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Moduli spaces

-

A, = moduli space of Abelian differentials (holomorphic
complex 1-forms) on Riemman surfaces of genus g > 2

=

# a complex orbifold of dimension dim¢ A, = 4¢g — 3

o a fiber bundle over the moduli space M, of Riemann
surfaces of genus g > 2

o -
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Moduli spaces

-

A, = moduli space of Abelian differentials (holomorphic
complex 1-forms) on Riemman surfaces of genus g > 2

=

# a complex orbifold of dimension dim¢ A, = 4¢g — 3

o a fiber bundle over the moduli space M, of Riemann
surfaces of genus g > 2

Ag(my, ..., mgs) = stratum of Abelian differentials having o
zeroes, with multiplicities m1, ..., m,

i:m@' :29—2
1=1

L o complex orbifold of dim¢ A,(m1,...,me) =29+ 0 —1 J
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Teichmuller flow

-

The Teichmuller flow is the natural action 7* on the fiber
bundle A, by the diagonal subgroup of SL(2,R):

=

T'w), = €' (Rw,) +ie " (Sw,)

Geometrically:

T
N
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Teichmuller flow

-

The Teichmuller flow is the natural action 7* on the fiber
bundle A, by the diagonal subgroup of SL(2,R):

=

T'w), = €' (Rw,) +ie " (Sw,)

Geometrically:

\/\‘ Tt @
This flow preserves the area of the translation surface
defined by the Abelian differential. In what follows we

Lnormalize the area. J
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Ergodicity
Y

Each stratum of A, carries a canonical volume measure.

This measure Is finite and invariant under the Teichmuller
flow.

asur, Veech:

The Teichmiller flow 77, restricted to any hypersurface of
constant area, iIs ergodic on any connected component of
every stratum.

Kontsevich-Zorich:
Each stratum has up to 3 connected components.

o -
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Lyapunov exponents

-

Fix a connected component of a stratum. The Lyapunov
spectrum of the Teichmuller flow has the form

=

2>14wp> - >ldpyy>1l=--=1>1—-p;>--->1—13>0
> 14> 2ol > —l= =1 > 1y > > =1 =y > =2

Veech: proved 1, < 1 (flow is non-uniformly hyperbolic)
Forni: proved v, > 0 (exactly 2(c — 1) trivial exponents)

o -

Lyapunov exponents of Teichmdiller flows — p. 5/-



Lyapunov exponents

-

Fix a connected component of a stratum. The Lyapunov
spectrum of the Teichmuller flow has the form

=

2>14wp> - >ldpyy>1l=--=1>1—-p;>--->1—13>0
> 14> > 14y > —l= =12 —l—yg > > —1—vy > —2

Veech: proved 1, < 1 (flow is non-uniformly hyperbolic)
Forni: proved v, > 0 (exactly 2(c — 1) trivial exponents)

Theorem (Avila, Viana). 1 > 19 > --- > v, >0

o -
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Asymptotic cycles

fGiven any long geodesic segment ~ in a given direction, T
“close” it to get an element () of H(S,Z):

Kerckhoff, Masur, Smillie: For almost any direction the
geodesic flow Is uniquely ergodic.

Then, h(v)/|y| converges uniformly to some ¢; € Hi(S,R)
when the length |v| goes to infinity, where the asymptotic
cycle ¢; depends only the surface and the direction. J

o
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Asymptotic flag in homology
-

Corollary (Zorich). There are subspaces L1 C Ly C --- C L of
H1(S,R) with dim L; = i for every 4, such that

=

® the deviation of A () from L; has amplitude |y|"*+! for all ¢ < g:

] 1st(h L;
111’1’1 Sup Og dlS ( (7)7 )
| —o00 log |7]

— Vi1

#® the deviation of i(y) from L, is bounded (g = genus).

o -
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Zippered rectangles

-

Almost every translation surface may be represented in the
form of zippered rectangles (minimal number of rectangles
ISd=2g—o0—1):

=

B

.......
P 2

s LIRS
. i R

o -
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Coordinates In the stratum

-

This defines local coordinates (7, A, 7, k) In the stratum:

=

D C B A
the associated interval exchange map

® T = ( 4 B C D ) describes the combinatorics of

® )\ = (Ag, A, A\c, A\p) are the horizontal coordinates of
the saddle-connections (= widths of the rectangles)

® 7= (74,7B,7C,Tp) are the vertical components of the
saddle-connections

#® The heights h = (ha, A, A\c, hp) Of the rectangles are

L linear functions of . J
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Poincare return map

=

fWe consider the return map to the cross section > A\, = 1.
First step:

C

B

o -
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Poincaré return map

-

fWe consider the return map to the cross section > A\, = 1.
First step:

C

B

o -
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Poincaré return map

-

fWe consider the return map to the cross section > A\, = 1.
First step:

C

AB

o -
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Poincare return map

-

In this first step (w, A\, 7, h) — («', X', 7', 1), where

, A B C D
o 7 = D AC B (top case)

® )\ =)\, except Ny=Ap—2A4y
® same for
® h, =h, except hYy=hs+hp

Write b/ = ©(h) where © is the linear operator thus defined.
Notice that it has nonnegative coefficients.

Then )\ = ©~!*()\) and analogously for 7.

o -
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Poincare return map

-

fWe consider the return map to the cross section > A\, = 1.
Second step:

C

AB
i D
E B

A B

o -
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Poincare return map

-

fWe consider the return map to the cross section > A\, = 1.
Second step:

C

A B
ﬁD

Now (x/, N, 7/, b} v (. N, 7. B, with 7/ = ' and M = e\’
Land " = ¢~ 17/, where ¢ = ¢()\') is the normalizing factor. J
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Rauzy-Veech cocycle

-

This Poincaré returnmap R : (m, A\, 7) — (x”, N, 7") is called
(invertible) Rauzy-Veech renormalization.

=

We consider the linear cocycle over the map R defined by

Fr:(m,\,7,h) — (R(m, A\, 7),0(h))

o -
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Rauzy-Veech cocycle

-

This Poincare return map R : (m, A\, 7) — (7", X', 7") is CalledT
(invertible) Rauzy-Veech renormalization.

We consider the linear cocycle over the map R defined by
Fr:(m A7, h) = (R(m, A, 7),0(h))
The strategy is to try

o to relate the Lyapunov exponents of the Teichmduller
flow to the Lyapunov exponents of Fr

# and to analyze the latter through general methods of
linear cocycles

L(there IS a technical difficulty, as we shall see in a while). J
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Rauzy cocycle and long geodesics

-

fThe Rauzy-Veech cocycle gives a way to construct long
geodesics:

Consider a geodesic segment that crosses each rectangle
« vertically. “Close” it by joining the endpoints to some base
point in the cross-section. This defines some v, € H{(S5,7Z).
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Rauzy cocycle and long geodesics

B

fThe Rauzy-Veech cocycle gives a way to construct long
geodesics:

Weget oy =vqa+vp vg=vp vp=vc vpH=uvp.
In other words, ' = O(v).

o -
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Zorich cocycle

=

fThe Rauzy-Veech renormalization ‘R has an invariant
volume measure (for each choice of the stratum), related to
the invariant volume of the Teichmuller flow. However, this
measure is infinite.

o -
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Zorich cocycle

=

fThe Rauzy-Veech renormalization ‘R has an invariant
volume measure (for each choice of the stratum), related to
the invariant volume of the Teichmuller flow. However, this
measure is infinite.

Zorich introduced an accelerated renormalization and an
accelerated cocycle

Z(m,\,7)=R"(m,\,7) and Fz(m,\,7,h) = Fg(m, A\, T,h),

where n = n(m, A) IS smallest such that the Rauzy iteration
changes from “top” to “bottom” or vice-versa.

o -
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Zorich cocycle

=

fThe Rauzy-Veech renormalization ‘R has an invariant
volume measure (for each choice of the stratum), related to
the invariant volume of the Teichmuller flow. However, this
measure is infinite.

Zorich introduced an accelerated renormalization and an
accelerated cocycle

Z(m,\,7)=R"(m,\,7) and Fz(m,\,7,h) = Fg(m, A\, T,h),

where n = n(m, A) IS smallest such that the Rauzy iteration
changes from “top” to “bottom” or vice-versa.

This map Z has a natural invariant volume probabillity (for
each choice of the stratum) and this probability is ergodic.

o -
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Zorich cocycle

-

The Lyapunov spectrum of the Zorich cocycle F'z has the
form

=

fr>20,>0=---=0>—0,> > —b
and is related to the spectrum of the Teichmiiller flow by

0;

= — 1=2,...,4.
91 v ) 7g

Vi

o -
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Zorich cocycle

-

The Lyapunov spectrum of the Zorich cocycle F'z has the
form

=

fr>20,>0=---=0>—0,> > —b
and is related to the spectrum of the Teichmiiller flow by

_ %
-

V; 1=2,...,4.

One may find an explicit subbundle with dimension 2¢ that
avoids the trivial exponents. Moreover, restricted to this
subbundle the cocycle £z is symplectic.

o -
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Main result

=

fTheorem (Avila, Viana). The Lyapunov spectrum of the (restricted)
Zorich cocycle is simple: 01 > 0y > --- > 0, > 0.

The proof has two main steps:

(1) A sufficient condition for the Lyapunov spectrum of a
very general linear cocycle to be simple.

(2) To prove that this criterium is satisfied by the Zorich
cocycle, for every stratum.

o -
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Simplicity criterium

- .

Let f : M — M be a finite or countable shift map,

F: M xR — M x R? be alocally constant linear cocycle
over f,

and u be an f-invariant probability with continuous local
product structure:

p=p(p’ xp”)
where log p IS continuous and locally bounded.

(there is an extension to non-locally constant cocycles)

o -
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Simplicity criterium

-

The linear cocycle F'is called simple if it is

=

pinching: there is some periodic point p of f (let k = period)
such that all the eigenvalues of £ have distinct norms;

o -
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Simplicity criterium

-

The linear cocycle F'is called simple if it is

pinching: there is some periodic point p of f (let k = period)
such that all the eigenvalues of £ have distinct norms;

twisting: there is some point z homoclinic to p such that, for
all £ -invariant subspaces Vi, V5 with dim V1 + dim V, < d,

(F) (Vi) nVa = {0}.

(..-,p_1,po,p1,...,plﬁjpl,{+17...)

(. s P=1,P0, 215 - -+ 5 2Ky Ple+15 )

o -
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Simplicity criterium

-

Theorem 1. If F'is simple then all its Lyapunov exponents have
multiplicity 1.

This improves a criterium of Bonatti-Viana, based on
Guivarch-Raugi and Goldsheid-Margulis.

o -
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Checking the Criterium
-

heorem 2. Every Zorich cocycle is simple.



Checking the Criterium
B

The proof is by induction on the number of intervals. We
consider combinatorial operations of reduction/extension:

=

heorem 3. Every Zorich cocycle is simple.

ai a;—1 & ai;+1 aq
mT =
by - e bj—l c by+1 by
7_(_/ o a’l o« o o a"L—l a"L-I_l « o o « o o a’d
by --- bj—l bj+1 by

In terms of the corresponding translation surfaces this may
correspond to collapsing singularities or even changing the

Lgenus. J
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Checking the Criterium
-

Given 7 with d symbols, there exists 7’ with d — 1 symbols
such that 7 is an extension of «’. Then, either g(7) = g(«')

or g(m) = g(7’) + 1.

=

1. If g(7) = g(«’) then the corresponding Zorich actions are
(symplectically) conjugate.

o -
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Checking the Criterium
-

Given 7 with d symbols, there exists 7’ with d — 1 symbols
such that 7 is an extension of «’. Then, either g(7) = g(«')

or g(m) = g(7’) + 1.

=

1. If g(7) = g(«’) then the corresponding Zorich actions are
(symplectically) conjugate.

2. If g(m) = g(«") + 1 then H{(S(x"),R) may be seen as a
symplectic reduction of H(S(7),R)

and the Zorich action on H,(S(#"),R) is conjugate to the
natural action on the symplectic reduction.

o -
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Checking the Criterium
-

Given 7 with d symbols, there exists 7’ with d — 1 symbols
such that 7 is an extension of «’. Then, either g(7) = g(«')

or g(m) = g(7’) + 1.

=

1. If g(7) = g(«’) then the corresponding Zorich actions are
(symplectically) conjugate.

2. If g(m) = g(«") + 1 then H{(S(x"),R) may be seen as a
symplectic reduction of H(S(7),R)

and the Zorich action on H,(S(#"),R) is conjugate to the
natural action on the symplectic reduction.

In this way one can prove twisting for = from twisting for =’.
LPinching also requires a careful combinatorial analysis. J
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