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Plan of the talk

e Brief review of multilinear Calderdn-Zygmund theory

e Previous multilinear weighted estimates and results
for multilinear commutators

e New results

A. Lerner, S. Ombrosi, C. Pérez, R. Trujillo
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Coifman-Meyer bilinear operators

T(f,9)(2) = [ m(&n)[(©g(me= €+ aean,

where m is a "suitable symbol of order zero”.

As with the product we should expect

1T DN < Cliflleellgll e
for p, g, r related as in Holder’s inequality.

Coifman-Meyer ('70s-'80s) r > 1.
Kenig-Stein and Grafakos-T. ("90s—'00s) » > 1/2




Formally, if supp f Nsupp g = 0,
T(f,9)(2) = [ K@ —y,z—2)[(y)g(2) dydz
where K is a Calderon-Zygmundkernel in 2n

0K (y, 2)| < Cally| + |z|)~2ntlaD

One can also consider variable coefficient operators of
the form

T(f.9)(@) = [, K(2.y,2)f(©)g(2) dydz
with
0K (z,y,2)| < Ca(|z — y| + |z — 2|) =2 FlaD
at least when = € supp f Nsupp g.

We say that such a T is a
if it is bounded on some product of LP spaces.
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T1-Theorem for bilinear Calderon-Zygmund operators

T:SxS8—S8", (T(f1,f2),f3) = (K, f1® f2® f3)

0K (y0,y1,¥2)| < O lyj —yp) ™2l o] <1
Christ-dourné (1987)

Grafakos-T. (2002)

(T*0 = T, T*1, T*? are the transposes of T)

Note the p-invariance for the full range of p > 1/2.



Remark

There is a recent T'1-theorem for more singular bilinear
operators due to

These are operators with certain modulation invariance
like the bilinear Hilbert transform. Essentially,

T(f1,£2)@) = [ K@@~ fa(a+1) di

where K is a Calderdn-Zygmund kernel.

Examples are provided by pseudodifferential operators

T(f,9)@) = [, o€ =) F©am)e T ded

where o(x, z) is a classical linear symbol. For the pur-
poses of this talk we will only consider bilinear (or multi-
linear) operators of Calderdn-Zygmund type.
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Typical examples of bilinear Calderon-Zygmund operators

The Riesz transforms in R2 can be seen as bilinear op-
eratorson R x R, e.qg.

Ri(f,00@) =puv. [, oo P f()g (=) dyd:

Ry : LP(R) x LY(R) — L"(R), 1/p+1/g=1/r <2

Bilinear pseudodifferential operators

To(f,9)(@) = [ o5(e.& ) F©gme™ ) dgan,

102020 05(2, €, m)| < Cagy(1 + €] + )~ U8IFHD

For order s = 0, 15, is a Calderon-Zygmund operator

Ty 1 LP(RM)x LY(R™) — L7(R™), 1/p+1/q=1/r < 2
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Certainly there are m-linear versions

If

m —mn—|q|
0YK (Y0, Y1, -+ > ym)| < Ca( > uk — yzl)

k,1=0

and

T:L"l x...x L' > [T

1 1 1

forsome 1 < rq,...,rm < o0, H+"'+m=?’
then

T:LPLx...x P — [P
forall 1 < py,...,pm <oo, —4...4-L =21

’ ’ , P1 Pm p

Also
T:LPL x ... x [P — [P0

1 4.4 1 1
forall 1 < pq1,...,pm < oo, p1+ —l—pm p,n‘at
least one p; = 1.

In particular,

T-LYx...x LY - p1/moo
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Weighted estimates (first approach)

Recall the w € Ap, 1 < p < oo, if

sup <|22|/ )(ﬁ /le—P’da;)p_l

is finite; and w € A if

1 / :
— | w(y)dy < Cinfw
Ql/Q Q

The A, weights are the right ones for linear Calderon-
Zygmund operators. So it is then natural to expeci:

Grafakos-T. (2002)

Note again the full range p > 1/m.



The proof was based on a good-)\ estimate involving

T(f1,...,fm) and  [[7oy M
and leading to
[T, ) @Pw) da
m p
<o ( 0 M(fjxa:)) w(z) da.
j=1
for any Aoc weight w.
This was simplified later using a pointwise estimate.

Recall the maximal functions

Ms(f) = M(|f19)Y/%, >0

# S
M#f(@) = sup. o [ 1)~ ol dy,

MPFf = M#*(|f1°)Y°, >0
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and the estimates

Fefferman-Stein (1972)

Alvarez-Pérez (1994)
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In the multilinear case, using the notation

f= (1 fm)

Pérez-T. (2003)

From (1) and (3),

[1T (@) do < [ (Ms(T(F) @)Pw(e) de

< C [(MFT()) (@) w(z) da

m p
<o f( M MUN@) v o
=1

The weighted estimates easily follow.
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An application to (un-weighted) commutators

16, T1f(z) = b(x)T f(z) —T(bf)(x)

Coifman-Rochberg-Weiss (1976)

Using complex analysis [b, T'] can be written as an aver-
age of T, f = e**T(e=?Pf). The boundedness follows
from: b € BMO and § > 0 small = ¢ ¢ Ay,

[b, T is not of weak-L! type but of "weak-L log L” type:
Pérez (1995)
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Similarly, multilinear weighted estimates can be used to
study the multilinear commutators.

T m-linear Calderén-Zygmund operator and b = (b1, .. ., bm)

Tp(f1- 5 fm) = 0 TP,

J=1

where each term is the commutator of b; and T in the
j-th entry of T', that is,

Pérez-T. (2003)

The proof is based again on complex analysis. However,
it breaks down for p < 1 because the proof uses the A,
classes and Minkowski inequality which holds for p > 1.



Some afterthoughts/questions
The control of T'(f) by TIM(f;) is not optimal.

The same approach will work if we use a smaller maximal
operator to control T'.

The results were not truly multilinear and a small maximal
function could produce a more general class of weights.

Is there a larger class of weights for which multilinear
Calderén-Zygmund operators are bounded?

The multilinear weighted theory is not as useful to study
commutators as in the linear case.

Based on we should expect the result to be
true for p > 1/m.

Can we get an end-poit estimate and interpolate to obtain
the full range of p’s?
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Weighted estimates (new approach)

The rest of the talk is about joint work with

A. Lerner, S. Ombrosi, C. Pérez, R. Trujillo

The main object of study in this approach is

. m.q
M(F) @) = sup TT 1o [, 1iw)ldy

1=1

Simple observations

1) M(F)(z) < [ Mf;(z)
=1

J

2) M : LP1(R"™) x --- x LPm(R"™) — LP(R")

3) M : LI(R™) x --- x LY(R") — L1/m.oo(R")
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Pointwise estimate

T m-linear Calderdn-Zygmund operator.

As a corollary,

To prove Theorem 1 with M(f) in place of [ M (f;), a
more careful analysis is needed; but Theorem 2 follows
then in the same way.

To take advantage of Theorem 2 we need to exploit the
fact that M is really smaller than a product of maximal
functions.



Towards a multilinear A, theory of weights
We want a Muckenhoupt’s theorem for the multilinear case.

We start with the characterization of the two-weight weak-
type problem for M.

Consider vector weights

w:(wl,...,UJm)

For m exponents pq,--- , pm and p such that

1 1 4 .4 1
p_p1+ +pm

we will write

ﬁ: (p]_?"' 7pm)

and define
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The two-weight case

It is understood that



Another way to write the two-weight condition is

1

1 1 1—p/\ o
] sup (L/ u>pj (i (ny p*7>pj
=1 Q@ \@l/Q Ql/Q

because
1
p p1 Pm
Simple observations
1) If m = 1 is just the two-weight A, condition.

2) By differentiation,

m
u(z) <c |] wj(a:)p/pj
=1
This suggests a way to define a multilinear analogue of
the one-weight Az condition.
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The one-weight multilinear A 5 condition

Given W = (w1, ..., wm), let

ﬁ P/p;

For P > I, we say that  satisfies the 1 ; condition if

sup(é'/ >% ﬁ (|22| le_p9>]913is finite.

Observations:

1) Again if m = 1 is the classical one-weight A, condi-
tion.

2) Ay 1y C Agforeach P, however in general A 5 is

not included in A for P <Q.

Exermse For n = : 2,2),and w =
(w1, ws) = (|z|~ 5)3 1). S%éepﬂ/?e(/il ?t is easy to

see that W € A, o). ltis also easy to show that «w ¢ AQ»

if Q is large.
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3) If each w; isin Ap;, then

suD (|22| / )Upjijl (ﬁ Qw;_p;) "

<Sup H (|Q|/ j)l/Pg(lQl ; jl Pj)l/pj < 00,

SO

This inclusion is strict.

Exercise:

and w; (z) = \?1! for j = 2, ..., m. Using the definition it
is not difficult to check that u,z € A1. Also infoug ~

P/p;

[[7Lq infQu, These last two facts together imply

thatw€A~
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4) Again using HoOlder’s inequality

S“p<|éz|/ )Ump(ﬁ/cz“ o 1)(mp o

moq 1/mp; /1 —p=1\ (pj—1)/mp;
ap 1 (51 m) ™ (i ™)
Q ;=1 \@l/eQ Ql /@

< 00,

where we have used that m — 1/p = > (p; — 1)/p;. It

It turns out that something more general happens.

This can be used to prove the following strong-type char-
acterization.
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Remarks:

The condition P > 1 is crucial.
There are counterexamples that show the M( f_) can not

be replaced by 1‘["';;1 M f;.

The distribution functions of M and the dyadic maximal
function M¢ are comparable, but in the multilinear case
M and its dyadic version M are not.

Take for instance m = 2 and n = 1 and set f1 =
X(-1,0) @Nd f2 = X(0,1)-

Then, M4(f) = 0 but M(f)(z) > 0 everywhere.
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New estimates for Calderon-Zygmund operators

Let T be any m-linear Calderon-Zygmund operator.

Since for w in A3, we have that u,g; is in Asc. Then,
Theorem 2 gives

P!

The classes Az are also characterize by the m-linear
Calderon-Zygmund operators.
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For: = 1,---  n, the m-linear +-th Riesz transform is
defined by

> (x = (y5)i) -
- =1 2‘7nm+1f(y) 7,
" (Z —1 |:C - y]|

Ri(f) (x) = p.v. /(

where (y;); denotes the i-th coordinate of y;.
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Back to commutators with BMO functions

Furthermore, this estimate is sharp in the sense that none
of the ®’s can be replaced by ®(t) = ¢.

Also we can replace the Lebesgue measure by weights
W € A(l,--- 1)
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Logartihmic multilinear maximal function

The proof is based on the relationship with the following
maximal function

L(logL),Q

ML(logL)(f) (@) = igg jl;ll 1731

Let b € BMO™. The following pointwise estimate holds.

Unlike in the linear case, we do not how to interpolate
from the end-point estimate in Theorem 8. We can get,
nevertheless, a more general result directly from Theo-
rem 9.
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Full range of estimates for the commutators

From this we obtain (using further properties of the A B
classes)

If & € A 5 with P > 1,then

1T gy < OHbHBMOij 1750 125

In particular,

Tg:Lp1><"'Xme—>Lp,

fora”]_<p1,...,pm<oo, _I_ _l‘ 1

That is, we get the fullrange p > 1/m !l



