

Ana Vargas (UAM) Null forms February 22, 2008 44 / 47



The counterexamples :

Interaction between high and low frequency :

n 1 1
ai§ﬁ7+§—a+§-

zb/(a)(f) which is supported in a small ball centered at e; € R".
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The counterexamples :

Interaction between high and low frequency :

n 1 1
aigﬁf‘FE—aﬁ-E-

zb/(a)(f) which is supported in a small ball centered at e; € R".
F(0)(&) which is supported in a small ball centered at e; € R".

2k/10
B(x,t) =25 Y~ £F(2Kx,25(t — R27¥m))

m=1
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The counterexamples :

Interaction between high and low frequency :

n 1 1
aigﬁf‘FE—aﬁ-E-

zb/(a)(f) which is supported in a small ball centered at e; € R".
F(0)(&) which is supported in a small ball centered at e; € R".

2k/10
B(x,t) =25 Y~ £F(2Kx,25(t — R27¥m))

m=1

|p(x, t)] > 2k if |x| < 27K/10 ant t € Up(2=5Rm,2=kRm 4 27%/10).
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The counterexamples :

OO0OO0O0O0O0O0O0O
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The counterexamples :

n = 3. Low frequency interactions (+—) :
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The counterexamples :

n = 3. Low frequency interactions (+—) :
¢(0) to be a nonzero smooth function adapted to the set
< 62} .

& 2 [&1
&3 =< &3

{£€R3 11 <& <1+ ce,

Then,
6(x, )] = '/ei(x5+t|£|)¢’(a)(§) df‘ .
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The counterexamples :

n = 3. Low frequency interactions (+—) :
¢(0) to be a nonzero smooth function adapted to the set
< 62} .

& 2 [&1
&3 =< &3

{£€R3 11 <& <1+ ce,

Then,
6(x, )] = '/ei(xs+t|£|)¢’(a)(§) df‘ .

—

Yo(

the characteristic function of the set

3

&

< 32
" &

0)
{§GR3 1-(l4ce<—&<1-¢

< E3/2} .
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The counterexamples :

n = 3. Low frequency interactions (+—) :
¢(0) to be a nonzero smooth function adapted to the set
< 62} .

& 2 [&1
&3 = &3

{£€R3 1 1<& <1+ce

Then,
6(x, )] = '/ei(xs+t|£|)¢’(a)(§) df‘ .

o —

Yo(

the characteristic function of the set

3

3

< 32
" &

0)
{§GR3 1-(l4ce<—&<1-¢

< E3/2} .
1

P(x, t) = Z Heho(x1, x2 — je 2, x3 — je 3(1 — €2), t + je 3)
=0
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The counterexamples :
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