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Equity-Linked Insurance
and
Reinsurance Products
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Equity Linked Insurance Products

o Insurer A sells insurance to individuals a, ... , a,
e Individual a, makes regular premium payments to A
e A makes claim contingent payments to a, at times t, %, t, 2, ...
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Equity Linked Insurance Products

o Equity-Linked Pure Endowment

e Single benefit payment is linked to the value of an underlying
asset at the maturity date — contingent on survival.
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Equity Linked Insurance Products

o Equity Indexed Annuities: Point—to—Point design

e Single benefit payment linked to the value of an underlying
asset at the end of the payment year (death or survival)
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Equity Linked Insurance Products

o Equity Indexed Annuities: Ratchet design
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Equity Linked Reinsurance Products

o Reinsurer B sells reinsurance to A
e A makes payments to B ( can be regular or lump-sum )
e B makes a contingent payment to A at maturity
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Equity Linked Reinsurance Products

o Risk management traditionally falls into two categories:

e Insurance risks (property, liability, life, etc...)

e Financial risks (equity, interest rates, foreign exchange, etc...)

o (Re)insurance is purchased yearly to cover specific risks

o Thereis an emerging market of hybrid reinsurance
products linking insurance and financial risks

o Particularly relevant for equity-linked liabilities
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Equity Linked Reinsurance Products

o Catastrophe Equity Put Option ( CatEPut)
Protects the insured from losses contingent on the losses
exceedina a critical value

104
B ]
Ei ]
4
2 ..
of TR
0 s <
5 e 15
10 10
Index losses
Value 20 0

Indifference Pricing for Equity-Linked Insurance and Reinsurance © S. Jaimungal, 2006



aaaaaaa

o Double Trigger Stop-Loss Options

%5 | Equity Linked Reinsurance Products

Protects the insured from losses contingent on the share
value of the insured dropping below some critical level.
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Insurer’s Problem :
Insurance RIsk
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The Insurer’s Problem

Insurer trades In:
1. Risky asset (index) with price process S(t)

ﬂ(t) = udt +0dX(t) where X(t)is a P — Wiener process

S()

2. Riskless asset which grows at a rate of r

Claims arrive according to a Poisson process N(t) with
activity rate A(t)

The claim sizes are a function of S(t) at claim arrival times

N (#)

o= [ [ vy = a5t
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5 | The Insurer's Wealth Process (without risk)

o The insurer invests n(t) in S(t)

o The insurer invests ny(t) in the risk-free money-market
o The insurer has wealth w at time t

o The wealth process of the insurer is W(t) = n(t) + my(t)

o For self-financing strategies, W(t) satisfies:
{ dW(u) =[rWu)+ (u—1)r(u)du+ or(u)dX(u)

Wit) =w.
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The Insurer’s Wealth Process (with risk)

o Insureris exposed to losses L(t)
o Insurer receives premium payments of g

o The wealth process of the insurer is

WL(t) = m(t) + my(t) + q t - L(t)
o For “self-financing” strategies, W-(t) satisfies:

{ AWt (u) = [rWhu_)+ (p—7r)7(u_)+q| du + om(u_) dX (u)—dL(u)

wWkit) =w.
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Insurer’s Problem :
Valuing the Insurance Risk
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n2 The Insurer’s Indifference Premium

&Y,

aaaaa

(o)

The insurer wishes to maximize expected utility of
terminal wealth without risk:

V(wt) = sup E/ [u(W(T))]
{r(s)}es

o Then separately wishes to maximize expected utility of
terminal wealth with risk:

Uw,S,t;q) = sup B} [u(W"(T))]
{r(s)} €S
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The Insurer’s Indifference Premium

The indifference premium ¢ is defined such that

U(w, S, t;q) = V(w,t)

That is, the insurer is indifferent between:

|. Taking on the risk and receiving premiums

lI. Not taking on the risk, and receiving no premiums
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4 ‘ The Insurer’s Indifference Premium

o First, we solve for the value function V

o Applying the dynamic programming principal to V leads to
the HIB equation

{ Vi +rwVy, + max, [(,u—r)ﬂVw + %0'27'('2 wa} =0,

Viw, T) = u(w).
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The Insurer’s Indifference Premium

For exponential utility the value function has an affine

structure

Viw,t) = _ie—a(t) w+06(t)
8%

The optimal investment is independent of wealth

7T*(t> _ _(:u B T>Vw

02 Vpw

This I1s the famous Merton result
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n2 The Insurer’s Indifference Premium

''''''''

o Next, we solve for the value function U

o Applying the dynamic programming principal to U leads to a
similar HIB equation

0 :Ut—l—(T‘W+q)Uw+/,LSUS+%JZS2U55
+A(t)(U(w —g(S,t),S,t) — U(w, S, t))
+maxy { 202Uy 2 + 7 [(0 — 1)Uy + 02S Uys| |

subject to U(w, S,T;q) = u(w)
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n2 The Insurer’s Indifference Premium

aaaaa

The optimal investment is still independent of wealth, but
now may depend on the asset’s price

o

(u— 1)Uy + 02 S(t) Uys

() = - o2U

o We can solve the HIB equation for exponential utility by
writing

U(w, S, t;q) = V(w,t) exp{-n(t)q+~(S,1) }
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‘ The Insurer’s Indifference Premium

o Feyman-Kac with a source provides the solution

Y(S(t),t) = B¢

T
/ ) (€a<u>g<s<u>,u> _ 1) du]
t
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o The Insurer’s Indifference Premium

o Another interpretation of the pricing result

Y(S(t),t) = EL [N(T)] — E [N(T),

~

A(S(t),t) = A(t) @M 9(5(1),1)

o With constant losses and zero interest rates the measure@
IS the minimizer of

_ dO
inf EY lnd% —agN(T)

Q<P
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Insurer’s Problem :
Insurance Risk - Examples
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Near risk-neutral Insurers

o Arisk-neutral insurer charges a premium of

. N(T)
9t = =7 E(t@ Z e """ g(S(tn), tn)
J; eTrudu n=N(t)+1
A
:1111111111111111111111111 ttttttttttttttttttt

<+
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CI The Insurer’s Indifference Premium

o Constant losses and activity rate we find the exact result

A
éf(er(Yt—t)__ 1

= ) (Ei(&ler(T_t)) _ Bi(al) — (T — t)r) ,

200 1

150

Premium

A0+

Loss
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The Insurer’s Indifference Premium

o Minimum guaranteed benefit plus index participation

@
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'55" The Insurer’s Indifference Premium

4:_.UI

""""""""

o Minimum guaranteed benefit plus capped index participation
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Insurer’s Problem :
Insurance Risk - Hedging
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The Insurer’'s Hedge

o The risky asset investment without insurance risk is :

T (t) = ’2;; e m(T—Y)

o The risky asset investment with insurance risk is :

Uw +02S(t) Uys
02Uy

W*(t) _ _(M_T)

o The hedge is the additional units of asset :
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& | The Insurer's Hedge
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Insurer’s Problem :
Valuing the Reinsurance Contract
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The Insurer’'s Reinsurance Indifference Price

o The insurer maximizes expected utility of terminal wealth
with insurance risk and receives a reinsurance payment

UR(’LU, L ,Sit) = sup Ef [u(WL(T) + h(S(T), L(T)))]

{n(s)} €S

o The insurer’s indifference price P for the reinsurance is

U(w — P, S,t;q) = U(w, S,t;q)
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The Insurer’'s Reinsurance Indifference Price

o UR satisfies a similar HIB equation as U with new
boundary conditions

1
0 = U+ (W +QUE+uSUL + 50252U§S
+A®) (UF(w — g(S,t),L + g(S,t), S,t) — U¥(w, L, S, 1))

]
-+ max {50'2ij 7T2 + [(p’ — T)Uj o O'QS(t)Ujs]} ’

subject to UR(w,L,S,t;q) = u(w + h(L,S))
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o The Insurer’'s Reinsurance Indifference Price

o Counterparty risk can be treated easily
o The HJB equation takes on an additional term

1
0 = Uﬁ+(rW+q)U£+uSU§+§JQS2U§S

+ k(t) (U(w,L,S,t) — UR(w,L,S,t))

oy A(t) (UR(w o g(Sv t)a L+ g(Sa t)a Sa t) o UR(wv La 57 t))
ma { 30208, 7%+ 7 (s - VS + oS0 |

T

subject to U%(w, L, S, t;q) = u(w + h(L, S))
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The Insurer’'s Reinsurance Indifference Price

o We demonstrate that the indifference price satisfies the
non-linear PDE

‘ 1
rP= P,+rSPg+ 502

S? Pss
_K(t) (1 - ema®P@S)

LA amres.e) (1 - e a®P 50,5 -PLS)
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Probabillistic Interpretation

o For loss-independent pay-off functions (and no-counterparty
risk) i.e. h(S,L) = h(S) the indifference price is the Black-
Scholes price

P(S,L,t) = e "TDEL [0(S(T))]

o The measure Q is the minimal entropy measure
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¢y
gy | Probabilistic Interpretation

o For more general pay-off structures, can perform a
perturbative expansion in the risk-aversion parameter

P(L,S,t) = P%(L,S,t) + aP'(L, S,t) + o(&),

o The zeroth order price satisfies

(r +5(t)) P° = P2+ 1S P2+ 10252 P + \(t)AP°
P%(L,S,T) = h(L,S),

o Feynman-Kac solves the PDE

PO(L, 8,t) = B2 [ It dup( (1) 5(T))| 7]
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Probabillistic Interpretation

o The linear correction to the price satisfies

( (r+x(t)) Pl = P} +rSPL+ 3025? Ply + A(t)AP!
+15(t)(P°(L, S, t))2

FA(t) eF(T—) {g2(s,t) — [AP°(L,S, t) — g(S,t)]z} |
PY(L,S,T)= 0.
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Probabillistic Interpretation

o Feynman-Kac (with source) solves the PDE

PULS.0) = B2 | [ Sra)(PP(L(). S(u),0)? +Aw) {*(S(u), 0

~ [APY(L(u), S(u),w) — g(S(u),w)]*} du| 7]
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VELLT

Numerical Examples : Fixed Loss Sizes
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Numerical Examples : Fixed Loss Sizes
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Numerical Examples : Fixed Loss Sizes
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VELLT

Numerical Examples : Digital Loss Sizes
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Numerical Examples : Digital Loss Sizes
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Numerical Examples : Digital Loss Sizes
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Numerical Examples : Digital Loss Sizes
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Conclusions and Future Work

Obtained Indifference premium for insurers exposed to
equity-linked losses as an expectation

e Performed perturbative expansions
e Solved numerically

Obtained the PDE for the indifference price of a
reinsurance contract issued to such an insurer

e Performed perturbative expansions
e Recast as a dual optimization problem
e Solved numerically

Ongoing work includes

e Incorporating stochastic interest rates
e Applying to Equity-Linked Notes, CDSs and CDOs

Indifference Pricing for Equity-Linked Insurance and Reinsurance © S. Jaimungal, 2006

51



Thank you for your attention
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o S.J. and Tao Wang “Catastrophe Options with Stochastic
Interest Rates and Compound Poisson Losses”, to
appear in Insurance: Mathematics and Economics

o S.J.and V.R. Young “Pricing Equity Indexed Pure
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