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Conjecture

(Brezin, Le Guillou, Zinn-Justin, 1973)
N step self-avoiding walk in four dimensions:

End-to-end distance ∼ N1/2 log1/8 N

Critical Green’s function decays as |x − y|−2

Easier Problem

hierarchical lattice

weak repulsion

continuous time

Proof: (Brydges-Evans-Imbrie 1990), (Brydges-Imbrie
2003), (PIMS Lectures, 2001)
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Hierarchical Lattice, L = 2

• • • • • • • • • • • • • • • •

Points in hierarchical lattice
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Hierarchical balls, diameter L, L2
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Hierarchical Lattice, L = 2

• • • • • • • • • • • • • • • •

Hierarchical balls, diameter L, L2, L3
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Hierarchical Lattice, L = 2

• • • • • • • • • • • • • • • •

Hierarchical balls, diameter L, L2, L3, L4
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Hierarchical Lattice, L = 2

• • • • • • • • • • • • • • • •

P Q

|P − Q| = L4.

Hierarchical Lattice is a Group (+).
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Hierarchical Lattice, L = 2

• • • • • • • • • • • • • • • •

In this picture dimension of lattice D = 1 because # points in

ball grows as (diameter)D.
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Renormalisation Group
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Renormalisation Group Continued

Choose the unique jump probability s.t. Green’s
function of non-interacting walk is |x − y|−2.

Collapse the balls starting with smallest.

Notation x 7→ L−1x.

Real Space RG (Rodríguez-Romo, 1995)

τ Isomorphism
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Free Green’s Function

G(β, b) :=

∫

∞

0
dT e−βT

E
[0,T ]
a

(

δb,XT

)
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Free Green’s Function

G(β, b) :=

∫

∞

0
dT e−βT

E
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(

δb,XT

)

=

∫

∞

0
dT E

[0,T ]
a

(

δb,XT

∏

x∈Lattice

e−βτx

)

RG applied k times

G(β, b) = L−2kG(L2kβ, L−kb)

until L−kb = 0.
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With Interaction

With Self-Interaction

G(g, b) :=

∫

∞

0
dT e−βT

E
[0,T ]
a

(

δb,XT

)

∏

x∈Lattice

g(τx)
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With Interaction

With Self-Interaction

G(g, b) :=

∫

∞

0
dT e−βT

E
[0,T ]
a

(

δb,XT

)

∏

x∈Lattice

g(τx)

Lemma 0.0 RG applied k times

G(g, b) = L−2kG(gk, L
−kb)

defines an RG evolution of interaction

g0 7→ g1 7→ . . .

for g : R+ → R+ smooth and bounded.
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RG evolution of interaction

Interaction g defines β, λ by

g(t) = e−βt−λt2 + O(t3)

More precisely, interaction g defines β, λ and r by

g(t) = e−βt−λt2 + r(t)

Then can prove that RG induces recursion

λj+1 ≈ λj −
8Bλ2

j

(1 + βj)2

βj+1 ≈ L2

[

βj +
2B

1 + βj
λj

]

The recursion for λk makes it decrease as 1
k

until βk ≥ 1. Then λk stabilises.
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A Main Result

Method to calculate Green’s function G(g, b) with Interaction
g =: g0

Use G(g, b) = L−2NG(gN , L−Nb) with N = N(b) s.t.
LNb = 0.

For b = 0 interacting Green’s ≈ free Green’s
G(gN , 0) ≈ G(βN , 0)

Undo free RG: G(βN , 0) = L−2NG(L−2NβN , b)

Theorem 0.1 Let g(τ) = e−βτ−λτ2

. For all small λ,

|G(g, b) − G0(βeff , b)| ≤ O(λN(b))|G0(βeff , b)|,

where βeff = limn→∞(RG)−n
free(RG)nβ.
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End-to-Distance

For each small λ, ∃!β = βc s.t. βk → 0. Theorem implies
G(g, b) decays as massless free Green’s function.

Origin of Log correction in end-to-end is behaviour of
Green’s function as β → βc: by Theorem

∑

b

G(g, b)|b|2a ∼ β−1−a
eff

From the β, λ recursion

βeff ≈ (β − βc) log−1/4(β − βc)−1.
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End-to-Distance

Theorem 0.2 Fix 0 < α < 2. If λ is sufficiently small with
|arg λ| < π

3 , then

ET
0,λ(|XT |

α)
1

α =

(

1 +
O(λ)

`(T−1)

)

E0

(∣

∣

∣

∣

X“

T`(T−1)
1

4

”

∣

∣

∣

∣

α) 1

α

,

where with T > 1, the logarithmic factor is

`(T−1) = 1 + O(λ) + Bλ(4 log T + log |1 + λ log T |).
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