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Extension problems in the Euclidean Setting

@ S : asubset of RY.
do : a positive measure supported on S.

Question
What are the exponents p and r such that the following estimate holds?

1(fdo)"[| gy < Cpr

fllte(s,doy forall f € LP(S,do),

where (fdo)V is given by the formula

(fdo)" () = / €27 o (x).

XES
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Purpose and Outline

@ To improve the extension theorems associated with paraboloids in the
finite field setting, which Mochenhaupt and Tao have studied.
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Overview of the Proof of the Main Results
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Notation and Fourier Analysis Machinary in the Finite

Field setting

o Fg : a finite field with g elements with Char(Fg) > 2.
]Fg : d—dimensional vector space over .

Doowon Koh (Joint work with Alex losevich) Extension Theorems



Notation and Fourier Analysis Machinary in the Finite

Field setting

o Fg : a finite field with g elements with Char(Fg) > 2.
Fd : d—dimensional vector space over F.

Definition
We define the paraboloid S in Fg by the set

S={(x,xd) : x €Fy ', xg = x-x € Fg}.

Let x be a nontrivial additive character of IF,. We denote by do the
normalized surface measure on S. Given f : Fg — C, we define the inverse
Fourier Transforms of f and fdo as follows.

fY(m) =g~ X x(x- mf(x).

x€Fg
(fdo)¥(m) = 15 %:SX(X -m)f(x),

where |S| denotes the number of elements in S.
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Norms Related to Function Spaces and Frequency Spaces

o We denote by (FJ, dx) a d-dimensional vector space with the

normalized counting measure dx, and by (IF‘g, dm) the dual space with
the counting measure dm.

Definition

For each 1 < p, r < oo, we define

12, gy = 9% Z £GP

x€Fd
|| an,(mm): > |F(m)l
’ me]Fﬁ’7
||f||Lp(5 do) | > f(x)[P.
XES

We denote by||f|| e~ the maximum value of f.
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Definition of Extension Theorems in the Finite Field

Setting

o letl <p,r <.

Definition
We define R*(p — r) to be the best constant such that the extension
estimate

1(fdo) " || e (d,dm) < R*(P — N)lIf[l1o(5,d0)

holds for all functions f on S.

What is the set of exponents p and r such that R*(p — r) < 17
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Results by Mochenhaupt and Tao

@ In two dimension, the extension problem was completely solved by
Mockenhaupt and Tao.
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Results by Mochenhaupt and Tao

@ In two dimension, the extension problem was completely solved by
Mockenhaupt and Tao.

@ In higer dimensions d > 3, they showed that

2d—|—2)<1

RE=5=7)=

in which the exponents are known as the standard Stein-Tomas
exponents.
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Results by Mochenhaupt and Tao

@ In two dimension, the extension problem was completely solved by
Mockenhaupt and Tao.

@ In higer dimensions d > 3, they showed that

2d +2

R(2—> -1

) S 1
in which the exponents are known as the standard Stein-Tomas
exponents.

@ In particular, in the case when d = 3, and —1 is not a square number

in Fgq, they obtained the "p" index improvement of the Stein-Tomas
exponents R*(2 — 4) by showing that R*(§ — 4) < 1.
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Main Results

@ In higher even dimensions d > 4, the following theorems give better
exponents than the Stein-Tomas exponents.

Let S be the paraboloid in Fg. If d > 4 is even, then we have

R*(p — 4—) é 1 for all pP Z 3d——2,

R*(2—r)<1 forall r>L
~ ~d?-2d+2
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Main Results

@ In higher even dimensions d > 4, the following theorems give better
exponents than the Stein-Tomas exponents.

Let S be the paraboloid in IFg'. If d > 4 is even, then we have

R*(p — 4—) é 1 for all pP Z 3d——27

R*(2—r)<1 forall r>L
~ ~d?-2d+2

@ The following theorem enables us to extend the work by
Mockenhaupt and Tao to higher odd dimensions d > 7.

If =1 is not a square number in Fq and the dimensions d = 4k + 3 for
some k € N, then the conclusions in above theorem hold.
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In even dimensions d > 4, exponents for R*(p — r) bound

1

12 3 (=i
R
(d-1)2d =@
, Possible exponents
d ;idﬂ Theorem 2
Improved exponents
(@=D/Cd) Theorem 1
14 T
Tomas—Stein exponents
0 +— + - 1p
o 0 (@2d+2)2¢ 172 (3d-2)/4d 1
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In Odd Dimensions d > 3, the Necessary Conditions for

R*(p — r) bound

1/r

12 1

(d-1)2d
Necessary conditions

(d-1)/2d+2)

L _ (-bd-h
T T T p@rD

/4

Tomas—Stein exponents

0 t t t
[~ 0 (d-1)2d 12 1

1p
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Overview of the Proof of LP — L* results

o We shall write E(x) for xg(x). Let S C Fd be the paraboloid. The
usual dyadic pigeonholing argument , it is enough to show that

I(Edo) || 4rd dm) S IIEllimo(s,00),  forall ECS, (1)

where pg = %. Expanding both sizes in (1) and using |S| = q9~1,

it suffices to show that

o 3d—4 it
N(E) S |E|Pog>@ g o forall ECS, (2)
where Ay(E) = > 1.
x.y,z,wek
X+y=z+w
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Overview of the Proof of LP — L* Results(Continued)

@ We shall need the following estimate.

Let S be the paraboloid in (Iﬁ‘g, dx). In addition, we assume that the
dimension ofIFg, d >4, is even. If E is any subset of S then we have

. _ d—2 5) d—2
N(E) Smin{|EP?, g HEP+q 7 |[E]2+q 2 |Ef}

Note that above Lemma implies that if d > 4 is even and E is any
subset of the paraboloid S, then

g |E]? if g2 S|E|S g7t
M(E)SS g |E|2  if ¢ SIEISq™
|E® if 15|

Using these upper bounds of A4(E) depending on the size of the
subset of S, the inequality in (2) follows by the direct calculation.
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