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Weyl-HOormander calculus

Given a positive definite quadratic form G(X) on R2?%, we define
e the dual quadratic form:

G°(X)= sup o(X,Y)?
G(Y)=1

with respect to the standard symplectic form in R2d:
o(X,Y)=QX - -PY — PX -QY,

where P : R2? — R4x {0} and Q : R2? — {0} xRR%, are the orthogonal
projections onto the first d coordinates and the last d coordinates.
e the Plank constant:

G(X
hg = sup ( ).



An admissible metric is a measurable function g : X — gy, of R2? into
the set of positive definite quadratic forms on R29¢ and satisfying the
following hypotheses:

e g is slowly-varying: there exists a positive constant ry such that

gx(T) S gy (T) S gx(T),
for all T € R2? and all X, Y € R2? such that
gx(Y — X) < 7“3.
e g is o-temperate: there exists a positive constant M, such that

gx(T) S gy (D) (1 4 g% (¥ — 3)) ™,

for all X, Y, T € R24.
e g satisfies the uncertainty principle:

hg(X) = hgy <1, for all X € R?%.



A g-weight is a positive measurable function u : R2¢ — R, such that

o 1(X) < pu(Y) <pu(X), for all X, Y € R?4 such that

gx (Y — X) < rg,

e there exists a constant M, > O for which

u(X) S ) (1 + g% (x =),

for all X,Y € R24,

An example of g-weight is given by the Plank function hy.



A smooth function a : R2¢ — Cis a symbol if there exists an admissible
metric g and a g-weight ux such that

—1
ol = o <

for all kK € N, where

al; = sup .
/ T1,...,T; QX(T1)1/2---gX(Tj)1/2

We denote by S(u,g) the class of all symbols of g-weight u.

S(w,g) is a Frechét space with respect to the norms ||a||Zk.



The Weyl quantization of a symbol a € S(u, g) is the pseudo-differential
operator defined by

(a"u,v) = (27) "% 2(a, W(u,v)), for all u, v € $(RY),

where W(u,v) is the Wigner transform:

W(u,v)(X) = (2r)~4/?2 /R . e~ WXy (PX +y/2) v (PX — y/2) dy.

a" is a continuous operator on the Schwartz class $(R%), which ex-
tends to a continuous operator on the tempered distributions 8’(Rd).

The formal adjoint of a% is a":

(a"u,T) = (u,a%v), for all u, v € $(R?).



In S(u,g) we consider also the weak topology.

A sequence a; € S(u,g) is weakly convergent to a € S(p,g) if

® a; IS bounded in the strong topology:

sup ||a;

7 <o, for all k € N,

® a,; converges point-wise to a.

The Weyl quantization is weakly continuous:

lim (a%u,v) = (a"u,v), for all u € 8'(RY) and v € $(R?),

j—oo

whenver a; — a weakly in S(u,g).



Theorem. Let a € S(u,g) and assume phy € L>®(R2) for some n € N.

Then a% is bounded on L2(R%) if and only if a € L>®(R2%).

More precisely there exists | € N such that

la* Il z2y S llall g + llall?,

lall oo < lla”llgcr2y + llall,;

for all a € S(u, g).

Theorem. Let a € S(u,g) and assume
p(X)hg(X)"® — 0 as | X| — oo.
Then a% is compact on L2(R%) if and only if

a(X)—0 as | X| — oo.



Theorem. Given two symbols a € S(u,g) and b € S(\,g), we have
that a"b" is a pseudo-differential operator with Weyl symbol

a##b € S(uA, g).

For each n € Z4

n—1

a#tb — ZO% {a,b}; € S(uAhy, ),
]:

with

{a,b}; (%) = 207 |((0x,0y) ) aCOB(Y)|

a;#b — a#tb weakly in S(uX,g) whenever a; — a weakly in S(u,g).
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Hormander's partition of unity.

There exists a sequence of points Z; € R24 and an integer Ng such
that the balls

Bj — {X c RQd : ng(X — Z]> < 7“3/4}

cover R24 and the intersection of more than Ng balls is always empty.

One can choose non-negative x; € S(1,g) N C°(B;) such that

@)
> xj=1
j=1
and
sup ij‘ik<oo, for all k € N.

JEL



Local estimates.

Fix n € Z4+ and set

n—1
a; = X;a and bj = Z % {Xj,a}k.
k=0

Lemma. T here exists | € N such that
HCL‘J/"/“B(LQ) S llallpoo + u(Z5)hg(Z5)" ||a||Z,l ,
and

g
7] e S lla¥llnr2) + 1CZhg(Z)" 1allf;

for all j € Z4+ and all a € S(u, g).
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Almost orthogonal estimates.

A system of almost orthogonal operators on a Hilbert space H is a
sequence Aj of bounded linear operators such that

1/2 ‘ L11/2 ) -

jety = Z (14548, +

Lemma. There exists | € N such that
_ / /
9 3 ([mratey + oy atlnay) < ol + 5] ol
and
. / —w|1/
]SEUZD Z (Hbgvbm‘;(zp) + “bybév“;(iz)) S lla®llgcr2y + H“hZHLOO |a”ul’

for all a € S(u, g). .



Assume that a € S(p, g) N L°(R??) and phf € L2(R2%).

From previous lemmas a;V = X;VaW is a system of almost orthogonal

operators on L2(R%).

From Cotlar’'s lemma we have that o =372 ; o} is bounded:

la”llgr2y < llallzee +llallf,; -

Assume that a € S(u, g), a € B(L?) and phl? € L®(R??).

Let J be the set of the indexes j such that B; contains a given point
X. J has at most Ny elements.

Z]EJX]- — 1, on the open set ﬂjGJB-; so all derivatives of Zjejxj
vanish at X.

Then a(X) = 3 ;csb;(X) and we obtain

oCO1 < | ], < 52 o] S e hsoy + -
jeJ
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Assume that

lim a(X)=0 and lim w(X)he(X)" = 0.

| X | =00 [ X |—00

Then for all e > 0 there exists me € Z4 such that

la(X)| <e and pu(X)he(X)" <, forall X € |J Bj.
J>Me

Then the quantization of (1 — 3 i<, Xxj)a/e € S(u/e,g) is bounded:

Lila ‘ S lla/€l| oo +
a) a/ellpc + ||(n/hy|  a/eld, <14+ IIaII :
for all e > 0.

This implies that o is a compact operator on LQ(IR{d), because every

a;-‘/ is regularizing.
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Assume that a" is compact and that phy(X) — 0 as [X| — oo, and
let us show that a(X) — 0 as | X| — oo.

We have already proven that %, with

n

b] — Z %{Xjaa}kv
k=1

is an almost orthogonal system on L2(R%).

PRy X]W;aw = (Ziozl X;/)aw is compact for all increasing sequence of
integers jj, because 372 xj, IS weakly convergent in S(1,g).

The Weyl quantization of Zzozl(xjk#a — bjk;) e S(,uhg,g) is compact
because phg(X)™ — 0 as | X| — oo.

Then Ziozl b‘;‘;C is compact for all increasing sequence of integers j;.
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Apply the following lemma due to Hormander:

Lemma. Let A; be a system of almost orthogonal operators on a

Hilbert space H such that }-72 { A;, is compact for all increasing se-
quence of integers j;..

Then

1 4y =0
We obtain

]I'_@o ‘ b;VHB(LQ) = 0.
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Assume now that there exists an increasing sequence on integers j;
such that

that is a sequence of points X, € Bjk such that

lim |a(X)| > 0.
k— 00

For each k let J, be the set of indexes j such that B; contains Xj.

Each Ji has at most Ny elements and ) ;-5 x; = 1 on the open set

a(Xp) = > bi(Xy).

JEJ)
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Consider the translations
cx =T-x;, 2 bjs
JEJ)
then
ck(0) = a(Xy)
and
leglld, 1 < Ngllall?

S pmtm

Since C*(R24) is a Montel space, bounded subsets of S(u,g) are
compact with respect to the weak topology.

So there exists a sub-sequence ¢, converging weakly to a symbol
ce S(u,g). Then

ey —c”, weakly in B(8).
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Now

HC’V“V””LHT%(LQ) S jg]imb;vg(L?) S Ngj?fm 'b;\/”%(LQ)'
Since |‘b;VH%(L2) — 0, we obtain that Hc,‘g/m|)B(L2> — 0.
This implies ¢ = 0, that is ¢ = 0.
Then

im a(Xg) = Iim_a(Xg, )= lim ¢, (0) =0,

in contradiction with the assumption

lim |a(X.)| > 0.
k— 00
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Proof of the local estimate

. : g -
o |52y < llallzoe + u(ZDhe(Z)" allfy, . for all j € Zy.

We show that there exists [ € N such that

la¥ 12y S llall oo + 1(Z2)hg(Z)™ [lal?,

for all a € S(u, g) N CX(By), where

BZ = {Y < RQd : gz(Y — Z) < ?“5/4} .
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Diagonalize the the quadratic form g by a linear symplectic map J/;:
d 2 (2 2

J=1
Since the Plank function is symplectically invariant, we have

D= 2

Let
az = (T_za) o XLy,
then for all |a| = k we have
0%az(0)| < lafy (2) 07,
where

0 = (0,0) € R4
20



Now a is supported in EZ_1TZBZ, so from the slowly-varying property
we have for all |a| = k:

0% z(X)| < |alf (2) 6%, for all X € R,
Let
p1 =po —po* ¥
with
po=ay and V(X)= 7T_d€_|X|2.
Then we can write
p1 = p1 + i,
where pf is supported in EZ_1TZBZ and for all |a| =k
\aap’l(X)) < lal? (2)hg(2) 6%, for all X € R4,

0°9Y] . < (D hg(Z)" lall® 2 pr
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Now we iterate
pj =pj-1—Dpj-1* ¥, for l<j<n
and write
n—1 n—1
az=> pi*V4+pn=pox ¥+ > @;+p)*V+pp=qx ¥+,
where ¢ = Z?;Cl)p;- x U is supported in EZ_1TZBZ and for all |a| =k
0%(X)| < alf (2)0°, for all X € R2¢
1090 oo S 1(2DRg(2)" lall, 2y

Moreover “p9+1“Loo <2 Hpg'HLoo fori1<j<n-—1, so

lall o < (14 2") [Ipoll oo = (1 4 2") [la|| o0 -
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a% — (¢")" has anti-Wick symbol ¢, and therefore

a% = (@) |12y < llallpoe < (L +2") flall oo

On the other hand (¢’)" is bounded, since by the Theorem of Calderon-
Vaillancourt there exists k£ such that:

@252 < sup [0 S WC2ho(2)" al] -

By Segal’'s Theorem there exists a unitary operator Uz such that
Ugla,g UZ — (T_ZCL)W,
and therefore

la”llp(r2y = llaZllp(r2y < llall oo + 1(Z)Rg(Z2)™ Nlall], 54,
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Proof of second local estimate:

03]l S 0"y + 1(ZDhg(Z)" Nlallf,,.  For all j € Zy,
where
n—1 .
bj = kzom {xjra}, .

The Weyl quantization of
bj — xj#a € S(phy,g) C S(1,9)
is bounded on L2(R%):
g g
g = xg#aly ,, < u(ZDha(Z))" [l = xS H(ZDg(Z)" el

for some [ > k.
24



Moreover

ij HB(LQ) HXJHB(L2)““W“3(L2) ||aW||B(L2>

Then also bY is bounded on L2(R%):

"bgv“B(LQ) S lla®llscrz) + ||’uhZHLOO lall,..

Then we have to estimate ||b]|| in terms of HbV-V Since b;

HB(L2)'
is supported in Bj = By, and Hb]HM < ||a|| ; We need to prove the
following estimate

1]l oo S N6™ g2y + #(Z2)hg(Z)™ [IB]IY

for all b€ S(u,g) NC(By). A
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Recall that ¥ is the Wigner transform of the Gaussian
d(x) = 7T_d/4€_|x|2/2,
so the Wick symbol p = b ¥ of the operator b can be written as
p(X) = (d"Ux &, Ux D),
where Uy is the unitary operator of time-frequency shift:

Ux P(y) = eiy'QX¢(y — PX).

In particular p € L®(R?%) whenever b¥ is bounded on L2(R%):
1Pl oo < 110"l (L2) -
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Set po = 6. Then we have

lpo * ¥l oo < PGl L2y = 10"l p(r2) -
On the other hand

1(po * V)" llpr2y < llpollgcr2y 1Y lm 2y < 10%llmr2y 1" B 12y 5

and consequently also py = p§ — (po * ¥)" is bounded.

Moreover, pg = b is supported in Bz, sO we can write
p1 = p1 + p7
with p} supported in By and p7 € S(uhy,g) C S(1,9).
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Then we can iterate:

pj =Dj—1 —Pj—1* ¥, with 1 <5 < n.
All p;V and p; x ¥ are bounded:

Ipj = ¥ < (WHB(LQ) S 16”2y + 1(2)hg(2)™ 1b]19,,

and pp € S(MhZ,g)-

This implies that

n—1
Ibllpee < 3 o+ 7|, o + Ipallzoe S 187 Ig(r2y + 1(Z2)hg(2)™ 0], -
7=0
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Almost orthogonal estimates

T he following estimates are estracted from the third volume of HOr-
mander’s book.

Let
Uy = {X ceR2 : g, (X - 2) <r§/2},
Uy ={X eR? : g5(X - 2) <rg/V2},
Uy ={X eR* : gy(X - 2) <rg},
and

— : o .
dzw = min {97(x =)}
YEUW
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For all Kk € N and all v > 0 there exists |l € N such that

p#q|], (X) S p(X)2hg(X)" (1 4 dzw) " lIpll% ; llall%,
for all X, Z, W € R24 and all p, g € S(i, g) such that

X ¢U,NUy, supppC By, suppgqC By.

There exists v > 0 such that

sup > 1+ dj)”" < oo.
jEZ‘|‘ k€Z+
where
djk, = dz;z7,;

and Zj IS the sequence of points in Hormander's partition of unity.
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Now we estimate

and

wW—w
Haj o HB(LQ) H% U HB(LQ) '

The estimate is the same, so we discuss the first one only. Set

I — 17/ I __ it
Uj—UZj, UJ— Z;

For all m € N and v > O there exists [ such that
_ g
ajtay]) (X) < u(X)2hg(O?M (L + djp) ™ |lag ] llaglf,; <
2
< /L<X>2hg<x>2n<1 +dj) "V (llallf,)”
for all 5, k € Z4+ and X such that

X ¢ U;NU;.
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Let w; € S(1,9) be a non-negative symbol such that

1, for X e U/,
w](X) — *7/
0, for X ¢ U/

For all mm we have

S g2 (lal,)?

1.m

H(l — ijk)aj#ak

for all 5, k € Z4.

But then, for a large v, we have
> (@ = wonamar) |y o < k] (laliy)
k€Z

for all j € Z4.
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Consider now wjwya;#ag, which is supported in U N Uy.

We have
‘ijkaj#ak(X)‘ g
S g tan) |5 2 + 122 (2> (lalf, )",

for all X € U}- NnU,.

On the other hand we have
H(ijkdj#ak)WHB(Lz) <
S H <(1 B ijk)aj#ak)WHB(LQ) T H@#%W(E(m

5 2 2
S llaliZee + ||k (lallf,) ™
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Since there are only Ny indices k such that U; N Uy contains X, we
have

S |wpra#tan(O| < lalFe + |ubg|| . (lall?,)”
keZ.

It follows that

B 5 2 2
) ijwkaj#akHLoo S llallzee + H“thLoo (”CLHZ,Z) '
kEZ_|_
and therefore

2 2
> | wjerai#tar)®|| g 2y < llallZe + |uhi] ;. (lallf,;)”
kEZ+
for all j € Z4, because wjwia;#ay is supported in Ui NUy.

The estimate of HE;Vb,VgHB(LQ) and ||b;VE;‘2/||3(L2) is similar.
34



