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Representations of symmetric groups Sn

Our favorite group today is the symmetric group Sn.
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Representations of symmetric groups Sn

Our favorite group today is the symmetric group Sn.

Representation of Sn is a homomorphism ρ : Sn → End(V ), where
V is a finite-dimensional (complex) vector space.
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Representations of symmetric groups Sn

Our favorite group today is the symmetric group Sn.

Representation of Sn is a homomorphism ρ : Sn → End(V ), where
V is a finite-dimensional (complex) vector space.

Representation is irreducible if V has no invariant subspaces.
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Representations of symmetric groups Sn

Our favorite group today is the symmetric group Sn.

Representation of Sn is a homomorphism ρ : Sn → End(V ), where
V is a finite-dimensional (complex) vector space.

Representation is irreducible if V has no invariant subspaces.

Every irreducible representation ρλ of Sn corresponds to some
Young diagram λ with n boxes.
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Representations of symmetric groups Sn

Our favorite group today is the symmetric group Sn.

Representation of Sn is a homomorphism ρ : Sn → End(V ), where
V is a finite-dimensional (complex) vector space.

Representation is irreducible if V has no invariant subspaces.

Every irreducible representation ρλ of Sn corresponds to some
Young diagram λ with n boxes.

What happens to representations of Sn when n→∞?
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Reducible representations and random Young diagrams

Every reducible representation ρ of Sn defines the canonical
probability measure on Young diagrams with n boxes, given as
follows.
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Reducible representations and random Young diagrams

Every reducible representation ρ of Sn defines the canonical
probability measure on Young diagrams with n boxes, given as
follows.

We decompose ρ as a direct sum of irreducible representations.

P(λ) =
(multiplicity of ρλ in ρ)(dimension of ρλ)

(dimension of ρ)
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Reducible representations and random Young diagrams

Every reducible representation ρ of Sn defines the canonical
probability measure on Young diagrams with n boxes, given as
follows.

We decompose ρ as a direct sum of irreducible representations.

P(λ) =
(multiplicity of ρλ in ρ)(dimension of ρλ)

(dimension of ρ)

Concrete problem for today

For each n let ρn be a representation of Sn and
λn be a random Young diagram distributed according to ρn.
What are the statistical properties of λn in the limit n→∞?
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Example of a concrete problem:

Restriction of irreducible representations

We consider a Young diagram ν with a
shape of a n× n square and the
corresponding irreducible representation
ρν of Sn2 .
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Example of a concrete problem:

Restriction of irreducible representations

We consider a Young diagram ν with a
shape of a n× n square and the
corresponding irreducible representation
ρν of Sn2 .

Problem

What is the distribution of the random
Young diagram associated to the
restriction of the representation ρν to a
subgroup S 1

2
n2?
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Alternative description of the problem:

Young tableaux
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Alternative description of the problem:

Young tableaux

A Young tableau is a filling of this
Young diagram with numbers 1, . . . , n2

such that the numbers increase along
the diagonals ր, տ.
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Alternative description of the problem:

Young tableaux
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16
A Young tableau is a filling of this
Young diagram with numbers 1, . . . , n2

such that the numbers increase along
the diagonals ր, տ.

skip the animation
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Alternative description of the problem:

Young tableaux
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A Young tableau is a filling of this
Young diagram with numbers 1, . . . , n2
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Piotr Śniady Asymptotics of representations of symmetric groups



Problem: Representations of symmetric groups Sn
Tools: Permutationally invariant random matrices

Main result: Gaussian fluctuations of Young diagrams

What is asymptotic theory of representations?
Kerov’s transition measure
Outlook

Alternative description of the problem:

Young tableaux

1

2

3

4

5

6 7

89 10

1112 13

A Young tableau is a filling of this
Young diagram with numbers 1, . . . , n2
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Removal of boxes
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Problem

From a randomly chosen Young tableau
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Alternative description of the problem:

Removal of boxes
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3
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89 10

1112 13

1415

16

Problem

From a randomly chosen Young tableau
we remove all boxes with numbers
bigger than 1

2n2.
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Alternative description of the problem:

Removal of boxes
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2

3

4

5

6 7

8

Problem

From a randomly chosen Young tableau
we remove all boxes with numbers
bigger than 1

2n2.
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Alternative description of the problem:

Removal of boxes
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6 7
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Problem

From a randomly chosen Young tableau
we remove all boxes with numbers
bigger than 1

2n2.
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Alternative description of the problem:

Removal of boxes

1

2

3

4

5

6 7

8

Problem

From a randomly chosen Young tableau
we remove all boxes with numbers
bigger than 1

2n2.
What is the distribution of the resulting
Young diagram?
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Representations and non-commutative probability

Let a representation ρ of Sn be fixed.

Piotr Śniady Asymptotics of representations of symmetric groups



Problem: Representations of symmetric groups Sn
Tools: Permutationally invariant random matrices

Main result: Gaussian fluctuations of Young diagrams

What is asymptotic theory of representations?
Kerov’s transition measure
Outlook

Representations and non-commutative probability

Let a representation ρ of Sn be fixed.
Let A = C[Sn] be the algebra of non-commutative random
variables.
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Representations and non-commutative probability

Let a representation ρ of Sn be fixed.
Let A = C[Sn] be the algebra of non-commutative random
variables.
Let the expected value E : A → C be given by the character

E[x ] = χρ(x) = tr ρ(x)
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Representations and non-commutative probability

Let a representation ρ of Sn be fixed.
Let A = C[Sn] be the algebra of non-commutative random
variables.
Let the expected value E : A → C be given by the character

E[x ] = χρ(x) = tr ρ(x) =
Tr ρ(x)

dimension of ρ
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Empirical eigenvalues distribution

If M ∈Md(C) is a non-random matrix with eigenvalues
z1, . . . , zd ∈ R we define its eigenvalues distribution as

µM =
1

d
(δz1 + · · ·+ δzd

) .
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Empirical eigenvalues distribution

If M ∈Md(C) is a non-random matrix with eigenvalues
z1, . . . , zd ∈ R we define its eigenvalues distribution as

µM =
1

d
(δz1 + · · ·+ δzd

) .

If M is random then its eigenvalues distribution µM is a random
probability measure on R, called empirical eigenvalues distribution.
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Empirical eigenvalues distribution

If M ∈Md(C) is a non-random matrix with eigenvalues
z1, . . . , zd ∈ R we define its eigenvalues distribution as

µM =
1

d
(δz1 + · · ·+ δzd

) .

If M is random then its eigenvalues distribution µM is a random
probability measure on R, called empirical eigenvalues distribution.

Information about µM is contained in random variables
∫

xk dµM , k = 1, 2, . . .

Piotr Śniady Asymptotics of representations of symmetric groups



Problem: Representations of symmetric groups Sn
Tools: Permutationally invariant random matrices

Main result: Gaussian fluctuations of Young diagrams

What is asymptotic theory of representations?
Kerov’s transition measure
Outlook

Empirical eigenvalues distribution

If M ∈Md(C) is a non-random matrix with eigenvalues
z1, . . . , zd ∈ R we define its eigenvalues distribution as

µM =
1

d
(δz1 + · · ·+ δzd

) .

If M is random then its eigenvalues distribution µM is a random
probability measure on R, called empirical eigenvalues distribution.

Information about µM is contained in random variables
∫

xk dµM , k = 1, 2, . . .

E

[∫
xk1 dµM

]
· · ·

[∫
xks dµM

]
= E tr Mk1 · · · tr Mks
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Empirical eigenvalues distribution

If M ∈Md(C) is a non-random matrix with eigenvalues
z1, . . . , zd ∈ R we define its eigenvalues distribution as

µM =
1

d
(δz1 + · · ·+ δzd

) .

If M is random then its eigenvalues distribution µM is a random
probability measure on R, called empirical eigenvalues distribution.

Information about µM is contained in random variables
∫

xk dµM , k = 1, 2, . . .

E

[∫
xk1 dµM

]
· · ·

[∫
xks dµM

]
: = E tr Mk1 · · · tr Mks

can be used as an alternative definition of empirical eigenvalues
distribution!
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Kerov’s transition measure

Define Biane’s matrix J

J =




0 (1, 2) . . . (1, n) 1
(2, 1) 0 . . . (2, n) 1

...
...

. . .
...

...
(n, 1) (n, 2) . . . 0 1

1 1 . . . 1 0



∈Mn+1 ⊗ C[Sn]
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Kerov’s transition measure

Define Biane’s matrix J

J =




0 (1, 2) . . . (1, n) 1
(2, 1) 0 . . . (2, n) 1

...
...

. . .
...

...
(n, 1) (n, 2) . . . 0 1

1 1 . . . 1 0



∈Mn+1 ⊗ C[Sn]

We view J as a random matrix with non-commutative entries.
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Kerov’s transition measure

Define Biane’s matrix J

J =




0 (1, 2) . . . (1, n) 1
(2, 1) 0 . . . (2, n) 1

...
...

. . .
...

...
(n, 1) (n, 2) . . . 0 1

1 1 . . . 1 0



∈Mn+1 ⊗ C[Sn]

We view J as a random matrix with non-commutative entries.
We view tr Jk ∈ C[Sn] (for k = 1, 2, . . . ) as random
variables.
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Kerov’s transition measure

Define Biane’s matrix J

J =




0 (1, 2) . . . (1, n) 1
(2, 1) 0 . . . (2, n) 1

...
...

. . .
...

...
(n, 1) (n, 2) . . . 0 1

1 1 . . . 1 0



∈Mn+1 ⊗ C[Sn]

We view J as a random matrix with non-commutative entries.
We view tr Jk ∈ C[Sn] (for k = 1, 2, . . . ) as classical random
variables.
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Kerov’s transition measure

Define Biane’s matrix J

J =




0 (1, 2) . . . (1, n) 1
(2, 1) 0 . . . (2, n) 1

...
...

. . .
...

...
(n, 1) (n, 2) . . . 0 1

1 1 . . . 1 0



∈Mn+1 ⊗ C[Sn]

We view J as a random matrix with non-commutative entries.
We view tr Jk ∈ C[Sn] (for k = 1, 2, . . . ) as classical random
variables.
Kerov’s transition measure µρ corresponding to ρ is defined as the
empirical eigenvalues distribution of J.
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Kerov’s transition measure 2

(random Young diagram λ)←→
←→ (random transition measure µρ = µλ)
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Kerov’s transition measure 2

(random Young diagram λ)←→
←→ (random transition measure µρ = µλ)

for details ask me during coffee break. . .
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Kerov’s transition measure 2

(random Young diagram λ)←→
←→ (random transition measure µρ = µλ)

for details ask me during coffee break. . .

Young diagram λ with n boxes is balanced if it has at most C
√

n
rows and columns.
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Kerov’s transition measure 2

(random Young diagram λ)←→
←→ (random transition measure µρ = µλ)

for details ask me during coffee break. . .

Young diagram λ with n boxes is balanced if it has at most C
√

n
rows and columns. For a balanced diagram λ its transition
measure µλ is supported on [−C

√
n,C
√

n].
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Kerov’s transition measure 2

(random Young diagram λ)←→
←→ (random transition measure µρ = µλ)

for details ask me during coffee break. . .

Young diagram λ with n boxes is balanced if it has at most C
√

n
rows and columns. For a balanced diagram λ its transition
measure µλ is supported on [−C

√
n,C
√

n].

Normalized Biane’s matrix J̃ = 1√
n
J has spectral measure equal to

1√
n
µλ, supported on [−C ,C ]. Corresponds to rescaled Young

diagram 1√
n
λ.
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Functionals of Young diagrams

Concrete problem for today, reformulated

Suppose that ρn is a representation of Sn and λn is the
corresponding random Young diagram.
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Functionals of Young diagrams

Concrete problem for today, reformulated

Suppose that ρn is a representation of Sn and λn is the
corresponding random Young diagram.
What can we say about the fluctuations of shape of λn for

n→∞?
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Functionals of Young diagrams

Concrete problem for today, reformulated

Suppose that ρn is a representation of Sn and λn is the
corresponding random Young diagram.
What can we say about the fluctuations of shape of λn for

n→∞?
Namely, what can we say about the random variables

Mk(J) =

∫
xk dµλn , k = 1, 2, . . .?
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Functionals of Young diagrams

Concrete problem for today, reformulated

Suppose that ρn is a representation of Sn and λn is the
corresponding random Young diagram.
What can we say about the fluctuations of shape of 1√

n
λn for

n→∞?
Namely, what can we say about the random variables

Mk(J̃) =
1
√

n
k
Mk(J) =

1
√

n
k

∫
xk dµλn , k = 1, 2, . . .?
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What is asymptotic theory of representations?
Kerov’s transition measure
Outlook

Outlook

Good news: questions on representations of Sn are reduced to
random matrix theory, free probability theory, higher-order free
probability.

Bad news: entries of our matrices do not commute. Good
news: we do not care.

Bad news: the random matrices which we are going to study
have a not-so-nice symmetry.

Bad news: we have to find the relation between the characters
of Sn and moments of the entries of J.

Strange news: fluctuations are almost the same as for
unitarily invariant random matrices, higher order freeness,. . .
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1 Problem: Representations of symmetric groups Sn

2 Tools: Permutationally invariant random matrices
Permutationally invariant random matrices
Partitions and genus expansion

3 Main result: Gaussian fluctuations of Young diagrams
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Permutationally invariant random matrices

Let [Mij ]1≤i ,j≤d be a random matrix (possibly, with
non-commuting entries).
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Permutationally invariant random matrices

Let [Mij ]1≤i ,j≤d be a random matrix (possibly, with
non-commuting entries).
We say that M is permutationally invariant if for any permutation
π ∈ Sd

E
[
Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

]
=
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Permutationally invariant random matrices

Let [Mij ]1≤i ,j≤d be a random matrix (possibly, with
non-commuting entries).
We say that M is permutationally invariant if for any permutation
π ∈ Sd

E
[
Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

]
= E

[
Mπ(i1)π(i2) · · ·Mπ(ik−1)π(ik )Mπ(ik)π(i1)

]
.
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Permutationally invariant random matrices

Let [Mij ]1≤i ,j≤d be a random matrix (possibly, with
non-commuting entries).
We say that M is permutationally invariant if for any permutation
π ∈ Sd

E
[
Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

]
= E

[
Mπ(i1)π(i2) · · ·Mπ(ik−1)π(ik )Mπ(ik)π(i1)

]
.

Very weak condition!
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Permutationally invariant random matrices

Let [Mij ]1≤i ,j≤d be a random matrix (possibly, with
non-commuting entries).
We say that M is permutationally invariant if for any permutation
π ∈ Sd

E
[
Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

]
= E

[
Mπ(i1)π(i2) · · ·Mπ(ik−1)π(ik )Mπ(ik)π(i1)

]
.

Very weak condition!

Example

J =




0 (1, 2) . . . (1, n) 1
(2, 1) 0 . . . (2, n) 1

...
...

. . .
...

...
(n, 1) (n, 2) . . . 0 1

1 1 . . . 1 0




is permutationally invariant.
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Two traces

For a matrix M we usually consider the normalized trace

tr M =
Tr M

Tr 1
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Two traces

For a matrix M we usually consider the normalized trace

tr M =
Tr M

Tr 1

But today we prefer a different functional

tr1 M = M11.
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Two traces

For a matrix M we usually consider the normalized trace

tr M =
Tr M

Tr 1

But today we prefer a different functional

tr1 M = M11.

Example

For Biane’s matrix J
tr1 Jk = tr Jk .
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Macroscopic vs microscopic quantities

What is the relation between

macroscopic: distribution and fluctuations of eigenvalues,
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Macroscopic vs microscopic quantities

What is the relation between

macroscopic: distribution and fluctuations of eigenvalues,

microscopic: joint distribution of a small number of entries.
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Macroscopic vs microscopic quantities

What is the relation between

macroscopic: distribution and fluctuations of eigenvalues,

microscopic: joint distribution of a small number of entries.

Example

micro: ρ is the left-regular representation ←→ joint distribution of
entries in Biane’s matrix is specified
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Macroscopic vs microscopic quantities

What is the relation between

macroscopic: distribution and fluctuations of eigenvalues,

microscopic: joint distribution of a small number of entries.

Example

micro: ρ is the left-regular representation ←→ joint distribution of
entries in Biane’s matrix is specified
macro: What are the fluctuations of a random irreducible
component. ←→ what are the fluctuations of eigenvalues of
Biane’s matrix?
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Permutationally invariant random matrices
Partitions and genus expansion

Partitions

If p is a partition of {1, . . . , k} we define

Σp(M) = Σp =
∑

i=(i1,...,ik)
i∼p
i1=1

Mi1i2Mi2i3 · · ·Mik−1ik Mik i1
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Partitions

If p is a partition of {1, . . . , k} we define

Σp(M) = Σp =
∑

i=(i1,...,ik)
i∼p
i1=1

Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

Example

For p = 1 2 3 4 5 6 7 we sum over (i1, . . . , i7) = (1, a, 1, b, a, c , a)

such that 1, a, b, c are all different,
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Partitions

If p is a partition of {1, . . . , k} we define

Σp(M) = Σp =
∑

i=(i1,...,ik)
i∼p
i1=1

Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

Example

For p = 1 2 3 4 5 6 7 we sum over (i1, . . . , i7) = (1, a, 1, b, a, c , a)

such that 1, a, b, c are all different,

Σp =
∑

a,b,c:
1,a,b,c all different

M1aMa1MbaMacMcaMa1
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Partitions

If p is a partition of {1, . . . , k} we define

Σp(M) = Σp =
∑

i=(i1,...,ik)
i∼p
i1=1

Mi1i2Mi2i3 · · ·Mik−1ik Mik i1
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Partitions

If p is a partition of {1, . . . , k} we define

Σp(M) = Σp =
∑

i=(i1,...,ik)
i∼p
i1=1

Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

Lemma

tr1 Mk =
∑

p:partition of {1,...,k}
Σp
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Partitions

If p is a partition of {1, . . . , k} we define

Σp(M) = Σp =
∑

i=(i1,...,ik)
i∼p
i1=1

Mi1i2Mi2i3 · · ·Mik−1ik Mik i1

Lemma

tr1 Mk =
∑

p:partition of {1,...,k}
Σp

tr1 Mk1 · · · tr1 Mkl =
∑

p:partition of {1,...,k1+···+kl}
p connects 1,1+k1,1+k1+k2,...

Σp
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Permutationally invariant random matrices
Partitions and genus expansion

Normalized conjugacy classes

For integers k1, . . . , km ≥ 1 we define the conjugacy class
Ck1,...,km

∈ C[Sn] as a linear combination of all permutations which
in a cycle decomposition have cycles of length k1, . . . , km.
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Normalized conjugacy classes

For integers k1, . . . , km ≥ 1 we define the conjugacy class
Ck1,...,km

∈ C[Sn] as a linear combination of all permutations which
in a cycle decomposition have cycles of length k1, . . . , km.

Example

C3,2 =
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Normalized conjugacy classes

For integers k1, . . . , km ≥ 1 we define the conjugacy class
Ck1,...,km

∈ C[Sn] as a linear combination of all permutations which
in a cycle decomposition have cycles of length k1, . . . , km.

Example

C3,2 =
∑

a1,1a1,2a1,3

a2,1a2,2

where the sum runs over all fillings of the boxes with numbers
1, 2, . . . , n (every number can appear at most once).
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Normalized conjugacy classes

For integers k1, . . . , km ≥ 1 we define the conjugacy class
Ck1,...,km

∈ C[Sn] as a linear combination of all permutations which
in a cycle decomposition have cycles of length k1, . . . , km.

Example

C3,2 =
∑

a1,1a1,2a1,3

a2,1a2,2

(a1,1, a1,2, a1,3)(a2,1, a2,2),

where the sum runs over all fillings of the boxes with numbers
1, 2, . . . , n (every number can appear at most once).
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Formula for Σπ(J) for Biane’s matrix

1

2
3

4

5

6
7
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Formula for Σπ(J) for Biane’s matrix

1

2
3

4

5

6
7

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’
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Formula for Σπ(J) for Biane’s matrix

1

2
3

4

5

6
7

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’
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Formula for Σπ(J) for Biane’s matrix

1

2
3

4

5

6
7

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’

For each loop we count

(
number of visited vertices

2
− number of winds

)
;

these numbers specify the conjugacy class of Σπ(J).
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Formula for Σπ(J) for Biane’s matrix

1

2
3

4

5

6
7

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’

1

1’

2
2’

33’

4

4’

5

5’

6 6’
7

7’

For each loop we count

(
number of visited vertices

2
− number of winds

)
;

these numbers specify the conjugacy class of Σπ(J).
In our example Σπ(J) = C 10

2
−3, 4

2
−1 = C2,1.
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Genus

1 2 3 4 5 6 7 can be represented as 1

2
3

4

5

6
7
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1 2 3 4 5 6 7 can be represented as
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1 2 3 4 5 6 7 can be represented as
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Genus

1 2 3 4 5 6 7 can be represented as

We define genus of a partition as the genus of the corresponding
two-dimensional surface.
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Genus

1 2 3 4 5 6 7 can be represented as

We define genus of a partition as the genus of the corresponding
two-dimensional surface.

Claim

Under mild assumptions (for example, M = 1√
n
J, balanced Young

diagrams)

EΣp(M) = O
(
d− genus(p)

)
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Approximate factorization of characters
Central limit theorem
Concluding remarks

Quick decay of cumulants

For nice random matrices we can expect quick decay of cumulants:

k
(
Σp1(J̃), . . . ,Σpl

(J̃)
)

= O
(
d− genus(p1)−···−genus(pl )−(l−1)

)
.
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Quick decay of cumulants

For nice random matrices we can expect quick decay of cumulants:

k
(
Σp1(J̃), . . . ,Σpl

(J̃)
)

= O
(
d− genus(p1)−···−genus(pl )−(l−1)

)
.

In the case of Biane’s matrix Σp are conjugacy classes.
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Quick decay of cumulants

For nice random matrices we can expect quick decay of cumulants:

k
(
Σp1(J̃), . . . ,Σpl

(J̃)
)

= O
(
d− genus(p1)−···−genus(pl )−(l−1)

)
.

In the case of Biane’s matrix Σp are conjugacy classes.

Equivalent to: for any permutations π1, . . . , πl with disjoint
supports the classical cumulant k(π1, . . . , πl) converges quickly
enough to zero:
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Quick decay of cumulants

For nice random matrices we can expect quick decay of cumulants:

k
(
Σp1(J̃), . . . ,Σpl

(J̃)
)

= O
(
d− genus(p1)−···−genus(pl )−(l−1)

)
.

In the case of Biane’s matrix Σp are conjugacy classes.

Equivalent to: for any permutations π1, . . . , πl with disjoint
supports the classical cumulant k(π1, . . . , πl) converges quickly
enough to zero:

k(π1, . . . , πl) = O
(
n−

|π1|+···+|πl |+2(l−1)

2

)
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Quick decay of cumulants

For nice random matrices we can expect quick decay of cumulants:

k
(
Σp1(J̃), . . . ,Σpl

(J̃)
)

= O
(
d− genus(p1)−···−genus(pl )−(l−1)

)
.

In the case of Biane’s matrix Σp are conjugacy classes.

Equivalent to: for any permutations π1, . . . , πl with disjoint
supports the classical cumulant k(π1, . . . , πl) converges quickly
enough to zero:

k(π1, . . . , πl) = O
(
n−

|π1|+···+|πl |+2(l−1)

2

)

We call this property approximate factorization of characters:

χ(π1 · · · πl) ≈ χ(π1) · · ·χ(πl)
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Main theorem: law of large numbers

Suppose that (ρn) is a sequence of representations with
approximate factorization of characters
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Main theorem: law of large numbers

Suppose that (ρn) is a sequence of representations with
approximate factorization of characters and let (λn) be the
corresponding sequence of random Young diagrams.

Theorem (law of large numbers, Philippe Biane 1998)

The sequence of rescaled random Young diagrams ( 1√
n
λn)

converges in probability to some (generalized) Young diagram λ.
The shape of this limit can be described by the free probability
theory.
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Main theorem: central limit theorem

Suppose that (ρn) is a sequence of representations with
approximate factorization of characters and let (λn) be the
corresponding sequence of random Young diagrams.
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Main theorem: central limit theorem

Suppose that (ρn) is a sequence of representations with
approximate factorization of characters and let (λn) be the
corresponding sequence of random Young diagrams.

Theorem (central limit theorem, Piotr Śniady 2005)

The sequence of the fluctuations ( 1√
n
λn − λ), after some

additional rescaling, converges in distribution to a Gaussian
process. The covariance of this process can be described by
second-order free probability theory (with a small correction).
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Corollary
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if ρn is the left regular representation;

if ρn is the representation such that Sn is acting on (Cdn)⊗n

by permuting the factors;

if ρn is an irreducible representation;

many natural operations on representations preserve the
characters factorization property: tensor product, outer
product, induction and restriction,. . .

Corollary

What happens if we remove half of the boxes from a random
Young tableau? The answer for this problem is given by a certain
Gaussian process.
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Okounkov, Baik, Deift, Johanson,. . . : random Young
diagrams and Tracy-Widom distribution;
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Piotr Śniady Asymptotics of representations of symmetric groups


	Problem: Representations of symmetric groups Sn
	What is asymptotic theory of representations?
	Kerov's transition measure
	Outlook

	Tools: Permutationally invariant random matrices
	Permutationally invariant random matrices
	Partitions and genus expansion

	Main result: Gaussian fluctuations of Young diagrams
	Approximate factorization of characters
	Central limit theorem
	Concluding remarks


