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Homunculus

Preformation
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De-novo pattern formation

Epigenesis

(after
Aristoteles)



Systems analysis

From: Westerhoff/Palsson, Nature Biotech. 22 (10), 2004 



What are mathematical models
good for?

• Mathematical models can help to 
explain cooperative behavior, in 
particular
spatio-temporal pattern formation

?

cell



Interacting particles/cells
Interactions

collisions,
conservation laws

alignment,
adhesion,
repulsion...

function
evolvability

Components

identical

Many cells
(Myxobacteria)

��� ��� � ��

Many particles

different(iated)



Mathematical models of 
spatio-temporal pattern formation
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Cellular automaton modelling
of spatio-temporal pattern
formation in interacting cell

systems

Andreas Deutsch
Technische Universität Dresden

„Automata 2007, Fields Institute,Toronto, August 27-29, 2007“



Overview

• Ex. 1: swarm formation
• Ex. 2: tumor growth/invasion
• Summary/outlook



Life cycle of Myxobacteria



Collective motion in Myxobacteria
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Hypothesis: 1. Cells interact „locally“ (no leaders).
2. Cells can perceive neighbour orientations

(pili, „sensitivity“) and align locally.
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Simulation
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Statistical analysis
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Analysis

• Automaton rules à equations (Boltzmann
eqn.)

• Linear stability analysis around
homogeneous states

• Eigenvalue spectrum
• Phase diagram



Eigenvalue spectrum



Phase diagram:
two routes to swarming
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Collective motion of rod-shaped 
Myxobacteria: 

Cellular Potts model
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A cellular Potts model for
rod-shaped cells (J. Starruss)
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Roots: Glazier, Graner, Savill, Maree,...



Results: Formation of cell patterns
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Simulations



Parameter estimation

Biological parameters for Myxococcus xanthus
– Ratio of stiffness and velocity of a cell
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Results: competence to form swarms

• - temporal mean of maximum swarm size in 
“the final state”
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Bacterium representation

Position: x, y
Orientation: �

The bacteria inside the box:

Off-lattice model (F. Peruani, M. Bär)

We consider the over-damped situation in which we have:
Equations of motion
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Interactions

Self-Propelling force

With interactions 
and with noise



The Interactions
• Particles interact by soft vol. exclusion.
• The potential avoids interpenetration of bacteria   

causing torque and force.
• The potential depends on the overlapping area. 
• controls the stiffness of the particle.
• is the interaction strength.
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Simulations

Initial condition “steady state”
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This description neglects two important facts:

• The existence of geometrically different cluster structures  of the same size

• The existence of spatial fluctuations

We make three more assumptions:

• The total  number of bacteria in the system is conserved

• We consider only binary cluster collisions:

• A probability of spontaneously suffering a fission:

We propose a mean field approximation which describes the system in terms 

of a time-dependent  cluster size distribution

MFA



MFA

The evolution equation for the cluster size distribution

collisions per unit time disintegrations per unit time

Key parameter of the set of equations:



MFA

Integrating the N previous equations we obtain a good 
agreement with the simulations:



MFA

Phase diagram of the problem:



Cancer development



Invasion model

• We model explicitly two cell populations: cancer and 
necrotic particles (cells). They interact on 2 parallel 
lattices

• Cell reactions are probabilistic rules that control
cancer and necrotic cell populations.

• Two processes are considered: mitosis, necrosis with
given rates rM, rN . Each process is depending on the
local node density thresholds θM, θN

Tumour

Necrotic



Simulation 
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Invasion



From Mean Field Analysis to From Mean Field Analysis to 
Macroscopic EquationsMacroscopic Equations

• Mean field assumption à Lattice Boltzmann
Equation

• Linearization: around the fixed point (0,0), i.e. the
empty lattice (corresponds to healthy tissue in 
which the tumour invades)

• Fourier transformation
• Dispersion equation: For small wave numbers and 

small mitotic rates
• The derived dispersion equation corresponds to 

the following reaction-diffusion PDE



SpeedSpeed of of travellingtravelling frontsfronts
• We reduce the R-D equation to 1D
• By standard methodology, we calculate the minimal 

travelling wave speed



TravellingTravelling front: Simulation front: Simulation 
and MF and MF analysisanalysis



GliomaGlioma invasioninvasion: : 
biomedicalbiomedical problemproblem

• Glioblastoma multiforme (GBM)  is the most frequent
and malignant primary brain tumour

• Current imaging techniques identify max 90% of the
tumour

• Usual therapy is resection followed by
chemotherapy. Tumour recurrence is almost sure
(see picture) due to the „invisible“part



Brain Tumors I

Diffusion 
Tensor Imaging
allows for
identification of 
brain fiber
tracks

Tensor field data



Model for cell migration in 
heterogeneous environments

(see poster B. Hatzikirou)

• Alignment process in a fibrillar
environment of a non-
proliferative cell population

• Representation of environment
by a 2nd rank tensor field

• Preprocessing: we extract the
principal eigenvector of the
tensors at each point.



Brain Tumors II



Simulations
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Can computers/simulations help?

• Organization principles of cancer growth
• Simulation of treatments
• Carcinogenesis: evolutionary models 

(mutations, microenvironment)
à Game-theoretic perspectives on somatic cancer evolution, D. 
Basanta, AD, 2007, to appear

• Pattern recognition: cancer surface, scaling
analysis

• Genetic analysis: bioinformatics à cancer
genes



Modeling pattern formation of interacting
cell systems with cellular automata

• Self-organization: Single cell behavior à
cooperative behavior

• Simulations & analysis: mean-field analysis, 
linear stability analysis...

• Interactions: Local (e.g. adhesion, contact
inhibition) and nonlocal (e.g. chemotaxis)

• Resolution: cell size and the fastest 
biological process to  be modeled determine
the spatio-temporal resolution

• Algorithm: easy parallel. (large cell no.)



CA Book

2005



Outlook

• Microorganisms

• Regeneration

• Mathematical
analysis:
Comparison of cell-
based models

Myxococcus x.
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