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Superadditivity and submultiplicativity of sumsets

Superadditivity of sumsets I.

Superadditivity and related inequalitites

Let Ay, Ao, ... Ap be finite sets of integers. How does the cardinality of the n-fold
sumset S = Ay + Ay + - - - + Ap compare to the cardinalities of the n — 1-fold sums
Si=Ar+-+A_1+A+ o+ A7
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Submulti

d related inequalities
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tion of submultiplicativity
Superadditivity of sumsets I.

Let Ay, Ao, ... Ap be finite sets of integers. How does the cardinality of the n-fold
sumset S = Ay + Ay + -

-+ + Ap compare to the cardinalities of the n — 1-fold sums
Si=Ar+-+A_1+A+ o+ A7

If all sets are equal, A; = A, then Vsevolod Lev observed that the quantity W"

is
increasing (notation: A+ A+ -

-+ A = KkA). The first cases of this result assert that
|2A| > 2|A] — 1, and

3 1
Al > —|2A] — —.
341> S 124 -
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Superadditivity of sumsets I.

Let Ay, Ao, ... Ap be finite sets of integers. How does the cardinality of the n-fold
sumset S = Ay + Ay + - - - + Ap compare to the cardinalities of the n — 1-fold sums
Si=Ar+-+A_1+A+ o+ A7

If all sets are equal, A; = A, then Vsevolod Lev observed that the quantity W" is

increasing (notation: A+ A+ - -- + A = kA). The first cases of this result assert that
|2A] > 2|A| -1, and (1)
3 1
3A| > —|2A| — —=. 2
[34] > J|2A] - 5 @)

Inequality (1) can be extended to different summands as

|A+B| = |Al+[B| -1, @)
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Superadditivity of sumsets I.

Let Ay, Ao, ... Ap be finite sets of integers. How does the cardinality of the n-fold
sumset S = Ay + Ay + - - - + Ap compare to the cardinalities of the n — 1-fold sums
Si=Ar+-+A_1+A+ o+ A7

If all sets are equal, A; = A, then Vsevolod Lev observed that the quantity W" is

increasing (notation: A+ A+ - -- + A = kA). The first cases of this result assert that

|2A] > 2|A| -1, and (1)
3 1
Al > =|2A| — =. 2
34 > S[2A] - 5 @)
Inequality (1) can be extended to different summands as

|A+B| = |Al+[B| -1, @)

which also holds modulo a prime p, by Cauchy-Davenport:

A+ B| > min(|A| +|B| — 1,p). 4
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Superadditivity and submultiplicativity of sumsets Superadditivity and related inequalitites
Submultiplicativity and related inequaliti

Restricted sumset: zation of submultiplicativity

Superadditivity of sumsets II.

Ques

Do we have the superadditivity property for more than two summands, i.e.
A+B|+|B+C|+|A+C|—1
A+B4 o)y ATEIF] +2|+| +Cl-1, -
Do we have it modulo p in some form, e.g.
|3A| > min 3|2A| ! (6)
> > 2,P
ot
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Submultiplicativity and related inequaliti

Restricted sumset: zation of submultiplicativity

Superadditivity of sumsets II.

Ques

Do we have the superadditivity property for more than two summands, i.e.
A+B|+|B+C|+|A+C|—1
A+B4 o)y ATEIF] +2|+| +Cl-1, -
Do we have it modulo p in some form, e.g.
|3A| > min 3|2A| ! (6)
> > 2,P
ot

Lev noticed that (5) is true in the case when the sets have the same diameter.
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Superadditivity of sumsets II.

Do we have the superadditivity property for more than two summands, i.e.

|A+B|+|B+Cl+|A+C| -1,
. ;

|A+B+C| > (5)

Do we have it modulo p in some form, e.g.

3 1
3A| > min | =|2A| — = 6
241 2 min (31241 - 5.) ©

Lev noticed that (5) is true in the case when the sets have the same diameter.
It turns out that (6) is not true unless |A| is very small compared to p (Gyarmati,
Konyagin, Ruzsa, 2007).
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Superadditivity of sumsets II.

Do we have the superadditivity property for more than two summands, i.e.
A+B|+|B+C|+|A+C|—1
A+B4 o)y ATEIF] +2|+| +Cl-1, -
Do we have it modulo p in some form, e.g.
|3A| > min 3|2A\ ! (6)
> > 2,P
ot

Lev noticed that (5) is true in the case when the sets have the same diameter.

It turns out that (6) is not true unless |A| is very small compared to p (Gyarmati,
Konyagin, Ruzsa, 2007).

However, (5) is true for arbitrary finite sets and an arbitrary number of summands:

ForS:A1+A2+-~-+AnandS,-:A1+~--+A,-,1+A,-+1+--~+Anwehave

(n=1)IS|>-1+>_ |5 7)
Jj=1
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uperadditivity and submultiplicativity of sumsets

Proof of superadditivity

Superaddmvny and related |nequa||l\tes

S=

Al+Ax+--+An S = A +
(n=1)ISI = -1+, S]]

+A 1 +A+

+ An, and we want to prove
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Superadditivity and submultiplicativity of sumsets

Proof of superadditivity

Superadditivity and related inequalitites

(n=NIS| =z -1+ XIS

S:A1 +A2++An, S,':A1 +~~-+A,‘,1 +A/+1 +~-~+An,andWeWantt0pr0Ve

We can assume that every A; starts with 0 (translation invariance). Let a; denote the
largest element of A;. Then S C [0, a1 + ... an].
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Superadditivity and submultiplicativity of sumsets Superadditivity and related inequalitites

Su and relz

R ubmultiplicativity

Proof of superadditivity

S:A1 +A2++An, S,':A1 +~~-+A,‘,1 +A/+1 ++An, and we want to prove
(n=10[8| > -1+, ISl

We can assume that every A; starts with 0 (translation invariance). Let a; denote the
largest element of A;. Then S C [0, a1 + ... an].

Make n — 1 copies of the interval S C [0, a1 + ... an] and in the ith copy mark the
elements of the form 0 —+ (A1 + A2 + -4 An,,' —+ An,,'+2 + .4 A")Sa1+"'+an7i’ and
an_i+ A1+ +A st F A1+ An)sata, g
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Proof of superadditivity

S:A1 +A2++An, S,':A1 +~~-+A,‘,1 +A/+1 ++An, and we want to prove
(n=10[8| > -1+, ISl

We can assume that every A; starts with 0 (translation invariance). Let a; denote the
largest element of A;. Then S C [0, a1 + ... an].

Make n — 1 copies of the interval S C [0, a1 + ... an] and in the ith copy mark the
elements of the form 0 —+ (A1 + A2 + -4 An,,' —+ An,,'+2 + .4 A")Sa1+"'+an7i’ and
an_i+ A1+ +A st F A1+ An)sata, g

Let M denote the set of marked elements. Then

(n—1)[S| > M| = Z\s, -1 (8)

and we are done.
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Superadditivity and submultiplicativity of sumsets

Submultiplicativity of sumsets I.

Can we give an upper bound on |S| in terms of | S;| ?
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Submultiplicativity of sumsets I.

Superad

and related inequalitites
Re:

set:

Submultiplicativity and related inequalities

ior

Can we give an upper bound on |S| in terms of | S;| ?

Let us start with a useful Projection Lemma:

Let B C Xy x --- x Xy be a finite subset of a Cartesian product. Let

Bi € Xi x -+ x Xi_1 x Xip1 X --- x Xy be the corresponding ,projection” of B. Then

d
1B <[ 18-

i=1

©)
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Submultiplicativity of sumsets I.

Superad

and related inequalitites
Re:

set:

Submultiplicativity and related inequalities

ior

Can we give an upper bound on |S| in terms of | S;| ?

Let us start with a useful Projection Lemma:

Let B C Xy x --- x Xy be a finite subset of a Cartesian product. Let

Bi € Xi x -+ x Xi_1 x Xip1 X --- x Xy be the corresponding ,projection” of B. Then

i=1

d
B~ <[] 181l
Proof: fairly straightforward induction on d.

©)
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Superadditivity and submultiplicativity of sumsets

ultiplicativity and related inequalf
cted sumsets, generalization of submultiplicativity

Submultiplicativity of sumsets I.

Can we give an upper bound on |S| in terms of | S;| ?

Let us start with a useful Projection Lemma:

Let B C Xy x --- x Xy be a finite subset of a Cartesian product. Let
Bi € Xi x -+ x Xi_1 x Xip1 X --- x Xy be the corresponding ,projection” of B. Then

d
1B <[ 18- C)

i=1

Proof: fairly straightforward induction on d.
This is not new. (Loomis-Whitney, 1949: |K|9~" < [T%, |K;| for any body K c RY; or
the stronger Box Theorem of Bollobas and Thomason: for every body K there exists a

rectangular box such that all d — k-dimensional projections of the box have smaller
area than those of the body.)
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Submultiplicativity of sumsets II.

nd related inequalitites
icativity ant

d related inequalities

Now, with the help of the Projection Lemma we prove:

FOI’S:A1+A2+-~-+A,1,S,':A1 +--~+A,’,1 +A,-+1+~~-+Anwehave
1
k k—1
S| < (] ISil
i=1

(10)
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Superadditivity and submultiplicativity of sumsets

Superad

Re:

Submultiplicativity of sumsets II.

and related inequalitites
Submultiplicativity and related inequalities

set:

ior

Now, with the help of the Projection Lemma we prove:

FOI’S:A1+A2+-~-+A,1,S,':A1+--~+A,’,1+A,’+1+

.-+ Ap we have
1
k k—1
Is| < (T] Isil
i=1
the decomposition

(10)

where the finite sequence (i1, i,

Outline of proof: List the elements of A; in some order. For each s € S let us consider
S=ayj +a,+-+an,

(11)

., in), is minimal in lexicographical order.
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Submultiplicativity of sumsets II.

Now, with the help of the Projection Lemma we prove:

ForS:A1+A2+-~-+An,S,-:A1+--~+A,-,1+A,-+1+~~-+Anwehave

K =
1S| < (H S,-> :
i=1
the decomposition

Outline of proof: List the elements of A; in some order. For each s € S let us consider

(10)

S=ayj +a,+-+an,
where the finite sequence (i1, ip, . .
Define a function f : S — Ay x Ax x --- X Ap, by

., in), is minimal in lexicographical order.

f(s) = (a1, @,y

(11)
Then |f(S)| = | S|, and apply the projection lemma.

. 7an,in)-

(12)
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Restricted sumsets, generalization of submultiplicativity

Restricted sumsets

What if we restrict the addition of elements to a prescribed graph G?
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Superadditivity and submultiplicativity of sumsets

Restricted sumsets

Submultipl

ted inequalitites
d related inequalities

Restricted sumsets, generalization of submultiplicativity

What if we restrict the addition of elements to a prescribed graph G?
G G G
Dowe have [A+ A+ A2 < |A+A]B,

where the left hand side is understood as addition over triangles and the right hand
side is addition over edges of the graph.
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Submultipl d related inequalities

Restricted sumsets, generalization of submultiplicativity
Restricted sumsets

What if we restrict the addition of elements to a prescribed graph G?
G G G
Dowe have [A+ A+ A2 < |A+A]B,

where the left hand side is understood as addition over triangles and the right hand
side is addition over edges of the graph.

No. There are easy counterexamples... However, we have:
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Submultipl d related inequalities

Restricted sumséts, generalization of submultiplicativity
Restricted sumsets

What if we restrict the addition of elements to a prescribed graph G?
G G G
Dowe have [A+ A+ A2 < |A+A]B,

where the left hand side is understood as addition over triangles and the right hand
side is addition over edges of the graph.

No. There are easy counterexamples... However, we have:

For A, By, B> and an arbitrary S C By + B, we have

IS+ A? < |S||A+ Bi||A+ B (13)
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Superadditivity and submultiplicativity of sumsets ted inequalitites

Submultipl d related inequalities

Restricted sumséts, generalization of submultiplicativity
Restricted sumsets

What if we restrict the addition of elements to a prescribed graph G?
G G G
Dowe have [A+ A+ A2 < |A+A]B,

where the left hand side is understood as addition over triangles and the right hand
side is addition over edges of the graph.

No. There are easy counterexamples... However, we have:

For A, By, B> and an arbitrary S C By + B, we have

IS+ A? < |S||A+ Bi||A+ B (13)

The proof goes via a Pliinnecke-type inequality, where we turn next.
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A summary of some Pllinnecke-type inequalities:
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Overview of Plinnecke-type inequalities
Plinnec Ell

Pliinnecke’s inequality revisited
Plinnecke-type inequalities

different sumr

y for restri

A summary of some Pllinnecke-type inequalities

Let i < k be integers, A, B sets in a commutative group and write |A| =
|A+iB| = am. Thereis an X C A, X # 0 such that

|X + kB| < a*/7|X|
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Pliinnecke’s inequality revisited
Plinnecke-type inequalities

A summary of some Pllinnecke-type inequalities:
Let i < k be integers, A, B sets in a commutative group and write |A| = m,
|A+iB| = am. Thereis an X C A, X # 0 such that

|X + kB| < ¥/ X|.
A more general form reads as follows:
Let A, By, .

(14)
., By be finite sets in a commutative group and write |A| = m,
|A+ Bj| = ajm, for 1 < i < h. There exists an X C A, X # 0 such that

X+ By 4 -+ Bp| < ajap...apX].

(15)
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Pliinnecke’s inequality revisited
Plinnecke-type inequalities

Overview of Plinnecke-type inequalities

ality for different summ

A summary of some Pllinnecke-type inequalities:
Let i < k be integers, A, B sets in a commutative group and write |A| = m,
|A+iB| = am. Thereis an X C A, X # 0 such that

Let A, By,

|X + kB| < ¥/ X|.
A more general form reads as follows:

(14)
., By be finite sets in a commutative group and write |A| = m,
|A+ Bj| = ajm, for 1 < i < h. There exists an X C A, X # 0 such that

X+ By 4 -+ Bp| < ajap...apX].

|Al=m,and [] |A+ Bj| = s, By + - - - + By = B. For an arbitrary real number
0 <t< mthereisan X C A, |X| > tsuch that

s 1
X+ Bl <
o< 25

1 s
m— =1 mh71> +(IX] _t)m'

(15)

It is sometimes also useful to know that X is not only non-empty but also "large", i.e.

(16)
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Pliinnecke’s inequality revisited

Proof of restricted submultiplicativity |

Overview of Plinnecke-type inequalities
Plinnec Ell
Ap)

different sumr
y for restri
Now we prove

1S+ AP <[S||A+ Bi||A+ By
for all S C By + Bo, with the help of the Pliinnecke-type inequality above

(17)
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Pliinnecke’s inequality revisited

Proof of restricted submultiplicativity |

Overview of Plinnecke-type inequalities
Plinnec Ell
Ap)

different sumr
y for restri
Now we prove

1S+ AP <[S||A+ Bi||A+ By
for all S C By + Bo, with the help of the Pliinnecke-type inequality above
Notation |[A| = m, |A+ By||A+ Bx| = s

(17)

(joint with K. Gyarmati and I. Z. Ruzsa)
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Pliinnecke’s inequality revisited

Proof of restricted submultiplicativity |I.

innecke-type inequalities
equali r

rent sum

y for restri
Now we prove

S+ Al <|S||A+ Bil|lA+ By
for all S C By + Bo, with the help of the Plinnecke-type inequality above.
Notation |A| = m, |A+ By||A+ Bz| = s.

(17)
If |S] is small, | S| < s/m?, then |S + A| < [S]|A| < \/s]S], trivial.

(joint with K. Gyarmati and I. Z. Ruzsa)
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Overview of Plinnecke-type inequalities
ality for different summn

Now we prove
S+ Al <|S||A+ Bil|lA+ By

for all S C By + Bo, with the help of the Plinnecke-type inequality above.
Notation |A| = m, |A+ By||A+ Bz| = s.

(17)

If |S] is small, | S| < s/m?, then |S + A| < [S]|A| < \/s]S], trivial.

If Sis large, | S| > s/m?, then lett = m — /s/]S| and find X C A such that
|[X| =r>tand

n}
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r different summand:

Now we prove
S+ Al < |S||A+ By||A+ By (17)

for all S C By + Bo, with the help of the Plinnecke-type inequality above.
Notation |A| = m, |A+ By||A+ Bz| = s.

If |S] is small, | S| < s/m?, then |S + A| < [S]|A| < \/s]S], trivial.

If Sis large, | S| > s/m?, then lett = m — /s/]S| and find X C A such that
|[X| =r>tand

|S+ X| < |By + B> + X| < small by Plunnecke (18)
and
IS+ (A\ X)| < [S]IAN\ X]. (19)
We conclude that
IS+ A <[S+X|+[S+(A\ X)| <2V/s[S]. (20)
o 5 - = E

(joint with K. Gyarmati and I. Z. Ruzsa) Pliinnecke’s inequality for different summands
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Overv
Proof of restricted submultiplicativity II.

iew of Pliinnecke-type inequalities
€ inequality for different sumr
ibmultiplic

ivity for restric

So we obtained [S+ A| < |S+ X| +|S+ (A\ X)| < 2,/s]S].

(joint with K. Gyarmati and I. Z. Ruzsa)
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Pliinnecke’s inequality revisited

Proof of restricted submultiplicativity II.

innecke-type inequalities
equali r

rent sum

y for restri

B, =Bkand §' =

So we obtained [S+ A| < |S+ X| +|S+ (A\ X)| < 2,/s]S].

We can dispose of the factor 2 by the method of exponentiation: A’ = A, B = Bk,

Sk in the k’th direct power of the original group.

(joint with K. Gyarmati and I. Z. Ruzsa)
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Overview of Plinnecke-type inequalities

ality for different summ

So we obtained [S+ A| < |S+ X| +|S+ (A\ X)| < 2,/s]S].

We can dispose of the factor 2 by the method of exponentiation: A’ = A, B = Bk,
B, = Bk and S’ = S¥ in the k'th direct power of the original group.
Then

1S+ A <288 (21)

(joint with K. Gyarmati and I. Z. Ruzsa)
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Overview of Plinnecke-type inequalities
ality for different summn

So we obtained [S+ A| < |S+ X| +|S+ (A\ X)| < 2,/s]S].

We can dispose of the factor 2 by the method of exponentiation: A’ = A, B = Bk,
B, = Bk and S’ = S¥ in the k'th direct power of the original group.

Then

IS+ A'| <2\/¢|5]. (21)
Since |S' + A'| = |S+ Ak, s’ = sk and |S'| = | S|k, we get

S+ Al <2/K\/s]8]. (22)

DA
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Pliinnecke’s inequality revisited

An arbitrary number of summands

Overview of Plinnecke-type inequalities
Plinnec Ell
Ap)

different sumr

y for restri

Is it true for more than 3 summands? That is

ForA,By,...Bxand S C By + - - - + By, is it true that
k
IS+AF<ISIJ]IA+ B+ +Bioy + Byt + -+ + Byl ? (23)
i=1

(joint with K. Gyarmati and I. Z. Ruzsa)
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Ov Pliinnecke-type inequalities
Plinnecke’s inequality revisited Plinnecke’s inequality for different summands
Application: submultiplicativity for restricted sumsets

Plinnecke’s inequality for different summands |.

To follow the method of proof above we need a more general form of Pliinnecke’s
inequality.
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Overview of Pliinnecke-type inequalities
Plinnecke’s inequality revisited Plinnecke’s inequality for different summands
Application: submultiplicativity for restricted sumsets

Plinnecke’s inequality for different summands |.

To follow the method of proof above we need a more general form of Pliinnecke’s
inequality.

Theorem

Let| < k be integers, and let A, By, . . ., Bk be finite sets in a commutative group G. Let
K ={1,2,...,k}, and forany | C K put

B=) B,

iel
‘A| =m, |A + B/‘ = aym.

(This is compatible with the previous notation if we identify a one-element subset of K
with its element.) Write

(I=1)(k—1)1/(k—1)!
= II « : (24)

LCK,|L|=I

There exists an X C A, X # () such that

IX + Bkl < BIX]|. (25)

(joint with K. Gyarmati and |. Z. Ruzsa) Pliinnecke’s inequality for different summands



Pliinnecke’s inequality revisited

Plinnecke’s inequality for differ

The outline of proof

(joint with K. Gyarmati and |

Ruzsa)
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Pliinnecke’s inequality revisited

Plinnecke’s inequality for different summands Il.

of Pliinnecke-type inequalities
Plunneckes inequality for different summands
The outline of proof

on: submultiplicativity for restricted sumsets

Firstlet k = /+ 1, and |A+ Bk ;3| = aj=. Then there is an X C A, X # () such that
IX + Bk| < ckBIX|

(26)
with a constant ¢, depending on k. This is done by reduction to the original Pliinnecke

(joint with K. Gyarmati and I. Z. Ruzsa)
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v of Pliinnecke-type inequalities
Pliinnecke’s inequality revisited

Plunneckes inequality for different summands

p on: submultiplicativity for restricted sumsets
Plinnecke’s inequality for different summands Il.

The outline of proof:

Firstlet k = / 41, and |A+ By (3| = cj=. Then there is an X C A, X # 0 such that

[X + Bk| < ckBIX|

(26)
with a constant ¢, depending on k. This is done by reduction to the original Pliinnecke

Consider the group G’ = G x Hy x --- x Hk, where Hj,

... Hx are cyclic groups of
order n; = «= q, with some large integer g. (NOTE: we use here that k = / + 1, so that
n; can be defined.)

=] = =
(joint with K. Gyarmati and I. Z. Ruzsa)
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Plinnecke’s
Ar

S
Pliinnecke’s inequality revisited

Plinnecke’s inequality for different summands II.

The outline of proof:

Firstlet k = / 41, and |A+ By (3| = cj=. Then there is an X C A, X # 0 such that

[X + Bk| < ckBIX| (26)

with a constant ¢, depending on k. This is done by reduction to the original Pliinnecke:

Consider the group G’ = G x Hy x --- x Hk, where Hj, ... Hx are cyclic groups of

order n; = aj« g, with some large integer q. (NOTE: we use here that k = / + 1, so that
n; can be defined.)

Let Bl = B; x {0} x --- x {0} x H; x {0} x --- x {0} and B’

K, Bl. We abuse
notation: A=A x {0} x --- x {0}.

n}

o}
1

u
it

Ay
(joint with K. Gyarmati and I. Z. Ruzsa)

Pliinnecke’s inequality for different summands



O ew o
Pliinnecke’s inequality revisited Plinnecke’s
Ar

es

Plinnecke’s inequality for different summands II.

The outline of proof:

Firstlet k = /+ 1, and |A+ Bk ;3| = aj=. Then there is an X C A, X # () such that
[X + Bk| < ckBIX] (26)

with a constant ¢, depending on k. This is done by reduction to the original Pliinnecke:

Consider the group G’ = G x Hy x --- x Hk, where Hj, ... Hx are cyclic groups of

order n; = aj« g, with some large integer q. (NOTE: we use here that k = / + 1, so that
n; can be defined.)

Let B) = B; x {0} x --- x {0} x H; x {0} x --- x {0} and B’ = J¥_, B. We abuse
notation: A=A x {0} x --- x {0}.
We can prove that

[A+ (k—1)B'| < 2km(Bq)’ (27)
if g is chosen large enough.

n}
o}
1

u
it

DA
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O ew of Pli e es
Pliinnecke’s inequality revisited Plinnecke’s
Ar

Plinnecke’s inequality for different summands II.

The outline of proof:

Firstlet k = / 41, and |A+ By (3| = cj=. Then there is an X C A, X # 0 such that
[X + Bk| < ckBIX| (26)

with a constant ¢, depending on k. This is done by reduction to the original Pliinnecke:

Consider the group G’ = G x Hy x --- x Hk, where Hj, ... Hx are cyclic groups of

order n; = aj« g, with some large integer q. (NOTE: we use here that k = / + 1, so that
n; can be defined.)

Let B) = B; x {0} x --- x {0} x H; x {0} x --- x {0} and B’ = J¥_, B. We abuse
notation: A=A x {0} x --- x {0}.

We can prove that
[A+ (k—1)B'| < 2km(Bq)’ (27)
if g is chosen large enough.
Then apply Plinnecke to the sets A and B’ in G'. We conclude that there exists an
X C Asuch that

|X + Bkl = ckBI1X]. (28)

n}
o}
1
u
it
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Pliinnecke’s inequality revisited

Pl
Plinnecke’s inequality for different summands lll.

llinnecke-type inequalities
Plinnecke’s inequality for different summands
Ap C suk

bmultiplicativity for restricted sumsets

Still in the case k = / + 1 we prove that | X| can be chosen large, i.e. there exists
X C Asuch that
|X] > (1 —¢)m, and

|X + Bk| < c(k,€)B|X]|

(joint with K. Gyarmati and I. Z. Ruzsa)
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Pliinnecke’s inequality revisited

of Pliinnecke-type inequalities

Plunneckes inequality for different summands

on: submultiplicativity for restricted sumsets

Plinnecke’s inequality for different summands Il

Still in the case k = / + 1 we prove that | X| can be chosen large, i.e. there exists
X C Asuch that
|X] > (1 —¢)m, and

|X + Bx| < c(k,£)B|X]|
that | X| > (1 — ¢)m, and

(29)

Then the general case, k = | + h follows by induction on h, and we get an X C A such
|X + Bk| < c(k,1,€)3|X]|

(30)

(joint with K. Gyarmati and I. Z. Ruzsa)
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Pliinnecke’s inequality revisited

of Pliinnecke-type inequalities

Plunneckes inequality for different summands

on: submultiplicativity for restricted sumsets

Plinnecke’s inequality for different summands Il

Still in the case k = / + 1 we prove that | X| can be chosen large, i.e. there exists
X C Asuch that
|X] > (1 —¢)m, and

|X + Bx| < c(k,£)B|X]|
that | X| > (1 — ¢)m, and

(29)

Then the general case, k = | + h follows by induction on h, and we get an X C A such
|X + Bk| < c(k,1,€)3|X]|

(30)

Finally we remove the constant c(k, /, ) with the method of exponentiation, and obtain
IX + Bkl < BX]|
as desired

(31)

(joint with K. Gyarmati and I. Z. Ruzsa)
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different summands
Application: submultiplicativity for restricted sumsets

Application: submultiplicativity for restricted sumsets

of submultiplicativity:

With this generalized Plinnecke inequality at hand we can prove the restricted version

(joint with K. Gyarmati and I. Z. Ruzsa)
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Pliinnecke’s inequality revisited

Pliinnecke-type inequalities
equ

or different summands
Application: submultiplicativity for restricted sumsets

Application: submultiplicativity for restricted sumsets

of submultiplicativity:

With this generalized Plinnecke inequality at hand we can prove the restricted version
For A, By,

k

.Bxand S C By + - -- + By, is it true that

i=1

IS+ A <ISIT[IA+B1+-- +Bi1 +Bip1 + - + Byl

(joint with K. Gyarmati and I. Z. Ruzsa)
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Follow-up’s and open problems
Follow-up’s and open problems |

Bollobas and Balister prove that

If A is a uniform k-cover of [0, .. ., n] then

51 < [T ISal and

(33)
Ac A
k(SI=1)> > (ISal = 1) (34)
Ac A

(joint with K. Gyarmati and I. Z. Ruzsa)
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Follow-up’s and open problems
Follow-up’s and open problems |

Bollobas and Balister prove that

If A is a uniform k-cover of [0, .. ., n] then

51 < [T ISal and

AcA

k(IS =1)> > (1Sal = 1)

Ac A
Also the Loomis-Whitney "projection theorem",

d
K% < TT Ikl
i=1
for any body K C R is equivalent to the following entropy inequality: if
X = (X, X,

. Xpn) is a sequence of n random variables then

(n = DHX) < 3 HXo ()

(joint with K. Gyarmati and I. Z. Ruzsa)
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Follow-up’s and open problems
Follow-up’s and open problems li

Is it true that for independent random variables we have

(= HOG + ... Xn) < 35 HOG + -+ Ximg + Xig1 + -+ Xa)?

(joint with K. Gyarmati and I. Z. Ruzsa)
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Follow-up’s and open problems

Follow-up’s and open problems li

Is it true that for independent random variables we have
(n=1HXG + ... Xn) < X HXG + -+ Ximq + Xyt + - + Xn)?

Question
Let A1 900

., Ak be finite, nonempty sets in an arbitrary noncommutative group. Put
S = A + -+ Ag, Nj = MaXaep, Ay +---+A_1+a+ A1+ -+ Al . Isittrue
that

K —
1S| < (H m) ? (37)
i=1

-

(joint with K. Gyarmati and I. Z. Ruzsa)
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Follow-up’s and open problems

Follow-up’s and open problems li

Is it true that for independent random variables we have
(n=1HXG + ... Xn) < X HXG + -+ Ximq + Xyt + - + Xn)?

o
LetA1,..

., Ak be finite, nonempty sets in an arbitrary noncommutative group. Put
S = A + -+ Ag, Nj = MaXaep, Ay +---+A_1+a+ A1+ -+ Al . Isittrue
that

K —
1S| < (H m) ? (37)
i=1

-

Also, can we improve on the submultiplicativity result if the sets are equal? That is, e.g.

Is it true that

2
[BAP < (5 +2)241°7 (38)

(joint with K. Gyarmati and I. Z. Ruzsa)
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Follow-up’s and open problems

Is the Kakeya conjecture true?

(joint with K. Gyarmati and I. Z. Ruzsa)
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