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1 4 (1- )n n nX X X+ =

x1
x2x3x4
x5x6

x7x8
x9x10
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1
2 2

x y= ± −

1 1 1 1 1
[(0, )] (0, 1 ) (0, 1 )
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( ) ( 1 ) ( 1 )

2 2 2 2 2n n ng x g x g x+
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1
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f x
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1
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f x x x

x x
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X1

f1(x)

X2

f2(x)

X3

f3(x)
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( )  [see Ulam '1948]
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x xπ
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xxk yyk

xxk+1=f(xxk) yyk+1=f(yyk)

εεyykk

εεxxkk

xxk+1=f(xxk) + εε(y(yk k -- xxk)) yyk+1=f(yyk) + εε(x(xk k –– yyk))
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[ ] [ ] [ ] [ ]0, 1 0, 1 0, 1 0, 1× → ×

Uncoupled Map
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[ ] [ ] [ ] [ ]1 2

2 2 2 2
:  ,   :  0,  1 0, 1 0, 1 0, 10, 0, 0, 0,  

2 2 2 2
S S

ε ε ε ε
� � � � � � � �× × × ×� � � � � � � �− − − −� � � � � � � �

→ →

1 (2 ) (2 )
,(( , ))

4(1 ) 4(1 ) 4(1 ) 4(1 )

u v u u
S x y

ε ε ε ε
ε ε ε ε

− 	 
− −� �− −= � �� �− − − −� �
 �

[ , ] [ , ]x y u v→

1( , ) ( , )

( ) ( ) 1 ( 1) ( 1)1
( , ) ( , )
2 4(1 ) 2 4(1 ) 2 4(1 ) 2 4(1 )4(1 )

( 1) 1 ( 1) 1 ( ) 1 ( )
( , ) ( , )
2 4(1 ) 2 4(1 ) 2 4(1 ) 2 4(1 )

n nf x y Pf x y

x x y y y x x x y y y x
f f

x x y y y x x x y y y x
f f

ε ε ε ε
ε ε ε εε

ε ε ε ε
ε ε ε ε

+ = =
− − + − + − +� + + + + += � − − − −− �

− + + − + + − + − �+ + + + ++ �− − − − �

[ , ] [ , ]u v x y→
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4 2 2 2 2 2 2 2 2

x y x y x y x y
f x y f f f f

+ + + +� �= + + +� �� �

1 11 1
( ) , ( )( ) ( ) ( ) ( )

2 22 2 2 2

x x y y
X x Y yX X Y Y

+ +� � � �= =+ +� � � �� � � �
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�	1<�f(x,yf(x,y) = ) = f(yf(y, x), x)
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f(x,yf(x,y)=)=g(yg(y--xx))

�� �
���
��z= z= xx--yy���	
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�4����������
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�	1�f(x,yf(x,y)=)=f(yf(y--xx) ) →→ g(zg(z) = ) = g(g(--zz), then), then

1 11
2 ( ) ( ) ( )( )

2(1 ) 2(1 ) 2(1 )4(1 )

z z z
g g gg z

ε ε εε
+ −� �+ += � �− − −− � �

11
( ) ( )( )

2 (1 ) 2 (1 )2 (1 )

z z
g gg z

ε εε
+� �+= � �− −− � �
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1 1*
0 0( ) ( , ) ( ) 1y y

y yPf x f x y dy x y dyδ= =
= == = − =� �

2 1
( ) ( ) 2 ( ) ( ) ,  ( 1)

4 2 2 2 1

z z z
h z h h h

α α α
ε

+ +� �= + + = >� � −� �
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