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Statement of the problem

Q is an arbitrary bounded domain in R", f € C5°().
We say that v is a variational solution of the Dirichlet problem if
(=A)"u="f, ue Wm2(Q)

where W™2(Q) be the completion of C§°(£2) with respect to the

norm 1/2
lullwna@ = (3 1D%ulsq))

|a|<m

How smooth is the solution?

’



-

Arbitrary domain

Question 1: Let Q be an arbitrary domain in R".
Is [V™~1u| bounded in Q7?

» n>4 NO
Q=B(0,1)\ {0} cR*

u(x) :=n(x) Z caD” (|X‘2m74 log [x|)

|a|=m—3
where n € C5°(B(0,1/2))
and n=1in B(0,1/4).

Then u satisfies
(=A)"u=f € C©(Q), ue W™2(Q).

But [V™Lu| ~ log |x| & L(Q)




Arbitrary domain

Question 1: Let © be an arbitrary domain in R”.
Is V™= 1u| bounded in Q7

» n>4 NO

» n=2,3 YES

Theorem

Let Q be an arbitrary domain in R3 or R? and u be a solution of

the Dirichlet problem for the polyharmonic equation with
f e C°(R2). Then

V™| € L2(Q).




Green function on an arbitrary 3-dim domain

Theorem
Let Q be an arbitrary domain in R3. Then for every x,y € Q

m—1vm—1 “I(x — C
VSl ST IS ay d 00, a0y

where [(x — y) = Cm|x — y|?™=3 is the fundamental solution for
(=A)™, d(x) is the distance from x to the boundary. In particular,

IVITIVI G, y) < Clx—y[™h Vx,yeqQ,

where G is the Green function for biharmonic equation and C is an
absolute constant.
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Dirichlet problem

Theorem
Let Q be an arbitrary domain in R3 and

Y D, ueWTA(Q).

|a|l=m—1

Then

V™ Lu(x)| < C/ v dy, xeQ
Ja Ix =yl

Corollary

IV Ml @) < ClFloay, P> 3/2




Continuity of V™ 1y

Q=B(0,1)\{0} CcR?
Consider

u(x) == n(x) Z caD%|x|>m3
|a|=m—2
where n € C3°(B(0,1/2))
and n=1in B(O,1/4).

Then u satisfies )
(=A)"u=Ffe (), ue Wml(g)_

The assertion V™~ 1u € L%°(Q) is sharp B
in the sense that it cannot be replaced by V™"~1u € C(Q).

Question 2: Conditions on Q ensuring the continuity of V" 'y at

a boundary point?
y




C% domains

Theorem
Let Q c R3 be a C% domain and m > 2. If

/1 t dt
= 0
o w(t)
then every solution to the polyharmonic equation satisfies

V™tu e C(Q).
Conversely, for every w such that

/1 tdt _

—— < 00

o w(t)

there exists a C% domain and a solution u of the polyharmonic
equation such that V™" tu ¢ C(Q).




Wiener regularity for —A

Let Q be a bounded domain in R",

—Au=FfinQ, feC ), ueW?(Q).
Definition
We say that a point O € 99 is regular if u(x) — 0 as x — O for
any f € C§°(Q).

Theorem (Wiener, 1924)
The point O € 0N is regular if and only if

1
/ cap(B, \ Q) " do = o,
Jo
where

cap(K) = inf{ Vul?dx: ue G°(R"),u>1 on K}

Rn

is the Wiener (harmonic) capacity of a set K (n > 2).




Regularity with respect to (—A)™
Let Q be a bounded domain in R",
(~A)"u=rfinQ, feCFQ), ueWm(Q).

A point O € 9% is regular with respect to (—A)" if u(x) — 0 as
x — O for any f € C5°(Q).
Theorem (V.M., 2002)

Let m=2and n=4,56,7,
orm>3andn=2m,2m+1,2m+ 2.
The point O € 02 is regular with respect to (—A)™ if and only if

1
/ cap(B, \ Q)o*™ "1 do = oo,
0
where

cap(K) = inf{ IV™ul?dx : ue C°(R"),u>1 on K}, n>2m.

Rn




New polyharmonic capacity

Denote by Y/ the spherical harmonics of degree ¢, ¢ > 0, |k| < £.
Let 1 denote the space of functions

3
-

l
> bEYH(x bf € R,

l k=—¢

I
o

equipped with the norm ||P|jn =1/>_ (bé‘)z.
Then for a compactum K C R3\ {O} and P € I we define the
polyharmonic capacity of K by

Capp p (K) = inf [V7ul| 2(r3)

where the infimum is taken over u € W™2(R3\ {O}) such that
u = P in a neighborhood of K.




Continuity of V™ 1y

Let Q be a bounded domain in R3, O € 9Q and
(-A)"u=FfinQ, feCrQ), uveWm(Q).

We say that O € 9Q is (m — 1)-regular with respect to (—A)™ if
V™ lu(x) = 0asx — O, x € Q.

Theorem (S. Mayboroda, V.M.)

1
. / inf = Cap,, p(G\Q)ds =400 = (m — 1)-regularity
0

Pen:||P||=1
1 J—
. inf / Cap,, p (G \ Q) ds = 400 <= (m — 1)-regularity
pPen: ||P|=1 Jo ’

Here Cs = {x € R": 5 < |x| < 2s}.




Exterior of a cusp

I3

QNB(0,1) ={x € B(0,1): 6 > h(r)}
h is nondecreasing, h(2r) < ch(r)

(€2 is exterior of a cusp in a
neighborhood of O )

O is m — 1-regular if and only if

1
/ hs)? % = too
0

S

Compare to Wiener condition for —A:
the point O is regular if and only if

1
/ | log h(s)| ™2 * e
0 S




Example

The complement of Q is a compactum

of zero harmonic capacity situated on a

circular cone

O is not 1-regular with respect to A?

(e.g. consider the solution

u(x) = |x| cosa — x3 on the cone
I

{x: x3 =|x|cosa})
3




Instability of irregularity for A2

The complement of Q is a compactum

(i) given by the points
& &
e _ o nbtpe) i »
B ,a,n)i\\\ _______ B ’,I) . Ak — (2 7a’7r/2)’ Bk = (2 ’a’ﬂ')
oy —k —k
Vo) Ce = (27%,a,37/2), Dy = (275, 5, 0)
\ £
\ i
\ / in spherical coordinates. They do NOT
L) .
\\f,__..___,\/' belong to a common circular cone.
S
1 /
\ / 5 .
V] >k (Bk — a)* = +00 = O is l-regular,
TT’I for example,
v/ if Bk =08 #a = O is l-regular
i)
¢ o

but if 8x = o = O is not 1l-regular.

Therefore, irregularity is not stable under
affine transformations




Convex domain

Let Q be an arbitrary convex domain in R”, f € C§°(€2) and
u € W?2(Q) be a solution of the Dirichlet problem for the
biharmonic equation. Let V2u denote the vector of all second
derivatives.

Question 4: Is |V2?u| bounded in Q7

» n=2 YES V. Kozlov, V.M., 2004
»n>37




Convex domain

Let Q be an arbitrary convex domain in R”, f € C§°(€2) and
u € W?2(Q) be a solution of the Dirichlet problem for the
biharmonic equation. Let V2u denote the vector of all second
derivatives.

Question 4: Is |V2?u| bounded in Q7

» n=2 YES V. Kozlov, V.M., 2004
» n>3 YES S. Mayboroda, V.M., 2007

Theorem

Let Q be a convex domain in R" and u be a solution of the
Dirichlet problem for the biharmonic equation with f € C§°().
Then

IV2u| € L(Q).
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|dentity

Let Q be an arbitrary domain in R3, u € C§°(2) and
v =ef(uo 1. Then for every function g

/R3 AU(X)A<U(X)M1 g(log ]x\1)> dx
= [ [ [6.vPe+200u0Pe + @202
R .JS2
—(Vov)? (83g + g + zg) (B (2a§g 30, g)

1
*3 v (a;*g +20}g — 07g — 28tg)} dwdt.




Lemmas

Lemma
A bounded solution of the equation
dg _d’g d’g _dg
2 — —2—==/(t
gt a3 T de dt ()

subject to the restriction g(t) — 0 as t — +o00, is the function

1 et — 3, t <0,
g(t) = "6 ) e 2 _3et t> 0.
Lemma
For Q, u, v, g as above and € € Q, 7 = log |£| 71

2 Jo s [ A“<X>A(u<x>Ixr‘lg(l<>g(|5|/|x|))) dx.




Theorem

Theorem
Let Q be an arbitrary bounded domain in R3, O € 09,

R € (0, %diam Q). Let
Au=finQ, feCQ\Bir), ue W2Q).
Then

[Vu(x)| <

20

1/2
7[ lu(y)|? dy for every x € Bgys.
7 (BrR\Bgr/4)NQ

’




Convex domains: Identity 1

Let Q be an arbitrary bounded domain in R”, O € R" \ Q and

ue C¥Q), ul =0, Vu| =0, v=-e?(uoxl),
o0 o0

where R" 3 x =% (t,w) € R x "L,

Then for every function g
1
/Au ( )& (log ||~ )) dx
[x|?
— [ [evre+20vimie + @i
()

—(V,v)? (6fg +nog + 2ng) — (0ev)? (28t2g +3nd.g + (n* +2n—4) g)

+; v (8fg +2n03g+ (n* +2n—4) 97g +2n(n — 2) 8tg)} dwdt.

’




’

Convex domains: additional estimates

For every v € W;(Sﬁfl),

1
L vPdw > / Vov]2 duw > (n— 1)/ V2 dw.
2n 51—1 Sn—l Sn—l

+ +

Therefore, for any convex domain Q and any function g > 0 with
02g + ndg <0

)g(log x| )
[ awea (“ELEF) o
> /% o [—(3tv)2 (2a$g +3n0,g + (n° —2) g)

+; v ((’“)?g +2n0g+ (n* —2)0ig —2n Btg>] dwdt.




Convex domains: choice of g

A bounded solution of the equation

d*g dg d’g dg
2n —2)——= —2n— =4(t
dt4+ e T =2) G g =0
subject to g(t) — 0 as t — +o0, is
1 e~ 1/2(n—Vr+8) n?+ 8, t<0,
t)= ————— )
g(t) 2nvn? +8 e V2tV 48)t _\/n2 L 8 e t > 0.

Then for g as above and for every £ € Q, 7 = e ¢l

[ Autoya (HI5SE/ADY

[x["

N~

/ v (71, w) dw

2#(Q)NS"—1

+ / (~2028(t — 7) ~ 3n0eg(t — 7) — (n* ~ 2) a(t — 7)) (Oev)? dvelt
#(Q)

’




’

Convex domains: Identity 2

Suppose Q2 is a bounded Lipschitz domain in R"”, O € R"\ ©, and
ue CHQ), u‘ =0, Vu’ =0, v=-e(uoxl).

o0 o0
Then

QfQ Au(x)A (M) dx — fQ Azu(x) <(X-VU(X))g(Iog|x|1)) dx

x| Ix["
= [ (FHP08 + (07" 005 + 200
»#(Q2

+ (9?v)? (% Oeg + 2ng) + n(V,v)%0.g

+ (0ev)? (—207g — ndZg — 3(n* +2n — 4)d,g — 2n(n — 2)g)) dwdt

_ %/ oy (OV)* +20V) 4 (DV)) g cos(v, ) o,
2(0R2




Convex domains: global estimates

Suppose €2 is a smooth convex domain in R", O € 01,

ue CHQ), u‘ =0, Vu‘ =0, v=-e*(uosxl).
oQ [2}9]

Let £ € Q, 7 = e ¥l. Combining Identities 1 and 2 implies

1
f/ v2(7,w) dw
2/ q@)nsn—1

< (41 [ Bute) (LD

Ix|"

1 [ auge) (o Teooald )

x|




’

Convex domains: local estimates

Theorem
Let Q be a convex domain on R", O € 990 and
R € (0,diam (2)/5). Suppose
A2u=FfinQ, feC&Q\Bsr), ue WZ(Q).
Then
1 ][ 2 C ][ 2
— u(x)|*doy < = u(x)|“dx ¥V p <R,
7 8Bpml ()] i (Bm\BR)mQI (x)| p

where the constant C depends on the dimension only.




Convex domains: local estimates

Theorem
Let Q be a convex domain on R", O € 92 and
R € (0,diam (2)/5). Suppose

A2u=FfinQ, feC&Q\Bsr), ue WZ(Q).

Then

1 ][ 2 C 2
— |u(x)|* dox < ][ lu(x)|“dx V¥V p <R,
r*J oB,n0 R*J (Bar\Br)NQ

where the constant C depends on the dimension only.

We use the previous estimates in R”, localization procedure and

1
/ IV2ul? dx + = |Vul? dx < C4/ |ul? dx.
BrNQ R BrNQ R (BQR\BR)HQ

’




Convex domains: main result

Let Q be a convex domain in R", O € 91, and fix some
R € (0,diam (£2)/10). Suppose u is a solution of the Dirichlet
problem (k) with f € C§°(2\ Bior). Then

1/2
|V2u(x)| < £2 ][ lu(y)|? dy for every x € Br/sM<2,
R (Bsg\Br)NQ2

In particular,

IV2u| € L(9Q).

TS SShShhEEEEEEEESRS




