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Background

Let D={ze C:|z| < 1}.

Theorem (Riesz-Herglotz)

Let f € Hol(D). Then Rf > 0 in D iff 3 a postitive measure y on
0D such that

_ [ 1+zC ~
o= [ 2 dulQ) +19(0)

for all z € D.
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Background
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0 z=(z1,...24) €C?
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Background

Notation & definitions:
0 z=(z1,...24) €C?

* <Z7 W>:ZZJWJ7 ‘Z’: <Z7Z>
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Background

Notation & definitions:
0 z=(z1,...24) €C?
° (z, W>:ZZJWJ7 |z| = /(z,2)
o BI={zeC?: |z| <1}
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Background

Notation & definitions:
0 z=(z1,...24) €C?
o (zw) =Yz, |z2l=/(z.2)
o BI={zeC?: |z| <1}
o O = Hol(BY), Ot ={feO0:Rf >0}
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Background

Notation & definitions:
0 z=(z1,...24) €C?
o (z,w) =Yz, |zl=/(z.2)
o BI={zeC?: |z| <1}
o O = Hol(BY), Ot ={feO0:Rf >0}
o H3: the RKHS on B? with kernel

1

R TN

(H3 € H?(B9) when d > 1)
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Positive classes

Definition

A positive class on B9 is a set of functions P C Ot with the
following properties:

@ P is a closed, convex cone in O+
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Positive classes

Definition

A positive class on B9 is a set of functions P C Ot with the
following properties:

@ P is a closed, convex cone in O+
@ P is closed under dilations: if f € P then

fr(z) .= f(rz)

belongs to P for all 0 < r < 1.
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Positive classes

Definition

A positive class on B9 is a set of functions P C Ot with the
following properties:

@ P is a closed, convex cone in O+
@ P is closed under dilations: if f € P then

fr(z) .= f(rz)
belongs to P for all 0 < r < 1.

We are interested in certain positive classes admitting a
“noncommutative Herglotz representation.”
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Positive classes

Examples of positive classes:
o O = {f € Hol(BY) : Rf > 0}
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Positive classes

Examples of positive classes:
o O = {f € Hol(BY) : Rf > 0}

o M™T:

10
o) = | T2 du(@)+ iaf(0),

L a positive measure on OB

Michael Jury Operator-valued Herglotz kernels and functions of positive real



Positive classes

Examples of positive classes:
o O = {f € Hol(BY) : Rf > 0}

o M™T:

10
o) = | T2 du(@)+ iaf(0),

L a positive measure on OB

o S*: the set of f € Hol(BY) such that

f(z) + f(w)
1—(z,w)

is a positive semidefinite kernel.
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Positive classes

Write H(z, () for the Herglotz kernel on BY:

1+(z,0)

M==1"60
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Positive classes

Write H(z, () for the Herglotz kernel on BY:

Since
H(Z) C) + H(W7 C) _ 1 1 1-— <Z7 €><W>C>
T (z,w) ‘2<1—<z,<>><1—<w,c>) T (zw)

is a positive kernel for all ¢ € 9B, it follows that

M+gs+go+
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Positive classes

Write H(z, () for the Herglotz kernel on BY:

Since
H(Z’ C) + H(W7€) _ 1 1 1-— <Z7 €><W>C>
T (z,w) ‘2<1—<z,<>><1—<w,c>) T (zw)

is a positive kernel for all ¢ € 9B, it follows that
M+ C 5+ C O+

When d = 1, all inclusions are equalities (Herglotz formula); when
d > 1 all inclusions are strict [McCarthy-Putinar '05].
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Duality

Duality: let f and g have Taylor expansions > c,z%, > dyz%.
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Duality

Duality: let f and g have Taylor expansions > c,z%, > dyz%.

For f,g € HolB? and 0 < r < 1 define

QF.£) = X ot 1+ F(0)200) (1)
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Duality

Duality: let f and g have Taylor expansions > c,z%, > dyz%.

For f,g € HolB? and 0 < r < 1 define

Qf.8) = 3 codor 5 + FO)E0) (1)

Motivation: the series defining Q, converges for all r < 1, and if g
is a Herglotz integral

O e 22 g; (<)
then

Qf(fag):/ frd,u
OBd
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Duality

Definition
For C C O define

C*={gecO|RQ(f,g) >0forall f€Candall re|0,1)}

It follows easily that
Mt =0T,

Michael Jury Operator-valued Herglotz kernels and functions of positive real



Definition
For C C O define

C*={gecO|RQ(f,g) >0forall f€Candall re|0,1)}

It follows easily that
Mt* =0T,
Main theorem on duality & positive classes:
Theorem (J. '07)
Let M™ C P C OT be a positive class. Then:
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Duality

Definition
For C C O define
C*'={geO|RQ(f,g)>0forall feCandall rel0,1)}

It follows easily that
Mt* =0T,
Main theorem on duality & positive classes:
Theorem (J. '07)
Let M™ C P C OT be a positive class. Then:

@ P* is a positive class.
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Duality

Definition
For C C O define
C*'={geO|RQ(f,g)>0forall feCandall rel0,1)}

It follows easily that
Mt* =0T,
Main theorem on duality & positive classes:
Theorem (J. '07)
Let M™ C P C OT be a positive class. Then:

@ P* is a positive class.
o P ="7P.
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For C C O define

C*'={geO|RQ(f,g)>0forall feCandall rel0,1)}
It follows easily that
M = OT.

Main theorem on duality & positive classes:

Theorem (J. '07)

Let M™ C P C OT be a positive class. Then:
@ P* is a positive class.
o P ="7P.
e If'P C P* then 3 a positive class VW with

PcWcP* and W =W
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Duality

y-Putinar
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Duality

Theorem (McCar
e MT* =0t
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Duality

(McCarthy-Putinar '0
o Mt*=0*
e O =M*
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Duality

(McCarthy-Putinar '0

e Mt* =0t
e O =M*
e StT*C St
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Duality

Theorem (McCarthy-Putinar '05)

e Mt* =0t
e Ot*=MT
e StT*C St

Question: Is St* = St7?
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Duality

Theorem (McCarthy-Putinar ’

e Mt* =0t
e Ot*=MT
e StT*C St

Question: Is St* = St7?

It turns out the answer is “No,” but we can identify S™* explicitly...
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Row contractions

Row contratctions and operator-valued Herglotz kernels:

Definition
A row contraction is a d-tuple of bounded operators
T =(Ti,... T4) on a Hilbert space H such that

| = TiTf = — T4T5 >0
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Row contractions

Row contratctions and operator-valued Herglotz kernels:

Definition

A row contraction is a d-tuple of bounded operators
T =(Ti,... T4) on a Hilbert space H such that

| = TaT = = TyT5 >0
If T is a row contraction, then for all |z| < 1 the operator
(z, Ty :=21T{ +---+ 24T}

is a strict contraction. Define
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Row contractions

Row contractions and positive classes:
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Row contractions

Row contractions and positive classes:

RH(z, T)=2(1 — (z, V)X = (z, TNz, T))I — (z, T)*)"1 >0
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Row contractions

Row contractions and positive classes:
RH(z, T)=2(1 — (z, V)X = (z, TNz, T))I — (z, T)*)"1 >0

This shows

Lemma

If p is a positive linear functional on the C*-algebra generated by
T, the holomorphic function

p(H(z,T))

has positive real part on BY.
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Row contractions

Row contractions and positive classes:
RH(z, T)=2(1 — (z, V)X = (z, TNz, T))I — (z, T)*)"1 >0

This shows

Lemma

If p is a positive linear functional on the C*-algebra generated by
T, the holomorphic function

p(H(z,T))
has positive real part on BY.

For many choices of T, the set
Pr:={p(H(z, T))+iX\: p positive , A € R}

is a positive class [Sufficient condition: T dilates rT for all r < 1]
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Row contractions

Row contractions of interest:
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Row contractions

Row contractions of interest:

@ Spherical contractions: Z = (Zy,...Z4)
Zi=x(G), j=1,...d

where 7 is any representation of the commutative C*-algebra

C(0BY) on B(H)
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Row contractions

Row contractions of interest:

@ Spherical contractions: Z = (Zy,...Z4)
Zi=x(G), j=1,...d

where 7 is any representation of the commutative C*-algebra
C(0BY) on B(H)
o Cuntz isometries. V = (V1,... Vy)

VR SLv
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Row contractions

Row contractions of interest:

@ Spherical contractions: Z = (Zy,...Z4)
Zi=x(G), j=1,...d

where 7 is any representation of the commutative C*-algebra
C(0BY) on B(H)
o Cuntz isometries. V = (V1,... Vy)

VR SLv

S =M,
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Row contractions

We have defined for each row contraction T

Pr:={p(H(z, T))+ i)\ : p positive , A € R}
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Row contractions

We have defined for each row contraction T
Pr :={p(H(z, T))+ i\ : p positive , A € R}

For the row contractions Z, V, S we have:

Theorem

Michael Jury Operator-valued Herglotz kernels and functions of positi



Row contractions

We have defined for each row contraction T
Pr :={p(H(z, T))+ i\ : p positive , A € R}

For the row contractions Z, V, S we have:

Theorem
e Pz = M™ (definition of M, more or less)
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Row contractions

We have defined for each row contraction T
Pr :={p(H(z, T))+ i\ : p positive , A € R}

For the row contractions Z, V, S we have:

Theorem
e Pz = M (definition of M™, more or less)
e Py = ST [McCarthy-Putinar '05; Popescu '07]
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Row contractions

We have defined for each row contraction T
Pr :={p(H(z, T))+ i\ : p positive , A € R}

For the row contractions Z, V, S we have:

Theorem
e Pz = M* (definition of M™, more or less)
e Py = ST [McCarthy-Putinar '05; Popescu '07]
@ Ps:= Rt =S5 [J 07]
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Row contractions

We have defined for each row contraction T
Pr :={p(H(z, T))+ i\ : p positive , A € R}

For the row contractions Z, V, S we have:

Theorem
e Pz = M* (definition of M™, more or less)
e Py = ST [McCarthy-Putinar '05; Popescu '07]
@ Ps:= Rt =S5 [J 07]

Theorem (J. '07)

MTcRtTcSTcoO"

and each inclusion is proper.
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Row contractions

For a d-tuple T = (Ty,... T4) and a monomial z%, define

(z*)¥™(T) := ‘a“ Z Ti\a|
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Row contractions

For a d-tuple T = (Ty,... T4) and a monomial z%, define

al
(z2)Y™(T) = Tl Z TaTy i,

Corollary

Let p be a d-variable polynomial. Then
Rp¥™(T) >0

for all row contractions T if and only if p € R™.
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Row contractions

For a d-tuple T = (Ty,... T4) and a monomial z%, define

al
(z2)Y™(T) = Tl Z TaTy i,

Corollary
Let p be a d-variable polynomial. Then

Rp¥™(T) >0
for all row contractions T if and only if p € R™.

Compare: p € ST iff
Rp(T) =0

for all commuting row contractions T.
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Problems

Questions:

1. Given a positive class P, let Py denote the subclass of P for
which f(0) = 1; this set is compact and convex. It is not hard to
show that the Herglotz kernels

_1+(z,¢)
1- <27 <>
are extreme in S;7; but by Krein-Milman there must be others

when d > 1. (The Herglotz kernels are not extreme in O when
d > 1 [Rudin].)

H(z,¢)
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Problems

Questions:

1. Given a positive class P, let Py denote the subclass of P for
which f(0) = 1; this set is compact and convex. It is not hard to
show that the Herglotz kernels

M) = T

are extreme in S;7; but by Krein-Milman there must be others
when d > 1. (The Herglotz kernels are not extreme in O when
d > 1 [Rudin].)

PROBLEM: find all extreme points of Ry, S .
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Problems

2. Since R™ = §** C ST, main theorem says there is a self-dual
class in between.
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Problems

2. Since R™ = §** C ST, main theorem says there is a self-dual
class in between.

PROBLEM: Find it!
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