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Standard CA

Standard Cellular Automata (CA) are ahistoric (memoryless): i.e., the
new state of a cell depends on the neighborhood configuration only at the
preceding time step.
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CA with memory in cells
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We consider here an extension to the standard framework

of CA by implementing memory capabilities in cells. Thus
in CA with memory here: while the update rules of the CA
remain unaltered, historic memory of all past iterations is
retained by featuring each cell (and link) by a summary of
its past states.



Example
φ: cell alive if any cell in its neighborhood is alive.

Ahistoric (speed of light)
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Parity rule
φ: cell alive iff odd number of alive cells in its neighborhood.
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Weighted memory (unlimited trailing)
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The choice of the memory factor 0 ≤ α ≤ 1 simulates the long-term or remnant
memory effect: the limit case α = 1 corresponds memory with equally weighted records (full memory
model, mode if k = 2), whereas α << 1 intensifies the contribution of the most recent states and diminishes
the contribution of the past ones (short type memory). The choice α = 0 leads to the ahistoric model.

If σ ∈ {0, 1}, the rounded weighted mean state (s) will be obtained by comparing the weighted mean

(m) to 0.5, so that :
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Implementation
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k = 2 : α-MEMORY EFFECTIVE if α > 0.5



The 2D PARITY rule with Memory. Moore N. [19]



The 2D PARITY rule with minimal memory: α = 0.501



Elementary, Legal Rules with Memory [16]



Elementary, Legal Rules with Memory [16]





r=2 [12]



Average-like memory mechanisms
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• exponential : δ(t) = e−β(T−t) β ∈ R+

α = e−β

• inverse: δ(t) = αt−1 δ(t) > δ(t + 1)

• integer-based (à la CA): c ∈ N [17]
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Limited trailing (τ states)

• α-memory

m
(T )
i (σ

(T−τ+1)
i , . . . , σ

(T )
i ) =

T∑
t=>

δ(t)σ
(t)
i

T∑
t=>

δ(t)

> = max(1, T − τ +1)

• Elementary Rules as Memory (τ = 3):
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RULE 90 + 0 + 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9

+ 10 + 11 + 12 + 13 + 14 + 15 + 16 + 17 + 18 + 20 + 21

+ 22 + 23 + 24 + 25 + 26 + 28 + 29 + 30 + 31 + 32 + 33

+ 34 + 35 + 36 + 37 + 38 + 39 + 40 + 41 + 42 + 43 + 44

+ 45 + 46 + 47 + 48 + 49 + 50 + 52 + 53 + 54 + 55 + 56

+ 57 + 58 + 60 + 61 + 62 + 63 + 64 + 65 + 66 + 67 + 69

+ 70 + 71 + 72 + 73 + 74 + 75 + 77 + 78 + 79 + 80 + 81

+ 82 + 83 + 84 + 85 + 86 + 87 + 88 + 89 + 90 + 91 + 92

+ 93 + 94 + 95 + 96 + 97 + 98 + 99 +101 +102 +103 +104

+105 +106 +107 +109 +110 +111 +112 +113 +114 +115 +116

+117 +118 +119 +120 +121 +122 +123 +124 +125 +126 +127



The Parity rule with Elementary Rules as Memory. T=4-15. vNN [4],[9]
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THREE STATES {0, 1, 2} : [13]
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k = 3 : α-MEMORY EFFECTIVE if α > 0.25 = 1
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EXCITABLE CA [1]

excited � → refractory �→ resting blank → φ → excited
φ = # of excited cells in neigh. 1 or 2
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REVERSIBLE CA with MEMORY [15]: σ
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Reversible Parity Rule ({σ(0)} = {σ(1)})
NO MEMORY

α=0.6



Reversible Parity Rule ({σ(0)} = {σ(1)})
NO MEMORY

α=0.501



Reversible ER with δ = tc memory [17]



STRUCTURALLY DYNAMIC CA (SDCA)

State and link config. are both dynamic, altering each other

Example
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Mass Parity rule (mod 2)

Links

Coupling
Add links between next-NN sites in which both values are 1
Decoupling
Remove links connected to sites in which both values are 0



SDCA with MEMORY [4]
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The SDCA Parity rule with Elementary Rules as Memory [4]
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REVERSIBLE SDCA [6]
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REVERSIBLE SDCA with MEMORY
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)
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FULL MEMORY (α = 1.0)
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EXCITABLE SDCA

Example
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Mass

Resting cell excited if
# excited connected

# connected cells
∈ [

1

8
,
2

8
]

Links

Coupling
Add links between next-NN sites in which both values are excited
Decoupling
Remove links connected to sites in which both values are refractory



EXCITABLE SDCA at T=50
Ahistoric Mode memory

Starting � �
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Random starting



There is plenty of room with simple memory :
Unaltered transition rule(function of previous states)

• Probabilistic CA [10]: p = P
(
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i = 1

/
s
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)
• Boolean networks[2, 3]: σ
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10 20 30 40 50
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Time
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Changing rate Damage sepreading

K = 4 Boolean Network



• Continuous CA (CML) : σ
(T+1)
i = ϕ

(
m

(T )
j ∈ Ni

)
• Discrete Dynamical Systems : xT+1 = f (mT )

mT =

xT +

T−1∑
t=1

αT−txt

1 +

T−1∑
t=1

αT−t
≡ ωT

Ω(T )



The LOGISTIC map with memory [13]

xT+1 = 4mT (1−mT ) Fixed point : x = 0.75

0 20 40 60 80 100
0

0.5

1
NO MEMORY

0 20 40 60 80 100
0

0.5

1
ALPHA=0.10

0 20 40 60 80 100
0

0.5

1

ALPHA=0.20

0 20 40 60 80 100
0

0.5

1

ALPHA=0.30

0 20 40 60 80 100
0

0.5

1

ALPHA=0.40

0 20 40 60 80 100
0

0.5

1

ALPHA=0.60

0 20 40 60 80 100
0

0.5

1

ALPHA=0.80

0 20 40 60 80 100
0

0.5

1

FULL MEMORY (ALPHA=1.0)



SALVADOR DALI

The Persistence of Memory



Disintegration of the Persistence of Memory



http://uncomp.uwe.ac.uk/alonso-sanz



An exciting New Book Series from Old City
Publishing

OCP Science Monographs & Treatises on Advances in
Unconventional Computing and Cellular Automata

Series Editor:
Andrew Adamatzky, University of the West of England, Bristol, UK

New developments in physics, chemistry and biology inspired computing make a
revolution in science and technology. They call for a broad spectrum of publications at
different levels.

We are announcing the new series in the exciting field of unconventional computing and
cellular automata which will include:

• monographs,
• edited volumes and
• treatises

Books will be on a single theme and contributed by experts
actively engaged in research as well as editors of proceedings of
conferences and workshops. Titles already in preparation
include:

Cellular Automata in Hyperbolic Spaces Vols. 1 & 2 – Maurice Margenstern

Cellular Automata with Memory – Ramon Alonso-Sanz

The series will address a wide audience ranging from undergraduate
students and junior researchers and lecturers to experienced scientists
and renowned academicians. The series will focus on definitive and
fundamental works of timely yet lasting values including but not limited
to physics of computation, cellular automata theory and applications,
chemical and molecular computing, complexity of nature-inspired
computation, non-classical logics, novel hardware systems, smart
actuators, mechanical computing.

Prospective authors are encouraged to send their proposal to the series editor Prof. Andy
Adamatzky (andrew.adamatzky@uwe.ac.uk). Please email general information about
proposed book: title, short resume, provisional table of contents, and one or two sample
chapters.

To register interest in receiving a pre-publication discounted offer for the first three titles
in the series send an e-mail to info@oldcitypublishing.com or write to the following
address:

Old City Publishing, Inc. 628 North 2nd Street, Philadelphia, PA 19123, USA
Tel: 215 925-4390 Fax: 215 925-4371



Prisoner’s Dilemma: Cooperate or Defect ?
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Temptation > Reward > Penalization > Sucker payoff



Spatial Prisoner’s Dilemma [21]−[28]

d
(1)

= δ(1)

C C C C C

C C C C C

C C D C C

C C C C C

C C C C C

p(1) = π(1)

9 9 9 9 9

9 8 8 8 9

9 8 8b 8 9

9 8 8 8 9

9 9 9 9 9

d
(2)

= δ(2)

C C C C C C C

C C C C C C C

C C D D D C C

C C D D D C C
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C C C C C C C

C C C C C C C

π(2) = αp(1) + p(2)
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(b)

Freq. of C with memory of the last 3 iterations, starting (a)
from a single defector, (b) at random. Dotted ≡ ahistoric,
red, yellow, green, blue: α = 1.0, 0.9, 0.8, 0.7. Remaining: α

from 0.1 to 0.6 by 0.1. The higher the α the higher the f .
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