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We review here the methods, based on renormalized φ4 QFT and RG, 
which have led to  precise determination of critical exponents of the N-
vector model, and more recently of the equation of state of the 3D Ising
model.
The starting point is the perturbative expansion for RG functions or the 
effective potential to the order presently available. 
Perturbation theory is known to be divergent and its divergence has been 
related to instanton contributions. 
This has allowed characterizing the large order behaviour of perturbation 
series, an information that can be used to efficiently ``sum" them. 
Practical summation methods based on Borel transformation and 
conformal mapping have been developed. 
They have led to the most accurate results available probing field theory 
in a non-perturbative regime.  
Compared to exponents, the determination of the the scaling equation of 
state  involves a few additional (non-trivial) steps.



A general reference on the topic is
J. Zinn-Justin,   Quantum Field Theory and Critical Phenomena,   
(Oxford Univ. Press 1989, fourth ed. 2002.)
The first precise estimates appeared in
J.C. Le Guillou and J. Zinn-Justin,  Phys. Rev. Lett. 39 (1977) 95;   Phys. 
Rev. B21 (1980) 3976
using six-loop series for RG functions  reported in
B.G. Nickel, D.I.Meiron, G.B. Baker, Univ. of Guelph Report 1977.
Additional terms were used in
R. Guida and J. Zinn-Justin,  J. Phys.  A31 (1998) 8103.
For the equation of state see
R. Guida and J. Zinn-Justin,  Nucl. Phys.  B489 [FS] (1997) 626,   [hep-
th/9610223];
Many relevant articles about large order behaviour are reprinted in
Large Order Behaviour of Perturbation Theory,   Current Physics

vol. 7, J.C. Le Guillou and J. Zinn-Justin eds., (North-Holland, 
Amsterdam 1990). 



The first steps 

• Wilson’s renormalization group. 
• The ε =4−d expansion: Κ.G. Wilson and M.E. Fisher,   Phys. 

Rev. Lett. 28 (1972) 240.
• Callan-Symanzik equations of massive renormalized 

perturbation theory: E. Brézin, J.-C. Le Guillou and J. Zinn-
Justin, Phys. Rev. D8, 434-440 (1973).

• The use of massive perturbation theory at fixed dimension:     
G. Parisi,   Cargèse Lectures 1973, published in J. Stat. Phys. 
23 (1980) 49.

• Large order behaviour of perturbative expansions:
E. Brézin, J.-C. Le Guillou and J. Zinn-Justin, Phys. Rev. D15, 
1544-1557 (1977).

























For a comparison


















