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• consider an investor with positive initial wealth and a future 

random income stream, who must choose how much 

wealth to use for consumption and how much to save over 

the time interval [0,T]; wealth saved is invested in a market 

consisting of some number N > 0 of risky assets

• the investor may be subject to investment constraints (e.g. 

no short-selling, no borrowing against future income, etc.) 

Informal Description of the Problem
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Mathematical Formulation of the Problem

• let W(.) , I(.) , and C(.) denote the investor’s total wealth, 

cumulative income, and cumulative consumption processes, 

respectively; there is assumed to be a single good available for

consumption (the choice among goods to consume “muddies” 

the problem)

• let {Si (.): i = 1,…,N } denote the price processes of the N risky 

assets
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Mathematical Formulation of the Problem (cont’d)

• let πi (.) denote the fraction of invested wealth invested in the ith asset 

(this is the portfolio allocation process)

• the state variables here are the income and asset price processes; the 

control variables are the consumption and portfolio allocation 

processes (possibly subject to constraints)

• given the investor’s preferences over admissible strategies (C(.),ππππ (.)), 

the investor’s decision problem is to find the strategy that is “optimal” , 

i.e. this is a stochastic optimal control problem
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Mathematical Formulation of the Problem (cont’d)

• the wealth, income, consumption, portfolio allocation and asset 

price processes are all assumed to be RCLL (càdlàg)

• the asset market is assumed to be arbitrage-free (or at least free of 

unlimited arbitrage opportunities), otherwise the optimization 

problem has no solution (you would prefer to add as many copies 

as possible of an arbitrage strategy to your portfolio allocation 

process, unless something’s stopping you)
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Mathematical Formulation of the Problem (cont’d)

• the investor’s preference for strategies (C(.),ππππ (.)) is usually assumed 

to be given by a preference structure U = (ΥC, ΥE) , i.e.

U(C(.),ππππ (.)) = ΥC(C(.)) + ΥE (ππππ (T))

(utility from intertemporal consumption and end-of-period wealth are 

additive), although more complicated forms of preference orderings 

have been considered (e.g. recursive utility, which attempts to 

incorporate habit formation, stochastic differential utility, or non-

expected utility functions) 
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Previous Work on the Problem

• Merton (1969, 1971)

• considered the asset price processes to be given by Geometric 

Brownian Motion, and derived a two-fund separation theorem for 

the investment opportunity set (the two mutual funds obey GBM –

any portfolio allocation that an investor would want to create using 

the N assets can be attained using the two mutual funds)

• assumed income is zero (only initial wealth is available for 

investment) and ΥE = 0 (no utility from end-of-period wealth)
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Previous Work on the Problem (cont’d)

• assumed consumption and allocation processes are continuous

• assuming that one of the mutual funds is a risk-free investment, 

Merton solved the resulting Hamilton-Jacobi-Bellman equation for the 

optimal control (C*(.),ππππ *(.))

• Merton also considered (but did not fully develop) some extensions of 

the basic model, including income, more general asset price 

processes (discontinuous, non GBM) and non-zero utility of end-of-

period wealth
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Previous Work on the Problem (cont’d)

• extensions of Merton’s work (this list is not exhaustive − see 

[Korn, 1998], [Karatzas and Shreve, 1998], [Duffie, 2001] or 

[Dana and Jeanblanc, 2003] for details):

• Utility from terminal wealth

• Stochastic income

• Constraints on portfolio allocation (e.g. no short-selling, no 

borrowing, higher borrowing than lending rate, etc.)
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Previous Work on the Problem (cont’d)

• more general asset price processes (diffusion processes, Ito 

processes, or even general semi-martingales − in the non-

Markovian case, the so-called “Cox-Huang technique” is used to 

solve for the optimal terminal wealth, then (provided the asset 

market is essentially complete, i.e. the terminal wealth is 

attainable) the martingale representation theorem is used to solve 

for the optimal portfolio allocation process)
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Previous Work on the Problem (cont’d)

• more general utility functions (e.g. recursive and stochastic 

differential utility)

• stochastic end time T (since life span is random)

• income state variable is partly under the control of the investor

• liabilities can be incorporated as a non-decreasing lower limit to 

consumption
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What is Missing?

• all work to date assumes that the laws of the state variables, i.e. 

the law of the income process I(.) and of the vector asset price 

process S(.), are known with certainty

• In reality, only a finite amount of data is available, so we can

only obtain approximations          and          for the state 

variables

( )ˆ ⋅S( )Î ⋅
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What is Missing? (cont’d)

• If we formulate the problem in the conventional way as a 

stochastic optimal control problem, then the solution will be 

optimal for the approximated state variables, but either 

1) suboptimal for the true state variables (classical or frequentist view) 

or 

2) reflect a prior that the state variables are known with certainty 

(Bayesian view)
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What is Missing? (cont’d)

• in keeping with Statistical Decision Theory, the choice of an optimal control 

should be given by a decision rule

δt : Ξt � Αt

that maps data available at time t into actions (controls) available at time t

• a “good” decision rule is defined by a loss function 

L : Σ×Α � Ρ+

where L(s,a) is the opportunity cost of implementing the action a when the 

state of the system is s. 
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What is Missing? (cont’d)

• From the Bayesian standpoint, if P(s|xt) is the posterior 

probability of the state given the data, then the optimal action

a is chosen by minimizing the Bayesian expected loss

( ) ( ) ( ),t ta x L s a dP s xρ = �
S
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What is Missing? (cont’d)

• From the classical or frequentist standpoint, the risk function of a 

decision rule δ is given by

where F(xt|s) is the likelihood function (this is the risk of implementing 

the decision rule δ when the state is s) 

• the set of potential decision rules can be reduced somewhat by 

restricting attention to decision rules that are not dominated by 

another decision rule 

( ) ( )( ) ( ), ,
t

t tR s L s x dF x sδ δ= �
X
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What is Missing? (cont’d)

• This is usually not sufficient to single-out an optimal decision rule; 

there are three further principles that can be used:

1) Bayes Risk Principle: Given the prior P, δ * is optimal if

(δ * may not exist)

( ) ( )
( ) ( ) ( )

*, inf ,

, ,

r P r P

r P R s dP s

δ
δ δ

δ δ

=

= �
S
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What is Missing? (cont’d)

2) The Minimax Principle: Decision rule δ1 is preferred to decision 

rule δ2 if 

We therefore choose δ * as optimal decision rule, where

(δ * may not exist)

( ) ( )*sup , inf sup ,
S S

R s R s
δ

δ δ=
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What is Missing? (cont’d)

3) The Invariance Principle: Problems with homologous 

structures should use the same decision rule (in the present 

context, for instance, the optimal strategy (C*(.),ππππ *(.)) might 

be required to be independent of the investor’s choice of 

expected (cardinal) or ordinal utility function among those 

that define his/her preference ordering)
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What is Missing? (cont’d)

• The conventional approach to the consumption and portfolio 

allocation problem is inherently unstable due to the implicit use of the 

prior

and minimization of the Bayesian expected loss

( )ˆ

ˆ1  if  s S
ˆ0  if  s SsP S
∈�

= � ∉�
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What is Missing? (cont’d)

• what is an appropriate choice of loss function L, and how should we 

choose the decision rule (minimization of Bayesian expected loss, 

one of the three frequentist criteria, or something else)?

• we can use the recent work (roughly, since [Jorion,1992]) on the

single-period asset allocation problem as a guide here (see [Meucci, 

2005] for details)
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What is Missing? (cont’d)

• There are essentially three approaches:

1) Resampled Optimization

The loss function here is given by either

(CE stands for certainty equivalent return of the allocation) or

and the Bayesian expected loss is minimized; by the second 

prescription, the decision rule assigns to the data the allocation

2
sa a−

( ) ( )sCE a CE a−
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What is Missing? (cont’d)

This prescription has connections to the area of machine learning (the 

optimal allocation is essentially a “bagged” estimate, relative to the 

conventional MVO allocation)

( )s t
S

a a dP s x= �
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What is Missing? (cont’d)

2) Robust Optimization

In this case, a subset S' of the set S of all states is selected, the loss 

function is given by the “certainty equivalent” definition above, the risk 

function of δ is defined to be

and the optimal δ * satisfies

( ) ( )( ), , tR s L s xδ δ=

( ) ( )*sup , inf sup ,
S S

R s R s
δ

δ δ
′ ′

=
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What is Missing? (cont’d)

3) Robust Bayesian Optimization

This is similar to Robust Optimization, except that the posterior 

distribution P(s|xt) is used as a guide in selecting the appropriate 

subset S' of the set of all states S
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Suggested Plan for the Week

• begin with Merton’s model, and choose an appropriate loss function 

and decision rule to determine the optimal consumption/portfolio

allocation strategy; the choice of loss function and decision rule 

prescription should be guided by those that have been used 

successfully in the single period allocation problem

• when the incorporation of estimation risk into the choice of optimal 

strategy is understood in this most simple situation, then extensions 

beyond the “basic Merton model” can be considered




