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In the information theory not only von Neumann entropy is
used. Sometimes different gensralizations of Neumann entropy
are useful. The paper [3] consider Rényi entropy of the same

subsystem:
In tr, p*
mmmbﬁ = Sa (z) = T B
When deformation parameter a approaches 1 then Rényi entropy
turns into von Neumann entropy. Here we also using the density
matrix (4). Rényi entropy of the subsystem also scales logarith-

mically with the size:
Sa(z) = (1+ Q:JMFH, as & —r oQ.

Another generalized entropy is Tsallis entropy:

Trp® — 1

%ﬂmmEm e {= m

Tsallis entropy and Rényi ertropy are algebraically related:

STsallis = —7—4

(-9



Conformal field theory [1] is useful for the description of low
temperature behavior of gap-less models in one space and one time
dimensions. Important characteristic of conformal field theory is
a central charge. It can be defined by considering an energy-
momentum tensor T}, ,(2). Here 2 is complex space-time vari-
able 2 = z + ivt and v is a Formi velocity. The component of
CLergy-momentum tensor with u = v = 2 is denoted by T... =
Correlation function of this operator has a singularity:

: c
(T'(2)T0)) = P
The coefficient c is the central charge.

In this paper we are mainly interested in specific entropy s
lentropy per unit length]. Let us start with specific heat C' =
Tds/dT. Low temperature beh:avior was obtained in [9, 8]:

Hﬂwwlnq as T — (. (1)



Here c is a central charge of corresponding Virasoro algebra and v
is Fermi velocity. We are more interested in s. We can integrate
the equation and fix the integration constant from the third law
of thermodynamics (s = 0 at 7' = 0). So for specific entropy we
have the same low temperature behavior:

i of
= ——, as T —=0. 2
e s (2)
For quantum spin chains this formula, agrees with [6] . To for-
mulate the problem precisely let us consider Bose gas with delta
interaction. The Hamiltonian of the model is:

H= \ dz (0L I + giptypTynp] . (3)

Here 1) is a canonical Bose field and g > 0 1s a coupling con-
stant. The model was solved in [10]. Physics of the model is
described in detail in book [4]. First let us consider the model at
zero temperature and in the infinite volume. The ground state is
unique |gs). We consider positive density case. We are interested
in the entropy S(z) of the pari of the gas present on the space

(-3



interval (0,z). Formally we can define it by means of the density
matrix

p = trec (lgs)(gs]) (4

Here we traced out the ’external’ degrees of freedom, they de-

scribe the gas on the rest of the ground state: on the unification of

the intervals (—co, 0) and (z,0c). The density matrix p describes

gas on the interval (0,z). Now we can calculate von Neumann
entropy S(z) of the part of the gas on the interval (0,2) :

S(z) = —trzplnp (5)

Here we are taking the trace with respect to the degrees of freedom
representing the part of the gas on the interval (0,z). In the
major test books it is shown that the laws of thermodynamics can
be derived from statistical mechanics, see for example [17, 16] .
Second law of thermodynamics states that the entropy is extensive
parameter: the entropy of a subs ystem S(z) is proportional to the
system size x:

S)=sz at T >0 (6)

Thermodynamics is applicable to the subsystem of macroscopical
size, meaning large z. Here specific entropy s depends on the

0-4



temperature. For small temperatures the dependence simplifies,
see (2):
7T 1
S(x) = —=", = 7
(@ =20, &>z )
Let-us try to find out how S(z) depends on x for zero temper-
ature. It is some functions of the size:

S(z)=f(z), at T =0 (8)

Now let us apply the ideas of conformal field theory, see [1, 9, 8]
and also Chapter XVIII of [4] . We can arrive to small tempera-
tures from zero temperature by conformal mapping exp [27T'z/v].
It maps the whole complex plane of z without the origin to a strip
of the width 1/T. This replaces zero temperature by positive tem-
perature T'. The conformal mapping results in a replacement of
variable z by [v/#T]sinh[rTz/¢]. So the entropy of the subsystem
at temperature T is given by the formula:

v [Tz

S(z) = f A| sinh

- sinh | C at T >0. (9)

In order to match this to formula (7) we have to consider asymp-

J-5



totic of large z. The formula simplifies:

mI'(z — z0)
v

S(z) = f [ exp

, Tz — co. (10)

Here 7Tzo /v = —In(v/27T) .

Formulae (7) and (10) should coincide. Both represent the
entropy of the subsystem for small positive temperatures. This
provides an equation for f:

1 (z — ) 7T¢

” H .welma ! a_& (11)

[ | exp

This formula describes asymptosic for large z, so we added —z to
the right hand side. We are considering the region z > 1 /T and
zo ~ In(1/T), s0 z >> z0 at T -+ 0. In order to solve the equation
for f, let us introduce a new variable y = exp [1T(z — zo) /v] .
Then the equation (11) reads:

c

Fly) = 3

So we found the function f in (8). Now we know that at Zero
temperature entropy of the gas containing on the interval (0,z)

Iny (12)

(i-6



1s:
mﬁauﬂwrﬂfm as T — o0 (13)
Let us remind that for Bose gas ¢ = 1, see [4]. Our result agrees
with the third law of thermodynamics. Specific entropy is a limit
of the ratio S(z)/z as x — co. The limit is zero.
Now we can go back to our formula (9) and substitute the

expression for f, which we found:

S() = S1n AW sinh TWC
This formula describes crossover between zero and positive tem-
perature. It is important that we have here hyperbolic sinh not
trigonometric.
The proof presented here i: universal. It is also applicable
to quantum spin chains. For example to XXZ spin chain. The
Hamiltonian of the model is:

Hyxz = — M Aqmﬁquﬁ+:+?wﬁvﬁmﬁ+c+DAQMSUQMS+:iSw .

(14)
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Asymptotic of Tsallis entropy is given by a power law:

I.ﬁhﬁ

L1 = @) 5Tgallig ~ £ ° =1

1 Hubbard Model

‘The Hamiltonian for the Hubba:d model H can be represented as

H=~ 3" (cf seit10+ €y ocso) +u D naniy  (16)

g7 =1
o=1,1 d

T

Here c; , is a canonical Ferrai operator on the lattice [opera-

tor of creation of an electron] and operator n; , = n.w,qnu_q 1S an
operator on number of electrors in cite number J with spin o.
Summation in the Hamiltoniar goes through the whole infinite
lattice. We are considering repulsive case u > 0 below half filling
less then one electron per lattice cite]. The model was solved in
[11]. A collection of important papers on the model can be found
in [12]. Charge and spin separate in the model. The model is gap-
less. Both charge and spin degrees of freedom can be described

0-10



For the Hubbard model the expression for the entropy S(z)
depends on the phase [Korepin, PRL vol 92, 096402, 2004]. In
the repulsive case U > 0 below half-filling D < 1 [less then one
electron per lattice site] the entanglement is:

mﬁauﬂwga as T — o0 (9)

The factor of 2 is related to the fact that there is two gap-less
degrees of freedom: both spin and charge.

At half-filled band D = 1 [one electron per lattice site] spin de-

grees of freedom are gap-less, but there is a gap for charge degrees
of freedom, so

S(z) = wga (10)
In the attractive case U < 0 at zero magnetic field:
1
MAEHMFH (11)

charge degrees of freedom are gap-less, but there is a gap for spin
degrees of freedom.

0-9
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