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Modelling homotopy types: overview

e Motivation: Higher order version of fundamental
group (Grothendieck)

e Parallel developments:

Homotopy Theory Higher categories
Cat™-groups ‘conjecture test'

Hypercrossed complexes weak n-groupoids
L _ model n-types

2.0. Tamsamani,
Batanin model

e Low dimensions
1y == 2 strict 2-groupoids model 2-types.
=3 Gray groupoids model 3-types
[Joval -Tierney: Leroy]

e Semistrictification hypothesis
Weak n-groupoids suitably equivalent to
“semistrict” ones.

¢ Main result Every Tamsamani weak n-groupoid
representing a connected n-type is suitably equiv-
alent to a “semistrict” one.

e Method Comparison between cat"~l-groups and
Tamsamani’'s weak n-groupoids.



Internal categories and simplicial objects.

C category with finite limits
* The category Cat(:

Objects:
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e Fact: o nerve of CatC iff for all n = 2



Cat"-groups: Definitions

............................

Cat™(Gp) = Cat (Cat™ 1(Gp))

e Multinerve N : Cat™(Gp) — [A™", Gp]

.'"-u'-:.'_r M

Cat™(Gp) = (A, Cat™1(Gp)) &

e Equivalent definition of Cat™(Gp) ¢ [A™, Gp]

n=1 G« |[A"7, Gp], Segal maps isos

Given Cat™ 1(Gp) ¢ [Aa™ 17 Gp]

Define G € Cat™(Gp) ¢ [A™, Gp] if
- Gy € Cat~H{(Gp) for all & >0
- Segal maps isomorphisms

e Classifying space B

Cat™(Gp) 2 [a™”, Gp] Y (A%, Gp] ¥

[A“P Set]q H Top.




Cat"-groups as homotopy models.

e Fact: G € Cat™(Gp)
Then BG is connected (n + 1)-type.

¢ Weak equivalence f in Cat™(Gp) if 3f weak
homotopy equivalence.

e | heorem

[MacLane-Whitehead n = 1]
[Loday; Bullejos-Cegarra-Duskin: Porter: n = 1]

—  Cat™(Gp) connected \ | =
B PSSP e Hﬂ(ﬂ _|_ -I_-tyDES) - prt.



Tamsamani’'s model. strict case

e Strict n-categories: Inductive definition
1-Cat = Cat
n-Cat = ((n — 1)-Cat )-Cat

e Fact: C category with cemmufing coproducts
C-Cat =~ (Catl) s =
= {¢ € [AP, C] | $g discrete, Segal maps isom.}

e Multi-simplicial deﬂniti_oﬂ of n-Cat:
n=1 ¢ [A" Set], Segal maps isomorphisms
Given (n — 1)-Cat C [A"~1"7, Set]

- Gp € (n—1)-Cat forall k=0
- G constant
- 5egal maps iscmorphisms.

e Note: G(0,—), G(1.---%.1,0.-) discrete
1<k<n-—2.

e Functor: Ti”'} cn-Cat — Cat, inductively

Tél) » Cat — Set iso class of objects
T]t/jl) - id .T—](-ﬂ'J f— ?‘[}n’_l} Tﬂ(ﬂ} _— Tél}TEH:I
e Strict n-groupoids:
1-Gpd = Gpd
G cn-Cat is in n-Gpd if G, € (n — 1)-Gpd for all
k>0 and 7."VG € Gpd.




Tamsamani’'s model: general case

e ldea: Weaken associativity of composition and

unit laws by requiring Segal maps to be “equiva-
lences” rather than iscmorphisms.

e Inductive definition: [Tamsamani; Toen]
n=1 W; =Cat |
l-equivalence = equivalence of Cat
TD(]} cCat — Set iso classes of objects
51 Set — Wy discrete category
AWy o Cat identity.

e Note: these satisfy

) (1) fully faithful, finite product preserving
fréljrf{l} = id.

i) T‘él} sends l-equiv. to bijections,

i) fréj'} preserves fibre products over discrete
objects. :

iv) € — D morphism in Wy, D discrete
then ¢ = [] C».

=T
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Tamsamani’s model: general case, cont.

Inductive step:

e Define o W, C[AYP, W, 1] s.t.
¢ discrete
Segal maps (n — 1)-equivalences.

e Note +\™ :W, — Cat restriction of
_(_TL ]'-:l' [&Up wﬂ 1] . [&u_{_.r bet}

':;'!I-':']. = ]_[ {;"[j‘r_l'i';jl
TyEdg

e Define f: ¢ — ¢ in W, n-equivalence if
= Blaa) 7 Y ta ) (n— 1)-equiv.

B Ti:n)fﬁ’ - Tiﬂ'}tf’ﬂ equiv. of Cat
- 7§™ = D)



VWeak n-groupoids as homotopy models,

e Tamsamani’'s weak n-groupoids 7, C Wy

n=1 "7y = Gpd
Given 7,1
Define ¢ & Ty, < Wy if

D(ey) € Tn—1 for all z,y € do

T']ri'ﬂ)::i') = :*Tl

e Theorem [Tamsamani]

Equivalence of categories
In

P

B

~ Ho (n-types) : ﬁn,



Cat"-groups and T,
Cat™(Gp)

e O = [.ﬂ‘.”'n, GD]
Cr multinerve of Cat™ 1{Gp)
Segal maps iso.

o Multisimplicial’
inductive definition
based on Gp
strict structure
“cubical”

summary
Tt

® [&*H‘l"": Set]
i-T'{-:'JT E T"l
o constant
Segal maps n-equivalences

T__.ll::mb-l}fi} = GDCI

¢ multisimplicial
inductive definition
based on Set
weak structure
“globular"

e Main issues in the comparison:

i) From strict cubical structure to weak

globular one while preserving homotopy type.

i) From group-based structure to

set-based structure.
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Comparison problem: main ideas.

e Internal weak n-groupoids Iy, C E&.’” . Gp]

e L [LE B el PP USSR S S —

VWealk globular structures internal to Gp.

e Functors  Cat™(Gp) ™ 1, L M, q C Ths
preserving the homotopy type.

e Special cat"-groups Cat™(Gp): C Cat™(Gp)
The “faces” which in an object of n-Cat (Gp) are
discrete are now “strongly contractible” .
In particular n-Cat (Gp) < Cat™(Gp):

® Diﬁcretization functor dise
Cat™(Gp) ¥ Cat™(Gp)s ™* Iy

Spocofibrant replacement functor

Dy, "squeezes contractible faces to discrete ones” |

Vi, — Hn..+1
induced by nerve Gp — [A%P, Set]




Cat"-agroups: further properties.

o Cat™(Gp) as algebraic category
An CHT”(GD) — Set - Fn .JFHI = iy

L, monadic,

e Regular epis
Cat™(Gp) has enough regular epi projectives

o=
Li -

}&FI.Erfﬂ.g e (_:,(

e Strongly contractible (s.c.) cat™-groups
n=1 d:¢=——=¢% ¢t dt=id

g% discrete, d w.e.
Given s.c. Cat™ 1(Gp)
Define ¢ & Cat”™(Gp) s.c. if
d:G —— G%:t dt=id
G* discrete, d w.e.
*;?g"'} Q’Er"j s.c. Cat™* 1(Gp)
for all directions 1 < k < n.

e Theorem: FRX is strongly contractible.



A model structure on Cat™(Gp).

Cat™(Gp) = Cat (Cat*1(Gp))
Apply T. Everaert, R.W. Kieboom,
1. Van der Linden - TAC 2005

e Weak equiv. = homology isomorphisms

e Every object is fibrant

e Functorial cofibrant replacement

G € Cat™(Gp) pullback in Cat” 1(Gp)
121 Fooaldy 1Gn x Fuoildy 100
i
e X &
da. d |
& (do, d1) Go = Ga.

c(G) € Cat™(Gp)
El‘{g)l —_ F]_ ﬂ(g}ﬂ — jt:.ri_a---]_f/{fn.- -lgf}
c(G) cofibrant

c(G) — G trivial fibration  Be(G) =~ BG



The discretization functor, n=2.

L B B L R S A e A o e ey

:;,r,;j is s.C. catl—graup, d: Go

= . —_—
= GE it di = id

e Functor ¢: Cat?(Gp) — Cat?(Gp).

c(G) — G weak equivalence.

e Internal weak Z-groupoids D

G el if - G discrete

Dy  [A%, Catl(Gp) ]

- Segal maps w.e.

e Discrete multinerve dsAG

ds N : Cat2(Gp)s — Dy

I'J’ffi'.:,

- T S — P

+ ..G]_ HGUQ]_ - !:',_J'Il _-ff?-l_-‘ g[}
Gﬂt

Do = ds N7 preserves homotopy type

e Define disc =Dooc



Semistrictification, n=2.

e Semistrict 3-groupoids Hy < T3
GEHs C[AP TL]if Gy = {x}

Pt L
Gp =G X X Gy

e Functor V :[Dp — Ha
induced by nerve Gp — [AY Set].
V' preserves homotopy type.

e Theorem [P.] Commutative diagram

Cat?(Gp)/m —V2dise gy y.3
AN /
" J__.-"

IR B

h e

: connected

Ho(“LR5SEET)
Further, every object of 75 representing a con-
nected 3-type is equivalent to an object of H

through a zig-zag of 3-equivalences in T5.



The connection with Gray groupoids.

e Gray groupoids.

GI’E},-" :{E'Eat, :E'ﬂ'rﬂ-?.l'}'
Gray-enriched category with Invertible cells.
(Gray-Gpd)g = Gray groupoids with 1 object.

e Theorem [P.] Commutative diagram

T'£32{'m3 SNy S5 (Gray-Gpd)g/~

",

PN

connected
H‘:’( 3-types )

e idea of proof

- Monoidal functor

(T, %) —— (Bigpd, x) —
- note Hsg ¢ Mon(7s, x)
- G & Hy = st GG & (Gray-Gpd)g

Let S(G) = st G G.

(2-gpd, © Gray )



Special cat>-groups.

=« Notation
CatY(Gpy
Cat2(Gp) T 1 ~internal category in
| Cat (Gp) in 2 ways
| e
Cat3(Gp) [ | internal category in
!f,f Cat?(Gp) in 3 ways
* Functor
‘ —/ i 0, C2
1 P | G cofibrant
| e replacements
1 E:
1 A
.f_”f L Ea—
— i | i e (G) e I coe(G) =
2 !f-} .-I:.-;f,-.-' b #;’;*:#:'-. :.E‘;PG
(5pG)g s.c. Cat?(Gp) Sp@G special
(SpG)1 special Cat2(Gp) Cat3(Gp)

SpG — e1(G) — G w.e.

—



Discretization functor, n = 3.

e Nerve of special cat3-groups
Ner : Cat3(Gp)s — [A%, Cat2(Gp).]

- e - L1

. '| L T J L, l T,

"I I I A I * 1 rrera i
l_. o - [~ — | . — e

[l
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e Discrete multinerve
ds N1 Cat3(Gp) — [A%, Cat?(Gp)s]

e Internal weak 3-groupoids G € I3 ¢ [A™ D?]
e,

G discrete, Segal maps w

e Functor D3 : Cat3(Gp)s — D3
Dy = ﬁz o ds N

-

B
G G xgeb = Y Yo

D3G - DaG1%6,G1) = Da(G1) = 98 = Do(Gl)

St S ]

disc = Dg o Sp



Semistrictification, general n.

o Semistrict Tamsamani's n + 1-groupoids H,41
$p € Hpyp1 CThgpr CLAD Ty ] IF
do = {*}. on = 5{'?']'5{'35‘1

e Functor V 1 [y — Hyqq
induced by nerve Gp — [AP, Set]
V' preserves homotopy type. |

e Theorem [P.] Commutative diagram

Cat“L{GD)JﬁN Vo dise H;r_-i—-l,-"fm“.l-t_l

v
\- p .
-,
" S .uf"f ’

connected
Ho (n- + 1-ty pes)

Further, every object of 7,4 representing a con-
nected (n 4 1)-type is equivalent to an object of
H,+1 through a zig-zag of (n+ 1)-equivalences
N 741



Discretization functor, general n

e Special Cat"(Gp) inductive definition.

G c Cat™(Gp), if r:“’“‘} is s.c. and f’( s snecml
ﬁ::r some direction ﬁ., 1 <k <n.

e Functor Sp: Cat™(Gp) — Cat”(Gp)s
Sp = ¢poq0 Crp—2 9 0000
SpG — G w.e.

e Nerve of Cat™(Gp).
Ner @ Cat™(Gp)s — [A%, Cat " 1(Gp),]

e Discrete multinerve
ds N 1 Cat(Gp)e — [AP, Cat " 1(Gp).]

e Internal weak n-groupoids G € Iy, C [AP. [, 4]
Gg discrete, Segal maps w.e.

e Functor Dy, Cat™(Gp)s — Dy
Dy = ﬁ”__]_ o s N
preserves homotopy tvpe
Dp(G) = G if G € n-Cat (Gp)

e Discretization disc 1 Cat™(Gp) — I,
disc = T, 0 Sp




