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Consider
n
1,7=1
where A € L®°(R"; Z(C"))
— second-order, divergence-form operator with bounded, mea-
surable coefficients.

Let further

n
Re(w, A(z)w) =Re ) w; Ajj(x)w; > A >0
ij=1 (EN)

V w € Bcon, v € R"
— elliptic.



Let ¢ be a function space on R™ and suppose:

{(I—I—tQL)_l,t\/—A(I—I—t2L)_1, (I +t2L) "1t/ —A,
t\/—A(I—I—tQL)_lt\/—A Tt > O} unif. bounded on #'.
For & = L2(R"), (El)=(Bd).

(Bd)

Then, as an operator in %, (L) C Sé" U {0}, where Sé" ={C €
C\ {0} : [arg(¢)| < 6}.

Functions of L by extended Dunford—Riesz Calculus:
1
L =—/ A — A)Ld,
FUY =5 [ o FOOO = A)

f holomorphic (and decaying) in ST, 0<v<w.



Let & = L2(R").
T. Kato's conjecture: D(vL) = D(V), and H\/_qu/ | Vul|gmn.

P. Auscher, S. Hofmann, M. Lacey, A. McIntosh and Ph. Tchamitchian
(Annals of Math, 2002) proved: (Ell)=
1F (Dl gy < Clflle YfEH®(ST)  and

satisfies ||\/Equ = V]| ym (Cal)



What about # = LP(R"™) (or even % = LP(R"; X), X Banach)?
For quite general %', (Cal)=(Bd).

But for # = LP(R"™) and p %= 2, (Ell)A(Bd), hence (Ell)%A(Cal).

We assume:

{(1 + 207 /AU + 2D (T + 2L/ A,

(Rbd)
t\/—A(I+t2L)_1t\/—A > O} R-bounded on %'

For & = L2(R"), (Bd)<(Rbd).

Quite generally, (Cal)=(Rbd).



R-boundedness

Let ¢, be independent random sings on some probability space
2 with P((ik = -I—l) = P(ak = —1) = 1/2.

Definition (Berkson, Gillespie 1994): 7 C Z(X) is R-bounded
if 3C < oo such that VK € N, Vzq1,...,2p € X, VIY,..., T € T

K K
T < cH \ .
Z(T) .= infC.

Quite a general rule of thumb in vector-valued harmonic analysis:
replace classical boundedness assumptions by R-boundedness.



Theorem (H., McIntosh, Portal):

Let X be a UMD space (unconditionality of martingale differ-
ences, < Hilbert transform bounded on L2(R; X)).

Let further X and X* be “RMF" (Rademacher maximal function
property — more below).

Let (EINA(Rb) in & = LP(R™; X) for all p € (p—,p4) C (1,00).

Then (Cal) holds in the same spaces.



Note: UMD is necessary for A = I. Then L —/\, and

||_Au||LP(Rn;X) ~ ||vu||Lp(Rn,X)n < X is UMD.

We use the first-order framework developed by A. AXxelsson,
S. Keith and A. McIntosh (Inventiones Math, 2006) with two
“factorizations” My, and fl4 of L acting in 2 = #"+t1:

(o0 0 . (0 —div B i
r_<v0» r._@ o:» NM=r+4r*
(0 —divA - 0 —div
nA“(v 0 1)’ A (AV 0 )’

A 0 —VdivAa]’ A 0 —AVdiv)"



Why first-order? — ||Vul|lgn = H\/Zqu meansHVL—l/Qqu/ ~
|ulls, but the Riesz transform VL~1/2 = f(L).

However,

n2 — —div AV O (L O
AT 0 —vdivAa] —\o L/’

san(M4) = M4l — 0 —divAL71/2

. Functional calculus estimates

1Dl z¢zy + [ £ g oy S 1l

= Functional calculus of L and the va estimate!




By abstract reasons, functional calculus of 14 < *“quadratic es-
timates” (abstract “Littlewood—Paley inequality’)

Z ngQku 5 ||”LLH%, Qt — [+t2|—|2
keZ @ 4
+ “dual” estimate with ((Q{)*, Z*)in place of (Q{', Z),

and similarly for 4.

E

By algebra, further splitting into

Ei> 5kQ§ku Sllullg,  weRM) ()
keZ X

+ a similar estimate on R(I"*) 4+ the dual estimates.

Concentrate on ().



Tools: harmonic & dyadic approximate identities
Po={-t°A)"L,
1
Apu(a) = Ageu(a) = = | u(y)dy
2 Q| /@

if 2k—1 « ¢ <2k x € Q =dyadic cube of side-length 2F.
Philosophy: “P;, =~ A;".

Principal part of Q: "y, := Q{1(1)"; precisely,
vi(z)w = QA (w ® 1)(z), w € X" T1



Divide Q7 = QA\(I — P) + (Qf* — mA) Pr + v Ay (P — Ap) + A,
and control:

QA (I — P;) — high-frequency part: use simple algebra.

(Qf — 4 Ay) P, — off-diagonal part: 1pQ{'1y is small if d(E, F)/t
is large; use Poincaré’s inequality, Fourier multipliers, etc.

v A (P — Ay) — martingale part: use UMD explicitly to prove

EH Z 5/{(P2k: — AQk:)uH 5 Hqu .
keZ p

vt Ay — principal part: use a new Carleson’s inequality, control
by a new maximal function.



LP-version of Carleson’s inequality:

(5 paeaal) ™

keZ
where b = (bzk)kez — a sequence of functions, and

LP(R™) < HbHCarp"'e(Rn) ||u||LP(Rn) ,

||b||Carp(R”) sup <|22| /Q [ Z ‘ Qk(x)‘

]p/2 )1/1)
k:2k<0(Q)
Can take e =0 if p € (1,2].

Note: ”b”(:ar?(Rn) = Carleson constant of the measure

2
du(t,2) = ) [boi(2)|” dedé (D).
kel

e, supg (Gm((0, (@) x @)



Vector-valued version of Carleson:
keZ

where Mpu(z) := Z({Aspu(zx) : k € Z}) — Rademacher maximal
function (RMF).

< ||b crom || Mpu ny ,
oy < Welcarreqray 1Ml g

Note: A, u(z) € X = Z(C, X).
Can take e = 0 if X has type p.

Say that X has RMF if |Mgul[ppmny S lullpere, xy for one (all)
p € (1,00).



X has RMF if

e it has type 2 (Mg < usual maximal function — easy), or

e it is a UMD function lattice (Mg < lattice maximal function;
bounded by J. L. Rubio de Francia), or

e if it is @ noncommutative LP space, 1 < p < oo (Mp < non-
commutative maximal function; bounded by M. Junge).

¢l does not have RMF.

Open: Does every UMD space (or even every uniformly convex
space) have RMF?



How to check the R-bisectoriality assumptions of the Theorem?

Corollary:
Let X be a UMD function lattice.
Let A: R — C be bounded, measurable, elliptic (n = 1)

Then L = —d/dx A(x)d/dx has bounded H®°° calculus and satisfies
the /- estimate in LP(R, X) for all p € (1, 00).
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