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For a subcollection  of ,  define
( ) | S|.

Then
( ) ( ) ( ) ( )

s A

A C

f A

f A f B f A B f A B

∈= ∪

+ ≥ ∪ + ∩
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' ;
while | | ( ') do 
      choose  to maximize ( ' { }) and
      ' ' { };

C

E f C

S C f C S

C C S
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Suppose ,  ,  ...,  are selected by Greedy
Algorithm. Denote { ,  ..., }. Then
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Algorithm. Denote { ,  ..., }. Then
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implies )increasing monotone is (
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while | | ( ') do 
      choose  to maximize ( ' { }) / ( )
      and      ' ' { };

E f C

S C f C S w S

C C S
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Consider a set , a monotone increasing,
submodular function  on all subsets of  
and a weight function  on . Define

{  | ,  ( { }) ( ).
Find minimum total-weight  in .

E

f E

w E

T A x E f A x f A

A T

= ∀ ∈ ∪ =
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If ( ) 0,  is an integer function
 and ( ) 0, ,
then Greedy gives a (ln  +1)-approximation
where max ({ }).x E

f f

w x x E

f x

γ
γ ∈

∅ =
≥ ∀ ∈

=
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Suppose ,  ,  ...,  are selected by Greedy
Algorithm. Denote { ,  ..., }. Then

( ) ( ) (| | ( )) /

k

i i

i i i

S S S

C S S

f C f C E f C opt+

=
≥ + −
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1,  ..., 1, ..., 

Because  
( )  ( ) for every ,  

including those  in the optimal solution *. 
Note that | | ( *) and | * | .
Suppose * { } and * { }. 

Then   ( *) ( *).

i

j

i i

opt i i

i j

s f C sf C S

S C

E f C opt C

C X X C X X

f C x f C C

+

+

∆ ≥ ∆

= =
= =
= ∆ ∪

1 1

                        

Moreover, by submodularity of ,
( ) ( *). j ji i j

f

x f C x f C C+ +∆ ≥ ∆ ∪
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1,  ...,   

1,  ...,  

1,  ...,   

(1) We may choose  such that  is 
      submodular on {  }. 
      (1-iterated Steiner tree)
(2) We may choose certain ordering of to 
      make ( *)j j

opt

op

op

i j

X X f

X X

X X

x f C C x+∆ ∪ −∆ 1 ( ) smaller.
      (Connected dominating set)

if C+
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