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Wiener's lemma (1932) states that if a pe-
riodic function f : R — R has an absolutely
summable Fourier series

f(t) — Z an€27m'nt

nez
and is nowhere zero, then 1/f also has an ab-
solutely convergent Fourier series.

Our Harmonic Analysis question: for what non-
abelian groups does Wiener’'s lemma hold?



Wiener’s lemma in terms of Banach algebras

A. Banach algebra of 1-periodic functions f :
R — R, f(t) #0 Vt € R.

B:{feA:f(t)=3,ane®™" 3, |an| < o0}
If f#0, 1/f € A.

If feBand f#0,is1/f € B?

Wiener's lemma: YES.

A Wiener-type Theorem: the subalgebra B is
inverse-closed in A. That is, b € B and b in-
vertible = b~1 ¢ B.

~

A: A with adjoined identity.



Bochner and Phillips (1942) contributed the
first essential step towards a general operator
version of Wiener's lemma. They showed that

the an, in
f(t) — Z an€27rint
nez
may belong to a noncommutative Banach al-
gebra.



Gohberg, Kaashoek and Woerdeman (1989)
and Baskakov (1992): Let X, be subspaces
of X, indexed by a discrete abelian group I,
satisfying X;NX,; = 0 for i # j and X = U;c1 X;.
Set P; to be the projection onto X,;. For the
linear operator T': X — X they set

an — Z PZ'TPJ',

1—J]=n

and consider the operator-valued Fourier series

f(t) — Z anGQWint (1)

nel
satisfying >, cz llan|| < co. They use Bochner
and Phillips’'s work to establish that opera-
tors of the form (1) satisfying >, c7 llan|| =
> neZSUPi—j=n || TP;|| < oo form an inverse-
closed Banach algebra in B(X).



In the commutative setting, Gelfand, Raikov
and Shilov (1964) addressed the important ques-

tion: what rates of decay of an element are
preserved in its inverse?

Definition: A weight function v : G — R is
admissible if:

1. v iIs continuous, even in each coordinate,
and normalized so that v(0) = 1.

2. v is submultiplicative, i.e. v(z+vy) < v(z)v(y)
for all x,y.

3. v satisfies the Gelfand-Raikov-Shilov (GRS)
condition:

im v(nz)l/™ =1 for all .
n—oo

Typical examples: v(z) = (1 + |z|2)k/2
v(z) =e ™, 0< a< 1.
GRS showed that l%(Z) is inverse-closed in (ll(Z), %)
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Baskakov incorporated the GRS condition and
proved the following operator version of Wiener's
lemma: let v be an admissible weight; if the
linear operator T satisfies

> sup [[RTPj|lv(n) < oo (2)
nEZZ—j:n
and is invertible, then

S sup ||BT1Pj|jv(n) < oo. (3)
nezZt—I="n



Kurbatov (1999)considered a class of opera-
tors satisfying

(TH® < [BE-IF($Nds  (4)

for some B € LY. If a1 + T is invertible and T
satisfies (4) for 81 € L, then (a1l + 7)1 =
a>I + T> and Tb satisfies (4) for 8, € L1.

This theorem, as stated for integral operators,
IS our point of departure.



Other recent Wiener-type results:

Sjostrand (1995): Pseudodifferential oper-
ators with symbol in M>1(R24).

Grochenig (2004): Generalization of Sjostrand
using time-frequency techniques

Grochenig and Leinert (2004, 2006): (11 (Z%x
Z%), ).

Grochenig and Strohmer (2006): Pseudod-
ifferential operators with symbol in M°°1(G x
G).

Balan (2006): Summable time-frequency
shifts on a discrete subset of R24,
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All of these recent results feature locally com-
pact abelian groups, their dual groups, and var-
ious forms of twisted convolution.

Fundamental property:

(T M) (TyM,,) = 2T, Mo

It is, therefore, natural to look at the Heisen-
berg group:

.

H=GxGxT

hh/ — (ﬂf,w, 627’(”1;’7')(33/’u}/7 627'("1:’7'/)

(x_l_m/,w_I_w/’627Ti(7-—|—7")67ri(x’-w—:v-w’))

(Fy* F2)(ho) = [ F1(h)Fa(hho)dh

Our question: Is /LV})(H) inverse-closed with re-
spect to convolution %7
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Our Second Motivation: Propagation Channel
of a Mobile Communication System

View f(t) as a signal transmitted by a single
source.

e Reflections result in various paths with dif-
ferent travel times

e Movement causes Doppler effect, a fre-
quency shift

e Collection of time-shifted and frequency-
shifted (modulated) copies of transmitted
signal is received

freC(t):/R/]R-l— o(x,w)Te My ftrans(t)dxdw.

Tof(t) = f(t —x)  Muf(t) = ™ f(2)
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Mobile communication channel:

f'rec(t) — /R/]R"' 8($,W)TxwatrpanS(t)dedw.

Weyl pseudodifferential operator L,:
Lo f(t) =/((}/@rFf(w,w)e_mw'xT_xwa(t)d:cdw.

In practice, we must numerically “invert” L,.

Lo = A, Ap;= (Lo¢y, ¢

If 6 € LL(G), A will decay off the diagonal.

L;' =B, By;=(L;'¢;,bz)

Want to know if L-1, and hence B, will have

(0) !

the same off-diagonal decay.

Then we can truncate the A to A4qyne, and
Al ~B.

trunc

This truncation is essential for real world com-
putation.
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Lof(t) =/G[Gc?(w,a:)e_mw'xT_xwa(t)dxdw.

Composition rule for Weyl symbols:

Thus, we are also (in fact, initially) interested
in twisted convolution on LI1(G x G).

If (EE(G x G),f) is inverse closed, then the
class of Weyl pseudodifferential operators is
also inverse-closed.

We will see that L1(G x G) can be treated by
our more general approach for L1(H).
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Theorem 1 (B.F & T.S) Let N}(H) denote
those bounded integral operators N of the form

(Nf)(ho) = [ N(ho,h)f(h)dh,
for which there exists 8 € L (H) satisfying
[N (hg,h)| < B(hy'h)

for all hg,h € H. Let NEN(H) denote N (H)
with adjoined unit. Then N1(H) is an inverse-
closed Banach algebra in B(LP(H)) 1 <p < ..
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We begin with

e NI(H): integral operators with kernel ma-
jorized by € L1(H).

o N°(H): not necessarily integral operators,
defined by the norm:

N | Ao 1y =

> sup [IN: L1(@) = L¥(@Q0lv() < o0
ielJ—R=t

e N°(H) is a dense, two-side ideal in A1 (H)
e We can apply Baskakov to N°(H)
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Proof, Part 1: Structure for L1(H)

GKW & B:
e [: discrete abelian group
e P, . projection onto X;

3" sup ||PTPj|| < oo, and T invertible
il J—k=1

= > sup [|[BT 1P|l < oo
ielJ —k=1

By the structure theorem:

GZRIxGo 2 |J (4,d)+[0,1)IxK, D= Gg/K

(i,d)€ZIxD
GxG = RQdXGox@O
= J  G,d)+1[0,1)?? x K x K+
(i,d)E€Z2dxD
D = (Gg x Gg)/(K x K*)
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T herefore,

GxGxT

J  (3,d,0)+[0,1)?? x K x K+ x T
(i,d)€Z2dxD

T
[

112

We can set up subspaces while avoiding the
noncommutativity of H and apply Baskakov's
result to NJ°(H).
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Proof, Part 2
Show that N>°(H) is a two-sided ideal in A1 (H).

The noncommutativity of H makes this lemma
a little technical and delicate.

Definition: (Z,0) is a partition of G if Z is a
discrete subset of GG, U is a compact subgroup
of G, and G = U;c7(¢: + U).

Definition: Let G be a group with partition
(Z,U) and v an admissible weight function, and
set Q;, = i+U. The amalgam space W (LL(G), 1)
is the space of functions finite in the local LP
norm and the global I norm as follows:

1/q
1w cecgy ey = (%Hfﬂ%p(@i)v(i)q) -

Proposition N °(H) is equivalent to the class
of integral operators with kernels majorized by
functions in W(L>®(H),11).
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Proof, Part 2
By previous propostion, we may equivalently
prove that W(L1(H),1}l) is a two-sided ideal in
W (L>®(H), 13).

Suppose F € W(L1(H),11) and G € W(L>°(H), 1})
for v an admissible weight.

Show:
|Gl ooy a1y < CIF o ceny iy Gl (oo ) az)

||G*F||W(L00(H)’l%) < CHFHW(Ll(H),lg)”GHW(LO"(H)J%)

e Noncommutative!
e Prove for any partition of H

e Use H is unimodular, U is a group
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Idea of Proof: Assume ol + N is invertible in
NL(H).

1. Invertible implies a # 0.

2. For al + N, N € N}(H), there exists N €
NSP(H) s.t. ||[N —N|| < a/2.

K = (al+ (N -N)"Yal +N)
(el + (N -=N))"*(al +(N-N)+N)
= I+ (al + (N —N))"IN.

1. By the ideal property, (al + (N —-N))"IN €
A (D).

2. = K e N>(H)

3. K invertible = K1 e N°(H)

4. K~ € N3o(H) & (al + (N —N)~! e NE(H)
= K~(al + (N - V)1 € N} (H)

K=1(al + (N —=N))~1 = (al + N)~1 € N1(H).

21



Theorem 2 (B.F, T.S) Let H be the gen-
eral, reduced Heisenberg group as defined above,
and v an admissible weight function. If «16+ f,
f e LL(H), is invertible with respect to convo-
lution over H, then (a16 + f)~1 = axd + g,
g € LI(H).

Idea of proof: Set Sys54pf = (ad + F) x f and
assume the S,54F is invertible. By the previ-
ous theorem, (Sus1r)~ ! = ad + A, where A
is majorized by 8 € LI(H). We use an approx-
imate identity {vn},>0:

0 = ad + nli_)moo AYp = ad + G.
For ¢ € Co(H),
Sas4+r (Sp— (a2l + A))¢

= Sasd+FOasd+GP — 5a15+FS;115+ r®
(16 + F) x(a2d + G) — ¢
d*xp—

0
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Theorem 3 (Kurbatov (without weights)) Let
G be a locally compact abelian group. Then

J\Af;l(G) Is an inverse-closed Banach algebra in
B(LP(G)).

Twisted convolution is defined by

F3G(20,wo) = /((;/@F(:U,w)G(xO—x,wo—w)eﬂ'i(xwo_wxo)

Theorem 4 (B.F. & T.S.) Let G be a lo-
cally compact abelian group and G its dual
group. If a6+ f, f € LY(G x G), is invert-
ible with respect to twisted convolution, then
(0104 f) L =axd+g, g€ LIGC x G).

Proof: The proof for the analogous theorem
for L1 (H) holds with the substitution of G x G
for H.
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Our mobile communication channel:

frec(t) — /R/R"' 5’(33,w)Txwat7aans(t)dicdw

The assumption that & € LI(R?) is appropri-
ate: Why is L1(G x G) the appropriate spread-
ing function space for modile communications?

e In practice, strength of delayed copies fades
quickly

e Doppler effect depends on relative speeds
and angles of bodies and signal

e [ hese are bounded, so Doppler effect is
bounded, say to [—D, D]

e If signal is band-limited to [—W, W], then
the support of 6(x,-) € [-W — D, W + D]
for all x

24



Theorem 5 (B.F. & T.S.) LetOP(F1LL(Gx
G)) denote the space of pseudodifferential op-
erators with Weyl symbol ¢ satisfying € L1(Gx
G).

Then OP(]-"_lzg(@ x )) is an inverse-closed
subalgebra of B(LP(G)). That is

(i) al 4+ Ly is bounded on all LP(G).

(i) If 5,7 € L1(G x G), then (a1l + Lo)(anl +
Ly) = (a3l + L), where 7 € L3(G x G).

(iii) If a1l + Ly is invertible on LP(G), then
(a1 1+Ls)" 1 = (anl+L;) where? € LL(Gx
G).

iii. means that the matrices for a11 + Ls and
(a1l + Ls)~1 will have the same off-diagonal
decay and can be truncated to a small number
of diagonals.
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Proof: (i).

INA

) p
/'//3(w,:L‘)e_mfwT_xdeazdw‘ dt

/(//|5(w»5’3)||f(t+:v)|dwdx>pdt

[ (J15¢, =)l s¢ +2)lde ) dt
5Cu) = 11,

1151

31, 151

Therefore, ||(al+Lqs) fllrp < (al+lloll Ol fl e

Lo fI|%,

VAN

IA A

(ii). (a1l+Ls)(apl+Lsr) = L]:—l((a15+6)(a25—|-?))'
Therefore, by Theorem 4, if 5,7 € L1(G x G),
(@10 + 7)h(azé + 7) = (az3d +7), where 7§ €
LY (G x G). Then F~ (a6 +7) = a + ~, and
(a1l + Lo) (ool + Lr) = (a3l + Ly).

(iii). Follows immediately from Theorem 4.
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