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Non-Abelian Hodge Theory

» Simpson (1990), Hitchin (1987) for Riemann surfaces

» G reductive complex algebraic group, M smooth complex
projective variety

» Betti cohomology:

My = HA (M, G) = { moduli space of representations }

of 7T1(M) — G

» De Rham cohomology:

Mpr = Hpr(M, G) = {moduli space of flat G-connections on M}
» Delbeault cohomology:
Mpel = HL (M, G) = {moduli space of G-Higgs bundles on M}

» Non-Abelian Hodge Theorem: Mpg Zgirr MpDR Zdirf MB



Geometric aspects of NAHT for Riemann surfaces

» G =GL, = GL(n,C);
M =%, coloured Riemann surface:
» ¥ compact Riemann surface with punctures

> a1,...,ax € X coloured by
> = (ut,. .., uk) € P(n)tk} 3 partition of n at each
puncture

. ME moduli space of solutions of
Hit = 1 Hitchin self-duality equations on ¥,

hyperkahler: (M, =M,
RH
(Mg, J) = (Mg, K) = Mpg = Mg

RH: Mt, — M4
(Ey,V) +—  monodromy(V)



Geometric aspects of NAHT for Riemann surfaces

. ME = moduli space of u-parabolic rank n
Dol Higgs bundles (E,, ¢) on ¥

the Hitchin map:

)(:./\/l%o1 — H*
(Eﬂ,¢) — CharPo/(<Z>)

is a completely integrable Hamiltonian system;

» C* acts on M | by (Eu, &) — (Eu, A®)

downward Morse flow = x~1(0), the nilpotent cone .



Geometric aspects of NAHT for Riemann surfaces
> (C~1, . ,5k) semisimple conjugacy classes in GL, of type pu.
A1, By, ....,A,, B, € GL, C1€él CkGCNk }
MM = I I y /gy &g ) ) ’ GL
B { [A1,B1] -+ [Ag, BglCi -+ Ck = I //GLn
» (C1,...,Ck) semisimple adjoint orbits in gl,, of type u.

moduli space of meromorphic rank n flat connections
with simple poles at the punctures and residue in C;

MgR::{
When & = P! 3 point in

gives meromorphic flat connection Zf-‘zl Ci-%2 ¢ MK, on P!

iz—a,-
4
u p
Q' C Mpy



Cohomological aspects of NAHT for X,

> Morse theory for CXC MY | by (Ey, ¢) — (Epu, Ap)
4
H MB) = H (N 0) = @ H™N(F)

UF,':(M‘L]SOI)CX

» Mixed Hodge structure is pure on H*(MY, |) and H*(M5R)
but is not pure on H*(MF)



Cohomological aspects of NAHT for X,
» Purity Conjecture:

Pure part of H*(MJ) = H*(QH), if p is indivisible.
PH(Mg, /@) = Ar,(Vy, q), if p is divisible.
¢

Kac's conjecture for star-shaped quivers [,

» Curious Poincaré Duality Conjecture:
HP’P;k(Mg) o Hdwp,drp:dﬁkﬁp(/\/lg)
4
PH*(Mig) = H% (M)
» Master Conjecture with Macdonald polynomials Hy(x;; g, t)

T O M) = (60 (g ~ 1)(1 = )
(Log (Saer (101 F(xii 0 22)) Hala, ) e )

» the pure part and the t = —1 specialization of the Master
Conjecture are theorems of (Hausel, Letellier, Villegas; 2007)



Aspects of NAHT for 2# (M. 8)

/ ! N
-1 1 ~ o IS\I:I o
x (0)C My, Zairr Mpgr = Mg
Xl J

HH QM

» Purity Conjecture: PH*(M4%) = H*(Q")
» Curious Poincaré Duality:
HP’P?"(M%) o Hdrp,drp;dﬁk%p(Mlé)

» Master Conjecture: combinatorial formula for
Pk 1z k
>pk PP (ME)qPt



Aspects of NAHT for 2# (M. 8)

/ ! N
-1 13 ~ o IS\I:I o
x (0)C Mp, Zairr Mpgr = Mg
Xl J

HH QH

» Purity Conjecture: PH*(M4%) = H*(Q")

» Curious Poincaré Duality:
Pik( AEY o Hdu—p,du—pidu+k—2
HPPK(MBEY 22 HoumPdu=pidutk=2p( Al

» Master Conjecture: combinatorial formula for
Pk 1z k
>pk PP (ME)qPt



Quiver varieties

> Quiver [ = (V, &), dimension vector v = (v1,...,v,) € NV
~ Q¥ := T*Rep(l,v)////GLy
a smooth hyperkahler quiver variety

» Recall
Fi={Gel,....,CeClCG+---+ C =0} //GL,

Observation: Q* =2 QY» is the quiver variety associated to a
certain star-shaped quiver I',, and dimension vector v,

> [Crawley-Boevey—Shaw, 2006]: (I',v) ~ MY multiplicative
quiver variety, using group valued symplectic quotients of
Alekseev-Malkin-Meinrenken.

For a star-shaped quiver [',;:

MV“NM# —{Cl eCl,...,Ckeék]Cl---Ck:I}//GLn



Graphical Non-Abelian Hodge Theory Wannabe for (I, v):

(M, 8)
7 ! N\
1 v oo v R g
Xy (0) C Mpy Zaire bR = Mg
wl J
HY QY

» Purity Conjecture: PH*(MY;) = H*(Q")

» Curious Poincaré Duality:
Hp,p;k(M\é) o Hdv*P’dv*P?dv+k72P(M‘é)

» Master Conjecture: combinatorial formula for
>k MPPH(ME) Pt
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Graphical Non-Abelian Hodge Theory would

» unify NAHT with the theory of quiver varieties
(~ representation theory of Kac-Moody algebras, Nakajima)

» the Graphical Hitchin map xy : M}, — H" would give many
more examples of ACIHS

> the Graphical Purity conjecture PH.(MY,/q) = Ar(vy, q)
would imply Kac’s conjecture from 1982 that the coefficients
of Ar(v,, q) are positive



Toric hyperkahler varieties

> [Bielawski-Dancer, 2000] differential geometric,
[Hausel-Sturmfels, 2002] algebraic combinatorics approach

» Basic Hamiltonian action: T := C*CC? A(z, w) = (Az, \"*w)
with moment map p := C? — C u(z,w) = zw

> B affine hyperplane arrangement in Q9, with |[B| =n—d ~
T?{d C T"C(C?)" with moment map yuz : (C?)" — C"~9 ~
toric hyperkahler variety Q8 := 1z'(0)//oT"~¢

Example: T ~» cographic Br ~ QB = Q1 toric quiver variety
> b2 (QP) = he(Ms) = 32720 (~1) (1) i(Bia)

> middle Betti number byy(QB) = fy4(Bpg) number of top
dimensional bounded regions,
Euler characteristic ), byx(Qg) = fo(Bbg) number of vertices



Toric Non-Abelian Hodge Theory for :

(Mgiwg)
/ ! N
RH
xgl(O)C Mgol =diff MBR = Mg
xB | J /!

HB QB

» Purity Conjecture: PH*(M5) = H*(Q5)

» Curious Poincaré Duality:
Hp,p;k(Mg) o dep,dfp;d+k72p(Mg)

» Master Conjecture: combinatorial formula for
>k MPPH(ME)gPth



Construction of M5

» Z:=C%2\{zw+1 =10}
basic action: T := C*CZ Mz, w) = (Az, \"1w)

dzAdw
1+zw

group-valued moment map ¢ :=27 — C* d(z,w) =1+ zw

holomorphic symplectic form:

» B, affine hyperplane arrangement in Q9, with |B| = n—d ~
Tg ¢ c T"CZ"
group-valued moment map ®5 : (Z2)" — T"—¢
~» toric Betti space ME := d)gl(l)//gﬂl“”_d

Example: I ~» cographic Br ~» Mﬁf = M}, toric
multiplicative quiver variety of [Crawley-Boevey—Shaw, 2006]

> E(MB,q) =X, PPH(ME)gP(—1)k =
S hi(Mg)(? — g+ 1)4q" = E(ME, q) = q?E(ME, 1/q)
0

Toric Curious Poincaré Duality



Toric Riemann-Hilbert map and Toric Purity Conjecture

» The local analytical isomorphism RHz : C2 — Z:

(z W) €C2 R_f"z) (Z7 eXP(ZW) 1) c Z Z#O
’ (0, w) €z z=0

zw | 11+ zw
C = Cx

» This induces a local analytical isomorphism RHp : QF — M5

» For many B we can algebraically embed iz : Mg — QB
RHp o i induces an isomorphism on H*(Qpg).

= PH*(MBE) =2 H*(Qp), the Toric Purity Conjecture



Construction of M5

>

>

Ba,. = {n€RYnecZ} ~ QB (aka Ay ALE space)

TC QPA~ , moment map fa, - OPrs — (C,

,u;olo(O) infinite chain of P!'s, ,u;jo(x) =C*, x#0.
7.C QBAx by shifting the chain of P!'s on ,u;olo (0)
multiplying by x on /‘Z:o (x)=C*

T:=pu3' (A)/Z, A={]x| <1} CC,

TCT, moment map x7: T — A.
x7(0) = nodal P, x7}(x) = elliptic curve, x # 0
~» Tate curve

B, affine hyperplane arrangement in Q9, with |B| = n —d
~ ’]I‘g_d c T"CT" moment map pg: T" — C"—¢
~» toric Dolbeault space MB_, := ,u}l(O)//g']I'”_d



Toric Hitchin map and Curious Poincaré Duality

> x7: T — A~ xp: MB, — A9 ACIHS toric Hitchin map

Xgl(O) toroidal core: toric varieties glued together over the
bounded regions in the toroidal hyperplane arrangement

B:=(B+179)/29 c RY/z4 = U(1)9
= byg(ME,) = fu(B)

» simple combinatorial Morse theory on the toroidal hyperplane
arrangement B implies that

f4(B) = #{ top dimensional regions of B } = # { vertices of B}

#{vertices of B} = #{vertices of B} = fo(Bpq) Z bi(QF)

= H?I(ME) = H*(QPF), a consequence of Curious Poincaré
Duality, if we assume M5B | =g M5



Example: Calabi- T*P?

N

AN

» BCR?: \

> Q8 > T*P2 = {3101 + Z0n + 233 = 0}//4T
ME = mT*P? = {(1+ z1w1)(1 + zowp)(1 + zzws) = 1}//¢T
2,- = zj, |7V1 = wq, ﬁ/2 = (1 +Z]_W1)W27

W3 = (1+ zzw1)(1 + z2w2)ws

(1+ziw1)(1+22w2)(1+z3w3) = 1 = Z10in + ZoWin + 2303 = 0
!
15 : ME — OF algebraic embedding ~» PH*(M5) = H*(Q5)




Example: Calabi- T*P?

> B=(B+2?)/7? \

> Xgl(O) is three toric varieties glued together according to the
toroidal hyperplane arrangement
> by(MB,|) = #{ 2-dimensional regions in B} =3 =
#{ vertices of B} = bo( T*P?) + by(T*P?) + by( T*P?)
.
HY(mT*P?) = H*(T*P?)
> Y,k BPPR(mTP?)gPth =
1+ 2qt + qt? + 2¢°t% + ¢?°t* + >t* + 24313 + ¢*t?




Toric Non-Abelian Hodge Theory for B:

RHp
Xgl(O)C M%ol MgR = Mg
X J

HB QB

» Purity Conjecture: PH*(M5) = H*(QF)
>

» Master Conjecture: combinatorial formula for
Pk B k
2 pk HPPH(ME)aPt



