
Sharp Lp-estimates for maximal

operators for p > 2 , oscillation

indices and a Fourier restriction

theorem associated to

hypersurfaces in R
3∗

Detlef Müller
C.A. Universität Kiel

mueller@math.uni-kiel.de

2008

1based on the preprints on MathArXiv:
”On adapted coordinate systems” (joint with Isroil A. Ikro-
mov)
”Sharp Lp-estimates for maximal operators for p > 2 , os-
cillation indices and a Fourier restriction theorem associated
to hypersurfaces in R

3” (joint with Isroil A. Ikromov and

Michael Kempe)

0-0



1 Introduction

S = smooth hypersurface in R
n, 0 ≤ ρ ∈ C∞

0 (S)

Atf(x) :=

∫

S

f(x− ty)ρ(y) dσ(y), t > 0,

where dσ := surface measure on S.

Mf(x) := sup
t>0

|Atf(x)|, (x ∈ R
n). (1.1)

E. M. Stein (1976): if S is the Euclidean unit
sphere in R

n, n ≥ 3, then M is bounded on Lp(Rn)
for every p > n/(n− 1).

J. Bourgain (1986): also true for n = 2.

Stein’s result became the starting point for inten-
sive studies of various classes of maximal operators
associated to subvarieties. From these early works,
the influence of geometric properties on the validity
of Lp-estimates of the maximal operator M became
evident.
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Some known Results:

A. Greenleaf: Case where S has non-vanishing
Gaussian curvature.

A. Iosevich: Case of finite type curves in R
2.

In contrast, the case where the Gaussian curva-
ture vanishes at some points und the dimension is
≥ 3 is still wide open.

C. D. Sogge and E. M. Stein: Partial results in
higher dimensions: If the Gaussian curvature of S
does not vanish to infinite order at any point of S,
then M is bounded on Lp in a certain range p > p(S)
(but p(S) in general far from optimal):

The perhaps best understood class in higher di-
mensions is the class of convex hypersurfaces of finite
line type (work by M. Cowling and G. Mauceri,
A. Nagel, A. Seeger and S. Wainger, A. Io-
sevich, E. Sawyer and A. Seeger and many
others).
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Estimates of the maximal operator M on Lebesgue
spaces are intimately connected with the decay rate
of the Fourier transform

ρ̂dσ(ξ) =

∫

S

e−iξ·xρ(x) dσ(x), ξ ∈ R
n,

of the superficial measure ρdσ, i.e., to estimates of
oscillatory integrals.

These in return are closely related to geometric
properties of the surface S, and have been considered
by numerous authors.

Sharp estimates for the Fourier tranform of su-
perficial measures on convex hypersurfaces S have
been obtained by J. Bruna , A. Nagel, S. Wainger,
improving on previous results by B. Randol, I. Svens-
son. They found estimates in terms a family of
”caps”

B(x, δ) := {y ∈ S : dist (y, x+ TxS) < δ}, δ > 0,

TxS := tangent space to S at x ∈ S.

NOTICE: such estimates fail to be true for non-
convex hypersurfaces, which we shall be dealing with.
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2 Results

S ⊂ R
3 smooth hypersurface; x0 ∈ S

Apply Euclidean motion of R
3 :

x0 = (0, 0, 1), Tx0S = {x3 = 0}.

In a neighborhood U of the origin, S is then the
graph

U ∩ S = {(x1, x2, 1 + φ(x1, x2)) : (x1, x2) ∈ Ω}

of a smooth function 1+φ defined on an open neigh-
borhood Ω of 0 ∈ R

2 with

φ(0, 0) = 0, ∇φ(0, 0) = 0.

2.1 Newton diagram, height and
adapted coordinates

If

φ(x1, x2) ∼
∞∑

j,k=0

cjkx
j
1x
k
2

is the Taylor series of φ, define the Taylor support

of φ at (0, 0) by

T (φ) := {(j, k) ∈ N
2 : cjk 6= 0}.
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Figure 1: Newton polyhedron
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Assumption:
T (φ) 6= ∅,

i.e., φ is of finite type at the origin - otherwise, the
maximal operator M is unbounded on Lp unless p =
∞.

The Newton polyhedron N (φ) of φ at the origin
is defined to be the convex hull of the union of all the
quadrants (j, k)+ R

2
+ in R

2, with (j, k) ∈ T (φ). The

Newton diagram Nd(φ) in the sense of Varchenko
is the union of all compact faces of the Newton poly-
hedron; here, by a face, we shall mean an edge or a
vertex.

The distance d = d(φ) between the Newton
polyhedron and the origin in the sense of Varchenko
is given by the coordinate d of the point (d, d) at
which the bisectrix t1 = t2 intersects the boundary
of the Newton polyhedron.

The principal face π(φ) of the Newton polyhe-
dron of φ is the face of minimal dimension containing
the point (d, d).

φp(x1, x2) :=
∑

(j,k)∈π(φ)

cjkx
j
1x
k
2

is the principal part of φ.
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NOTE: d(φ) depends on the chosen local coordinate
system (analytic resp. smooth, fixing 0) in which φ

is expressed. The height of φ is defined by

h(φ) := sup{dx},

where the supremum is taken over all local analytic
(resp. smooth) coordinate systems x at the origin,
and where dx is the distance between the Newton
polyhedron and the origin in the coordinates x.

NOTICE: The height is invariant under local smooth
changes of coordinates at the origin!

A given coordinate system x is said to be adapted

to φ if h(φ) = dx.

Example. Let

φ(x1, x2) := (x2 − xl1)
m + xn1 .

If n > ml, the coordinates are not adapted. Adapted
coordinates are then y1 := x1, y2 := x2−xl1, in which
φ is given by

φ̃(y) = ym2 + yn1 .
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2.2 Height of S and main results

We define the height of S at the point x0 by

h(x0, S) := h(φ)

(this notion can easily be seen to be invariant under
affine linear changes of coordinates in the ambient
space R

3.)
OBSERVE: Translations do not commute with

dilations, which is why Euclidean motions are no
admissible coordinate changes for the study of the
maximal operators M. Therefore,

Assumption 2.1 The affine tangent plane x+TxS
to S through x does not pass through the origin in
R

3 for every x ∈ S. Equivalently, x /∈ TxS for every
x ∈ S, so that 0 /∈ S, and x is transversal to S for
every point x ∈ S.

Notice that this assumption allows us to find a
linear change of coordinates in R

3 so that in the new
coordinates S can locally be represented as the graph
of a function 1 + φ as before.

We may further assume that the hypersurface S
is of finite type in the sense that every tangent plane
has finite order of contact.
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Theorem 2.2 Assume that S is a smooth hypersur-
face in R

3 satisfying Assumption 2.1, and let x0 ∈ S
be a fixed point. Then there exists a neighborhood
U ⊂ S of the point x0 such that for any ρ ∈ C∞

0 (U)
the associated maximal operator M is bounded on
Lp(R3) whenever p > max{h(x0, S), 2}.

Notice that even in the case where S is convex this
result is stronger than the known results, which al-
ways assumed that S is of finite line type.

Theorem 2.3 (sharpness) Assume that the max-
imal operator M is bounded on Lp(R3) for some p >
1, where S satisfies Assumption 2.1. Then, for any
point x0 ∈ S with ρ(x0) > 0, we have h(x0, S) ≤ p.
Moreover, if S is analytic at such a point x0, then
h(x0, S) < p.

From these results, global results can be deduced
easily.

LetH be an affine hyperplane in R
3, and consider

the distance

dH(x) := dist (H, x).

In particular, if x0 ∈ S, put

dT,x0(x) := dist (x0 + Tx0S, x)
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Theorem 2.4 (Iosevich-Sawyer) If the maximal
operator M is bounded on Lp(Rn), where p > 1, then

∫

S

dH(x)−1/p ρ(x) dσ(x) <∞ (2.1)

for every affine hyperplane H in R
n which does not

pass through the origin.

CONJECTURE (Iosevich-Sawyer): For p > 2 con-
dition (2.1) is indeed necessary and sufficient for the
boundedness of the maximal operator M on Lp, at
least if for instance S is compact and ρ > 0.

Proposition 2.5 Suppose S is a smooth hypersur-
face in R

3, and let x0 ∈ S be a fixed point. Then,
for every p < h(x0, S), we have

∫

S∩U

dT,x0(x)−1/p dσ(x) = ∞

for every neighborhood U of x0. Moreover, if S is
analytic near x0, then this identity holds true also
for p = h(x0, S).

As an immediate consequence of these results we ob-
tain
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Corollary 2.6 Assume that S ⊂ R
3 satisfies As-

sumption 2.1, and let x0 ∈ S be a fixed point. More-
over, let p > 2.

Then, if S is analytic near x0, there exists a
neighborhood U ⊂ S of the point x0 such that for
any ρ ∈ C∞

0 (U) with ρ(x0) > 0 the associated maxi-
mal operator M is bounded on Lp(R3) if and only if
condition (2.1) holds for every affine hyperplane H
in R

3 which does not pass through the origin.
If S is only assumed to be smooth near x0, then

the same conclusion holds true, with the possible ex-
ception of the exponent p = h(x0, S).

This confirms the conjecture by Iosevich and Sawyer
in our setting for analytic S, and for smooth S with
the possible exception of the exponent p = h(x0, S).
For the critical exponent p = h(x0, S), if S is not
analytic near x0, examples by Iosevich-Sawyer show
that unlike in the analytic case it may happen that
M is bounded on Lh(x0,S), and the conjecture re-
mains open for this value of p.
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Our proof of Theorem 2.2 also allows to derive

Theorem 2.7 Let S be a smooth hypersurface of fi-
nite type in R

3 and let x0 be a fixed point in S. Then
there exists a neighborhood U ⊂ S of the point x0

such that for every ρ ∈ C∞

0 (U) the following esti-
mate holds true for every ξ ∈ R

3 :

|ρ̂dσ(ξ)| ≤ C ||ρ||C3(S) log(2+ |ξ|)(1+ |ξ|)−1/h(x0,S) .
(2.2)

(due to V.N. Karpushkin in the analytic setting).

Corollary 2.8 Let S be a smooth hypersurface of
finite type in R

3 and let x0 be a fixed point in S.
Then there exists a neighborhood U ⊂ S of the point
x0 such that for every non-negative ρ ∈ C∞

0 (U) the
following estimate

( ∫

S

|ϕ̂|2 ρdσ
)1/2

≤ Cp||ϕ||Lp(R3) (ϕ ∈ S(R3))

holds true for every p ≥ 1 such that

p′ > 2h(x0, S) + 2.

In case that (2.2) holds true without the factor log(2+
|ξ|), the estimate remains valid also for the endpoint
p′ = 2h(x0, S) + 2.
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Remarks. a) The result improves on a related
result by A. Magyar.

b) If S is represented near x0 as the graph of
a function 1 + φ(x1, x2), where ρ(x0) > 0, and if
the coordinates (x1, x2) are adapted to φ, it can
easily be seen by means of Knapp type examples
that the restriction estimate can hold true only if
p′ ≥ 2h(x0, S) + 2.

Theorem 2.9 Let S be a smooth hypersurface in
R
n, and let ρ ∈ C∞

0 (S) be a smooth cut-off function
ρ ≥ 0, and assume that

|ρ̂dσ(ξ)| ≤ Cβ (1 + |ξ|)−β for every ξ ∈ R
n, (2.3)

for some β > 0. Then for every p > 1 such that
p > 1/β,

∫

S

dH(x)−1/p ρ(x) dσ(x) <∞,

for every affine hyperplane H in R
n.

In combination with Proposition 2.5 this implies in
particular that the exponent −1/h(x0, S) in estimate

(2.2) of ρ̂dσ is sharp:
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Corollary 2.10 Suppose S is a smooth hypersur-
face in R

3, let x0 ∈ S be a fixed point and assume
that the estimate (2.3) holds true for some β > 0. If
ρ(x0) > 0, and if ρ is supported in a sufficiently small
neighborhood of x0, then necessarily β ≤ 1/h(x0, S).

More is indeed true:

Let Bu(x
0, S) be the set of all β ≥ 0 for which

there exists an open neighborhood Uβ of x0 in S such
that

|ρ̂dσ(ξ)| ≤ Cβ (1 + |ξ|)−β for every ξ ∈ R
n

holds true for every function ρ ∈ C∞

0 (Uβ), and put

βu(x
0, S) := sup{β : β ∈ Bu(x

0, S)}.

(the uniform oscillation index of S at the point x0 ∈

S).
If we restrict our attention to the normal di-

rection to S at x0, i.e., if B(x0, S) denotes the set
of all β ≥ 0 for which there exists an open neigh-
borhood Uβ of x0 in S such that for every func-
tion ρ ∈ C∞

0 (Uβ) the estimate above holds in the
normal direction to S at x0 only, we obtain the
oscillation index

β(x0, S) := sup{β : β ∈ B(x0, S)}.
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We also define the uniform contact index γu(x
0, S)

as follows:

Let Cu(x
0, S) denote the set of all γ ≥ 0 for which

there exists an open neighborhood Uγ of x0 in S such
that the estimate∫

Uγ

dH(x)−γ dσ(x) <∞

holds true for every affine hyperplane H in R
n. Then

γu(x
0, S) := sup{γ : γ ∈ Cu(x

0, S)}.

In a similar way, we define contact index γ(x0, S)
of the hypersurface S at the point x0 ∈ S, by assum-
ing that the estimates above hold for the tangent
hyperplane at x0 only. Then clearly

βu(x
0, S) ≤ β(x0, S), γu(x

0, S) ≤ γ(x0, S).

At least for hypersurfaces in R
3, a lot more is

true.

Theorem 2.11 Let S by a smooth, finite type hy-
persurface in R

3, and let x0 ∈ S be a fixed point.
Then

βu(x
0, S) = β(x0, S)

= γu(x
0, S) = γ(x0, S) = 1/h(x0, S).
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Corollary 2.12 Suppose S is a smooth hypersur-
face in R

3, and let x0 ∈ S be a fixed point. Then
there exists a neighborhood U ⊂ S of this point such
that h(x, S) ≤ h(x0, S) for every x ∈ U.

This proves a conjecture by V.I. Arnol’d in the
smooth setting at least for linear perturbations (in
the analytic setting, this is due to Karpushkin).

RECALL (Greenleaf, 1981): if

ρ̂dσ(ξ) = O(|ξ|−β) as |ξ| → ∞,

and if β > 1/2, then the maximal operator M is
bounded on Lp whenever p > 1 + 1

2β . The case β ≤

1/2 remained open.

CONJECTURE (for β = 1/2 by E. M. Stein,
and later for the full range β ≤ 1/2 by A. Iosevich
and E. Sawyer):
If S is a smooth, compact hypersurface in R

n such
that

|ρ̂dσ(ξ)| = O(|ξ|−β) for some 0 < β ≤ 1/2,

then the maximal operator M is bounded on Lp(Rn)
for every p > 1/β, at least if we assume ρ > 0.
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Now, if n = 3, and if 0 < β ≤ 1/2, then βu(x
0, S) ≥

β for every point x0 ∈ S, so that our Theorem 2.11
implies that 1/β ≥ h(x0, S). Then, if p > 1/β, we
have p > max{2, h(x0, S)}. Therefore, by means of a
partition of unity argument, we obtain from The-
orem 2.2 the following confirmation of the Stein-
Iosevich-Sawyer conjecture in this case.

Corollary 2.13 Let S be a smooth compact hyper-
surface in R

3 satisfying Assumption 2.1, and let ρ >
0 be a smooth density on S. We assume that there is
some 0 < β ≤ 1/2 such that

|ρ̂dσ(ξ)| = O(|ξ|−β).

Then the associated maximal operator M is bounded
on Lp(R3) for every p > 1/β.

We finally remark that the case p ≤ 2 behaves
quite differently, and examples show that neither
condition (2.1) nor the notion of height will be suit-
able to determine the range of exponents p for which
the maximal operator M is Lp-bounded. The study
of this range for p ≤ 2 is work in progress.
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3 A few comments on the proof
of Theorem 2.2

Assume for simplicity that φ is analytic.

3.1 Interplay Newton diagram – roots
of φ

Let κ = (κ1, κ2) with, say, κ2 ≥ κ1 > 0, be a given
weight, with corresponding dilations

δr(x1, x2) := (rκ1x1, r
κ2x2), r > 0.

F on R
2 is κ-homogeneous of degree a, if

F (δrx) = raF (x) for every r > 0, x ∈ R
2.

Such functions will also be called mixed homogeneous.
The exponent a will be denoted as the κ-degree of F.
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principal root jet

Figure 3: Clusters of roots

0-20



Choose a so that the line Lκ := {(t1, t2) ∈ R
2 :

κ1t1+κ2t2 = a} is the supporting line to the Newton
polyhedron N (φ) of φ. The polynomial

φκ(x1, x2) :=
∑

(j,k)∈Lκ

cjkx
j
1x
k
2

is κ-homogeneous of degree a; it will be called the
κ-principal part of φ :

φ(x1, x2) = φκ(x1, x2) + terms of higher κ-degree.

Following Phong and Stein,

φ(x1, x2) = U(x1, x2)x
ν1
1 x

ν2
2

n∏

l=1

Φ [l] (x1, x2),

where U(0, 0) 6= 0 and

Φ [l] (x1, x2) :=
∏

r∈[l]

(x2 − r(x1)).

The roots r(x1) arising in this display can be ex-
pressed in a small neighborhood of 0 as Puiseux se-
ries

r(x1) = cα1

l1
x
al1

1 +cα1α2

l1l2
x
a

α1
l1l2

1 +· · ·+c
α1···αp

l1···lp
x
a

α1···αp−1

l1···lp

1 +· · · ,
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where

c
α1···αp−1β
l1···lp

6= c
α1···αp−1γ
l1···lp

for β 6= γ,

a
α1···αp−1

l1···lp
> a

α1···αp−2

l1···lp−1
,

with strictly positive exponents a
α1···αp−1

l1···lp
> 0 and

non-zero complex coefficients c
α1···αp

l1···lp
6= 0.

Let
a1 < . . . < al < . . . < an

be the distinct leading exponents of all the roots r.

The cluster of roots [l] consists then of all roots

with leading exponent al. The vertices (Al, Bl), l =
0, . . . , n, of the Newton diagram Nd(φ) can then be
computed from the Puiseux expansion of roots above.

Let Ll := {(t1, t2) ∈ N
2 : κl1t1 +κl2t2 = 1} denote

the line passing through the points (Al−1, Bl−1) and
(Al, Bl). Then

κl2
κl1

= al,

which in return is the reciprocal of the slope of the
line Ll. The κl-principal part φκl of φ corresponding
to the supporting line Ll is given by

φκl(x) = cl x
Al−1

1 xBl

2

∏

α

(
x2 − cαl x

al

1

)N [α,l]

.
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In view of this identity, we shall say that the
edge γl := [(Al−1, Bl−1), (Al, Bl)] is associated to
the cluster of roots [l].

If P ∈ R[x1, x2] is any mixed, κ- homogeneous
polynomial with ∇P (0, 0) = 0, let

m(P ) := ord S1P

be the maximal order of vanishing of P along the
unit circle S1 centered at the origin. Then one can
prove

h(P ) = max{m(P ),
1

κ1 + κ2
}. (3.1)

Theorem 3.1 The coordinates x are adapted to φ
if and only if the principal face π(φ) of the Newton
polyhedron N (φ) satisfies one of the following con-
ditions:

(a) π(φ) is a compact edge, say π(φ) = γλ, and either
κ2

κ1
/∈ N, or κ2

κ1
∈ N and m(φp) ≤ d(φ), where κ :=

κλ.

(b) π(φ) consists of a vertex.

(c) π(φ) is unbounded.

Moreover, in this case we have h(φ) = h(φp) =
d(φp).
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3.2 The (easy) case where the coor-
dinates are adapted

Here, and in several other cases, one can apply the
following result, based on the following simple idea:

Fiber S into a one-parameter family of curves
by means of the ”fan” of hyperplanes of R

3 passing
through a given fixed line, say x1 = x3 = 0, and
apply technics, due to Mockenhaupt, Seeger, Sogge
and Iosevich in order to reduce M to estimates for
maximal operators along curves:

Let U be an open neighborhood of the point x0 ∈
R

2, and let φp ∈ C∞(U,R) such that

∂m2 φp(x
0
1, x

0
2) 6= 0, (3.2)

where m ≥ 2. Let

φ = φp + φr,

where φr ∈ C∞(U,R) a sufficiently small perturba-
tion of φp. Denote by Sε the surface in R

3 given by
Sε := {(x1, x2, 1 + εφ(x1, x2)) : (x1, x2) ∈ U}, with
ε > 0, and consider the averaging operators
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Atf(x) = Aεtf(x) :=

∫

Sε

f(x− ty)ψ(y) dσ(y),

where dσ denotes the surface measure and ψ ∈ C∞

0 (Sε)
is a non-negative cut-off function. Define the associ-
ated maximal operator by

Mεf(x) := sup
t>0

|Aεtf(x)|.

Proposition 3.2 Assume that φp satisfies (3.2) and
that the neighborhood U of the point x0 is sufficiently
small. Then there exist numbers M ∈ N, δ > 0, such
that for every φr ∈ C∞(U,R) with ||φr||CM < δ and
any p > m there exists a positive constant Cp such
that for ε > 0 sufficiently small the maximal operator
Mε satisfies the following estimate:

||Mεf ||p ≤ Cp ε
−1/p||f ||p, f ∈ S(R3) .
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Now, if the coordinates are adapted to φ, we can
choose for φp the principal part, i.e., φp = φκλ , of φ
in this proposition. After dyadic decomposition and
re-scaling by means of the dilations given by κ = κλ,
we can then locally apply Proposition 3.2, possibly
after rotating coordinates, provided we can find to
every point x0 with |x0| ∼ 1 a direction e such that

∂me φp(x
0
1, x

0
2) 6= 0 for some 2 ≤ m ≤ h(φ).

However, this is possible in view of Theorem 3.1 and
(3.1). The estimates for the corresponding dyadic
pieces then sum, because of (3.1).
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3.3 The case where the coordinates
are non-adapted

Then π(φ) is a compact edge, say π(φ) = γλ,
κ2

κ1
∈ N

and m(φp) > d(φ), so that there is (exactly) one real
root x2 = b1x

m1

1 of φp of multiplicity bigger than

h(φ), the principal root . Changing coordinates

y1 := x1, y2 := x2 − b1x
m1

1 ,

we arrive at a ”better” coordinate system y. By it-
erating this procedure, we arrive at Varchenko’s al-
gorithm for constructing an adapted coordinate sys-
tem. In the end, one can find a change of coordinates

y1 := x1, y2 := x2 − ψ(x1) (3.3)

leading to adapted coordinates y for φ, where the
principal root jet ψ has a Taylor expansion

ψ(x1) =

K∑

l=1

blx
ml

1 (1 ≤ K ≤ ∞).

In these coordinates y, φ is given by

φ̃(y) := φ(y1, y2 + ψ(y1)),
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and we can look at the Newton diagram Nd(φ̃). If
this has edges γ1, γ2, . . . , we decompose Ω into var-
ious regions adapted to the roots of φ̃ and estimate
the contributions of these regions to the maximal
operator M separately.

More precisely, we decompose into κl-homogeneous
domainsDl containing all roots of φ̃κl , l = 0, . . . , λ−
1, (of multiplicity bounded by h(φ), since they are
away from the principal root jet) and the ”transition
domains” El between these domains, which have no
homogeneous structure (Figure 3).

In the domains Dl, one can eventually argue in a
similar way as in the adapted case by using Propo-
sition 3.2, applied with φp given here by φ̃κl , but
only in direction e = (0, 1) (other directions are for-
bidden because of the non-linear change of coordi-
nates (3.3)!), with one exceptional case. In the tran-
sition domains El, we use bi-dyadic decomposition
into rectangles, re-scale and can eventually also ap-
ply Proposition 3.2 in direction of (0, 1).

What remains after these reductions is a small,
homogenous neighborhood of the principal root jet
ψ (in our original coordinates x) which can no longer
be dealt with by the ”one-dimensional” estimate in
Proposition 3.2.
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This domain is then further decomposed by means
of a stopping time argument into homogeneous do-
mains D′

l and transition domains E′

l , oriented at the
level sets of ∂2φ, which again are chopped up into
dyadic resp. bi-dyadic pieces. After re-scaling, the
contributions of these pieces can eventually be esti-
mated by oscillatory integral technics in 2 variables.

Notice that because of the non-linear change of
coordinates (3.3), we have to deal with uniform es-
timates of oscillatory integrals of the form

J(ξ) =

∫

R2
+

ei(ξ1y1+ξ2ψ(y1)+ξ2y2+ξ3φ̃(y))η(y) dy,

where the interplay between φ̃ and ψ is crucial.
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3.4 Estimates for oscillatory integrals
with small parameters

The most delicate situation that can arise leads to
oscillatory integrals of degenerate Airy type

J(λ, σ, δ) :=

∫

R2

eiλF (x,σ,δ)ψ(x, δ) dx, (λ > 0),

with a phase function F of the form

F (x1, x2, σ, δ) := f1(x1, δ) + σf2(x1, x2, δ),

and an amplitude ψ defined for x in some open neigh-
borhood of the origin in R

2 with compact support in
x. The functions f1, f2 are assumed to be real-valued
and will depend, like the function ψ, smoothly on x
and on small real parameters δ1, . . . , δν , which form
the vector δ := (δ1, . . . , δν) ∈ R

ν . σ denotes a small
real parameter.

With a slight abuse of language we shall say that
ψ is compactly supported in some open set U ⊂ R

2

if there is a compact subset K ⊂ U such that
suppψ(·, δ) ⊂ K for every δ.
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Theorem 3.3 Assume that

|∂1f1(0, 0)| + |∂2
1f1(0, 0)| + |∂3

1f1(0, 0)| 6= 0

and
∂1∂2f2(0, 0, 0) 6= 0,

and that there is some m ≥ 2 such that

∂l2f2(0, 0, 0) = 0 for l = 1, . . . ,m− 1

and
∂m2 f2(0, 0, 0) 6= 0.

Then there exist a neighborhood U ⊂ R
2 of the

origin and constants ε, ε′ > 0 such that for any ψ
which is compactly supported in U the following es-
timate

|J(λ, σ, δ)| ≤
C‖ψ(·, δ)‖C3

λ
1
2
+ε|σ|(lm+cmε)

holds true uniformly for |σ|+ |δ| < ε′, where lm := 1
6

and cm := 1 for m < 6, and lm := m−3
2(2m−3) and

cm := 2 for m ≥ 6.
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Example. Such oscillatory integrals arise e.g. in
the following example:

φ(x1, x2) := (x2 − xm1

1 )l + x2x
n−m1

1 ,

where n/l > m1 ≥ 2. Here, ψ(x1) := xm1

1 , and

φ̃(y1, y2) = yn1 + yl2 + y2y
n−m1

1 .
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