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0.1. Relating Double Hurwitz Numbers with Hodge Integrals. We can extend the notion
of P!m| to have bubble components on both directions. Denote by

Plmg, M| = Bl_pgy U=+ UPL_jy UPly UGB U - U,

[ )

As before, we vall IF"'ELm the root component | Fl{mg) = P: ey W E"’,l_” the bubble component
at 0, and PL (m.,) = Ply U - UPL,_ the bubble component af ow. Define M (% i) as the

moduli space of morphisms _f 1 O — P mp. ma) such thag

(1) (Ciza, e+ Zygueey, 1, -+ Wigny) 38 & possibly-disconnected prestable curve with 1(u)+1(>)
unordered marked points,

(2) x = 3_,(2 — 2g,) where g, is the genus of each connected component of C.

(3) As Cartier divisors, f~*(p§ ™) = E;{Jﬂ ITT ™ty = ) i,

(4} The automorphism group of f is finite. Here, an automorphism of f consists of an antomor-

{— rnu] E TII:I

phism of the domain U.LI'W: ' and automorphisms of the pointed curves (Pl{mg), py Py

and (L (), pm m?:l, which is an element of (C*)™ and (C*)™=, respectively.

We can extend the standard action (- [z,w] = [tz,w] on P! to Pmg, ma) b_',! Lrwml action on
the bubble components at 0 and co. Then this action induces T -action on M., (]F‘=1 18 ). Let

[m[;,'m'-m [ [mg,mm] — ' he the projection which contracts both hubbie components and
fr = mlma,my] o f. Denote by v the partition of d = |u° = |g™| by the degrees of [, on each
rational irreducible components. For any morphism [ : (C, ;, ;) — F'[myp, m..| which represents

a fixed point of M, (P!, 4% 1) under this action, one of the following four cases must hold:

® g =M =0: We have [ = [, = u™

o mg = 0,y > 0 Let xoo = Y (2—2¢% whe‘re 45 is the genus of each connected component
of f~PL, ) ). In this case, we have 17 == ).;x = ¥ xn = 20{) _

® 7iig > 0,mg, = 0: Let x = i[? 29‘?] where g_r is the genus of each connected component
of [7HP(mq)). In this case, we have u™ = v, ¥y = X, X = 20{v).

o my = 0, me = 00 We have ¥ = yo + xoo — 22

Hence, we can see that yg, Yoo, determines each connected component of .ﬂ;{&"‘ll ,uﬂ,_ Igf"']c'_

Caonsider the branch morphism
Br s T (B, 18, 5) — SymXHUO AT o sl 1)

The Double Hurwitz numbers for possibly disconnected covers of P! can be defined by

1 s
H'(I£U1 lum:' = f Br$ j-f_x+““ sy
X | Aut (jt.tnj || J'\.ut.(ﬂ_m} | [J_\ﬁ‘i-;[p.“lp* }] eip [ }

under the assumption —x + I{p") + [(4™) > 0 where H € HP(P-x~0"+0™) i5 the hyperplane
class. We want to compute this integration by virtual localization. The connected eomponents of
1
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o o = 0,m0s > 01 Fw; 2U(v), x) = (My(P*, v, #m)”t’:‘)ﬁ 112

om0 > 0oy = 0+ Flu x, 2(v) = (M, 0, 0)//€*) / [T 2t
e = 0,my >0

)

F(ws X0 Xew) 2 (ML (B 10, 0)//€°) x (B (B v, p)/ ) )/ (un( HE

Let M3 .. be the pull-back of the virtual normal bundle of F(v, yo, Yeo) in M (P, 4° u™). By

MK oo .
computations similar to those ep(ANFT), we obtain

1 . —ay, 1 L 1 A —A, ><- ty
(5 {ML:J:;IEI:U:I x} u+ '”IJG‘ [ (J"h"-:,";' 2”1‘,.":] u— ?-"J"‘: : ("I\'T"E::—n s ) w4 qj;u[.'l - 1_",-:&,

where ¢” and 4 are the first Chern classes of the cotangent line bundle T‘m P my, ma| and

[a}P [0, moo), respectively. Let r = —y + I(%) + (™) and observe that

Br(F (1 X0, Xeo)) = (= Xeo +U0) + 1N + (= x0 + 1) +1())po € FF

B (1] (= 1)) = (TT (0 + 206 + 1) = 1) o

k=1 k=1
By taking special values for

w=(0,1," -, —x+Hp") + (=) - 1)

, and applying virtual functorial localization formula gives the following relation

H;[#E}Ia 1) 3 1 {‘U.Jﬂ'} e | (T |
(=x+ ) + L))t | Aut(®) [ At (=) | S [ 2 0 iy e ™

Alter counting multiplicities, it is related to the integral over U'VIl J]”“' as follows:

(]I nk!)( H JAut p(v)| |Aut r_,'.[:?_,r:]l) [ [.EP.-/.O)—x:-: P )+ —1

Vi) o My o (B ) /G ir

e oy ~Xeo ) =1
f[m[rai]u:r [:w ::I
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7%:’5 ﬁﬁawﬁ j[:om 'tttﬂ ﬁﬁﬂomf@ abservoct(oms*:

s Bf cf«ms;'yg %-- 2_——23, anc! e (kl; T ;’<H-—f )’
for oy denN such that d > lel+ K+]

the recursion relation gives a Linear refotion

betwm Hoc!gp_ t’ﬂ{-eara,@o mi-tfn oneg }\- cﬁaﬁs

w(m?cfa Emcﬂuc{eﬁ *f:LLE gluen 'tnoe u-f Ho%a {'n'tgjm.g
omof -&Lmae t'w-éecjmp/a hwe dimemsfom @8—3+V1.

« Since there wre r'wf'(:e,Qgg wiany relotions
between jtfm'-te%, maﬂ/y Hoc!gz f'wtecgra-aﬂ 5
(t can be ProvecJ tat -there are Bmua%

,Qimear% a:'mc[e]aeﬂdeﬂt rtﬂm‘.:fons o cam/bwte
these HoJJa fwtegm.@a

K{?f?eﬂ‘t 'f:lrﬂis PruCE‘SS o -Eﬂ-clfl O[EMEnsfnln <o
Com/au-ﬁe a0 HO{;Q r'mfegm-ga with one /\—CQass_



Doulble Hurwitz pumbers OC”' = (d) i

In case f bas only one part, le. p=(d) for some detV.

tde Double Hurwies numbers  Hy, »(9) have closed jgmuaa
H 1 S r! dH ,'{_ga,] W (SEH[A(L‘t/l} )C“

(v~ [Awed| kzi \ Kt

[ 1P, Gouliden , . Jackson, R-Vaki
“Towards the Gieometry of
MJ H-JMHE Hurwit2 numbers ”

Cy = H °'6 1 F.‘; n U '",
Ci = # Cﬂc kIS t:Vi % gCV‘ l':' ? |
and  in this case , e recilrsion jfw-m«tﬂos be covmes

i oot LMl Z Xt 00 i cinhtk&ls) & . n
Z Z ( ‘) f:%t‘kpf A [{- J” |f.-{:/2_ (]‘D:Xo‘yle-_ O

pl=d % X B

where } r=25-1+201)

Neow Da;‘v‘e wll five  ertam Hoég,e Ewtea valls SM{{
: o mo N (Dt e
o o) e

srﬂit{:ingj v ¥ r
Mg 2009+0e")

i ol be omoygh to sho thet
hi@ﬁnes{: cfimemsion that com occur wn @’Ka,v;&
s ?:3*3+n and  thelr Caeﬁ[idevrts ﬁr-m

cnvertible Mmotrx.
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of the totall genss g (g, 2! e')

{:Lw_ P‘anﬂt’ftmﬂﬁn f}'f’e Y, i o
anel eha prescribed gpe BV €T S

c[as; exfonewt -t/f'e e , (95,07, E).\
Demate, QJ.JJ)“':, ei :
o be He gpnus rami- (9o -p": " gll PR

jC{Cb:twn ‘t)’f?e,cmc! 'd“-ﬂ—’ﬂb ¢ )
c:-[a.ss @?onaqt -(?Fe aie g dﬂbﬁ”‘t&?( o - 'EL'IPaf-ﬁ_ ﬁa—va‘--&
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om /'{ooée. fwte&r‘aﬁ a‘)c ehmemswm

-~ dim Ty, gryegeny = 3953+ L0+ lE?)

63"5 y ?-?)l“?, ze«ﬂs ‘3@‘&-553(} j(o[(nuﬁwét mma’i-&fnws
P R B R
9(0=Z(-‘l-2§);,) it mé,@fp)

ymé?_mmi IJ,Q(D)'):Q : Q(zf)(,_j-ym-zﬁ(p)
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.Crom ‘dflese cenc;i-tfavts, WEe oM f;wc:, uprer LBUHC! tqf @R

29: =% + 02y % dre™)
< 2%:-3 4+ [ AW n-)] + [fie)]
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J;

Som  Xe=Z(2-29) = 2m ~29: 2]
< 3% +2m -2 + Q)+ L(e) since ZQJ 2.0

L “,
JEa

= _=[2emr4X- Yoo |+ 2m~2 + fv) + Le)

ars

Jrom X=X+ Ho—2000)
~2X+le) +2(m-Lp)) +2 (Hoo=2) +1

A e s s L ik :
<0 L0 smce Yel 2

£ 2K+ M)+ = 333+ Le)+ |

| = dim Mg, st +46e)

Sc: e abloins  moxtraum C:lt'memffaw “'g cmd Qm!}/ {
2(pY) = 4»)—(m-1) & Vs ontains maxdmum # of, parts of L
Le’) = fle) & Vi ontoins Nl ectra. warked peivts

29 =0, %52 & AU Jenus are oricentrated on Us

J%a
44! :,Q_(_w) == 771'; gmfalq has moxdmum “]c vereices
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Hence the Recursion jgmuﬁa Fpives Dinear r-e@a-&fow

S (k) j b,
Ma,n

e+205=%-34n
= ,boﬁrnuw‘mﬂ I terms af Bser—alim Huc!ée t'wfqgraﬂa.
wohere Cd(k; C%}) are J&;Cfne,o’ s

o), B, MO (2209 | 2 ne
k, = y“_ (FU ____l_'l‘_‘___ a_“ k_;,)
cuteen)=Z [T 07T

i U] 3 a;

Hoasn)t S ADY e
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/ ti:@re o fﬂﬁ”ftﬁﬂg Wﬁ/ Pinear reﬁwéfmmj
loetween fﬁnr‘{:e% man y Hocl?e f'méeg@ﬁm
Merewer’ Cd(krfﬂﬂ)); 7Crrm e Var’\c{l?.rm;mc,.e =
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We econ aﬂmmfs q[{mc! voduss cqt C[ > lef+ K =

t«}hfc!ﬂ (.ULQQ Qo,Qb‘e, 'C!’\-Q; ,O_,EMEI.J%V‘ Q/g{e,wl , "&.émr)f_*

+ Eo,Qves q(w 200 Hm[ge fb‘rﬁ:&?graﬁs wE'E/n one
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Let K=2-29=0 and e= 74
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fol Mhi
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9= e ol
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Hence we have o Liveor reﬂm:c'ong
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Dimension 2 : There are 5 Hodge integrals with one A-class of dimension 2;

.2
.:'-40,5 M El,u of My Ady oy

Ui
And these integrals can be computed as follows:

d=3,g=0e Z{Q:D,U,D};

25[ -ﬁal2—25=ﬂ=‘,-] P =1
Ha,s }"’ib.é

d=4,g=0e=(1,0,0,0)

- lﬂf Pl 4 20=0 = j gly! =2
Me,s A e

d=1,g=1e=(0), andd=2,g=1e= (0}
: L
—f :,;=1A1+f P =10, —EL r,-'.'l)u—.’r'j P — = =0
Mz Mz My Mg i

= T\J':Jl)"l — [ 'Jsll_}! = -I----
1o M Wra 24

1 :
- 3[ Pl + = =0 = Pyl = —
8 7w i 24

The first two values matches with the Witten'’s formula for the g = U case which says that

(1) f 1_1';h"'!,-"r'k"‘ = ( n=3 ) when ky ++--+ &k, =n— 3
17 e |5 ORI

1



Dimension 3 : There are 8 Hodge integrals with ane A-class of dimension 3

f_ ¥, f_ Wi, f_ B, f_ Nt
MD.E Mﬁlg J'b'!-n.ﬁ .'L"[1,3
/ W, / Pt AL, f_ i, f Plaptay!
My Mg My Fofy s

And these integrals can be computed as follows:

d=3,9=0e=(0,0,0,00);

a0 1;':3—9{}.-;1}:- g =1
Mg Mg

rf:li]e'jl — U,I:f = (J‘D,U,D,U};

—65[ P +195=0 = PPl =3

Mg Mos

d=359=0e= (110,00

15 o ‘ﬂ'lﬁ'ﬁlﬁﬁl — 90 =)= wlf,‘f-'l‘ﬂ.)l — g

Mg My g
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HL; 4 EI,J ﬂ;,; ﬂl.:l

3 1
3 ]
e A ﬁf P = —
Faw' | By A
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1
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T AMis d
M

; 18
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i g AP 12

. 1
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S = My 12

d=3,g=1e=(11)

1 l
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T'hese values match with ( 1), A formula and previously known resulis,



Recursion relation ford =1, = 2, and ¢ = -

f 1WA — j A+ f ' =l
Aay Mag :"’b.l

Recursion relation fer d = 2.6 = 2. amed v = 0 -

1) -5 uﬁA.+3:|f W= ¢
M My Ay SR

Hecursion relation for d = 3, = 2 and ¢ = @ .

: : ; ; 2 13 1 .
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Mz o Mgy Aoty o 2 My S
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mfﬂg O rL .
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7
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Here , B:'c are Bemouldi numbers
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wnd By = 20
So b €his . ease
%




i e
oy

In case of Mgt with .Q!C??:.__mrlf-ec!_fofwg
, we have +he fo[fowln& ﬁrmuﬂa:
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29 1 s om) ! (29,71
Jﬁ 1{?; -’\34: b@ Zﬁ._iz b&al"&:_

M1 =t Zagsg B9
where b oo / o =0
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287 (29! %8
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