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Lie Waids

Groupoid = smell, Category wheee all arrows
(morphisms ) o nverdible
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The infinitesimal data of a Lie groupoid
(3 = Gg is a Lie algebroid. More pre-
Cisely, T(#; iﬁ(gﬂ} = ker T'sle;, (0 T'Gg. Then
the vector bundie

ker Ts|; - 1'Gy

)

G
satisfies

e T't is a morphism of vector bundles;

e - a Liebracket [,] on I"(ker T's|¢,) (comes
from [,] of I'(TCy);

¢ [,] and 7't go well together: [X, fV] =
JIX YT+ THX()) - v

In general a vector bundle
A—TGy

|
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with the above condition is a Lie algebroid.
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Problem

L EE" algebr‘m
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Lie groups |

| integration |

Lie
algebroids ‘ integration
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e (Cattaneoc and Felder-—Poisson case, us-

Ing Poisson-sigma model (a Poisson man-

ifold
broid

P
.I'I'

ive rise to a natual Lie alge-
F — P with [df,dg] = d{f,g}).

» Crainic and Fenandes—classify the critirer
of integration and construct a universal
topological groupoid.

v Leo ~algebra. ¢ Getjler (nilpotat 2o D4

We consider the problem from a little bit

{Swwm)ﬂdlfferent viewpoint:

2604 structed o

A€ (ap, aq, ..

Sullivan (1977) con-

a9 spacial realization for every d. a.
(differential algebra) 1 as Homy , (2, O (A")).
When D = A%g™ with

G lp ) = Z.ﬁt&({m,ﬂj]&,ﬂﬂ, .
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then
Homg , (D, 27(A")) == MO, ,q(TA™. g)

1
:{ﬂ E Ql(&ﬂ,jg} d[l' = E{{EF n‘"t'}}
={flat connections of 7 « A" — AT -
(G = a Lie group ofa}

Thus

HOMyga(TAZ, ) = {a € QY(AZ, g),do = L, 0]}

SN

Homyq(TAL g) = Ql(AL g)
1

HOM,,a(TAC, g) = pt

Thus we end up with a simplicial man-
ifold, which is roughly, as you've seen, a
tower of manifolds with face and degener-
dCyY maps satisfving compatible conditions.

Other examples of simplicial manifolds Cotme



from Lie groupoids.

X‘g = 1 K(‘fm {r1 Kpﬂfil
LT
Xg'—_ (-_-:1 }{{;D Gr'l
ol

X1 = (i

| ]

Xo = Gp

But it is not true for the other direction.
For this we have to introduce Kan condi-
tions. Consider simplicial manifold:

(Alm, 5D = {f € (Am]Da]
(Orci= 1,0+ 1,0, m} € (FO),.... F(m)}}.

s / 1"' "‘."'f
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Kan(m,3): Any map Alm, il — X extends to

a map Alm] — X.
Kan!(m,j): Any map Alm, j] — X extends to

a unigue map Afm] — X

Then the Kan condition corresponds to the
possibility of composing various morphisms.

/ :IH Is 33 _:I-:h
/ N }l,
-'1!1

Ka n{E,E} Kan(Z,1) Kan(2,0) (1)

The composition of two arrows is in general
ot unigue,
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but any two of them can be joined by a
2-morphism h given by Kan(3.1).

The associativity is given by Kan(3,1) and
Kan! (2, 1),

i
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Proof of associativity.

This says a simplicial set satisfing Manl{>
2,3) and Kan(> 0,3) gives arise to a groupoid.
T his motivate us to define in the differen-
tiable category
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Definition 1. A Lie n-groupoid X {(nc MU
o) is a simplicial manifold that satisfies
Kan(m,j)forall0 < j <m > 1 and Kant(mm, §)
0 <4< m & n, where

LY

Kan(m,7): The restriction map
hom{A[m], X) — hom(Alm, j], X)
is a surjective submersion.

Kanl(m, §): The restriction Friap

hom(A[m], X) — hom(Afne, 51, X)
is a diffeomorphism.

Given a Lie algebroid,
Sp(A) = HOM 47 q (T A, A),

So(A) = M
S1(A) = {ﬂ»(!f»ﬂ €A :pla(t)) =5(1)} = mfd

’]r'{}:',) € ;'C;,F
Sa(A) = {ale,t) : Iv(e, 1), Doy — b = T (ex, )
b(0,t) = b(1,¢) = 0} 77 Banach manifold
S3(AYy = ..



S0 not sure it's a simpliciai manifold or
even Kan simplicial manifold. It's true in
the case of g.

Two natual simplicial manifold for g,

e Sa(g),

e the nerve, .G x & = G =3 pt.

" hol m ;
S1(0)/Sa(g) —
a conn —» hol{a)

s an isomorphism when ' is the simply
connected Lie group of g.

SO to obtain the second from the first,
some sort of "truncation” take place:

s(g) ~ ..52(9)/S3(g) = S1(g)/S(a) =2 pt
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Lo the same thing for 4, 51(A)/S>(A4) is
only a topological space!

is the nerve of the universal topological
groupoid constructed in Cantaneo-Felder
& Crainic-Fanandes.

Theorem 1. A higher truncation:

+53(A)[84(A) 2 S2(A)/S5(A) = S1(A) = M.
Is a Lie 2-groupoid.

Idea: So(A) ~ F on §:(A) take

Mong(51(4)) or Hol w{(57(AY)
f I
S1{AY——— M) S1(AY(— =i
3tm:k§ sm,cﬁ:i
GLAN — CHOAY (=
modili Spyce-.. moduli space
top gpd
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Theorem 2. G(A) = M and H{(A) = M are

W-gpd.

G(A) is source 2-connected, r :

H{A) is source I-connected. | Hiki = H’” e ﬁr‘”{-_
i.f & febeg .’-&.-‘_If

Hence G(A) is more universal. h ‘

Theorem 3 (Lie III).

Tlie Ty | Weapd
afgebro;ds J'I?fegfﬂtfﬂﬂ i 5‘2"‘!:{-.:'”” |
Theorem 4 (Lie II).
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Theorem 5. Upto homotopy and some étale
conditions,
L Lije 2-gpd E_l_—l . __h| 'W—gpd | |

Under this correspondence mr: Z-trancation
S A)/ 53(A) 2 S1{A) 2 M. 2 G(AY M
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