ICE: Iterated Conditional Expectations
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Summary

Local Likelihood Density estimation for Interval Censored Data

e A Kernel Density Estimate
e Relationship to Self-Consistency

e Relationship to a Local Likelihood Class and the EM

e Implementation: A Newton Iteration
e For the Class: Explicit Solution for the M-step
e Symbolic Newton Raphson

[terated Conditional Expectations (ICE)

e Other Local Likelihood Classes

e More Symbolic Computation



The Data Type

Observe (L;, R;) = I;

X, Unobserved X, € I

Individuals at risk are periodically tested for HIV
L; time of last negative test

R; time of first positive test

X, Time of infection

Histogram: (L;, R;) Bin Containing X;

Often X; ~ Unif(L;, R;)



A Kernel Density Estimate

Goutis (1997)
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An iteration

El|L] =7

fj—1 is normalized over eachl;

A fixed point equation
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Initial value: a member of the Beta location scale family



Fc(x) = /joo fc(u)duy

l}il?(f)l F.(x)=F,

Fi(x) = ["_ fi(u)du,

lim F(x) =7



Self-Consistency

F,, is the NPMLE of F' for complete data

F}. is the NPMLE of F' for right censored data
F} is the NPMLE of F for interval censored data
F,=(X,1/n), Fi=(F,w) F=(J.p)
J, «— innermost intervals

Efron (1967), Turnbull (1976), Li, Watkins and Yu (1997)

Self-Consistency
Fy(w) = By [Fu(a)] I vil.
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Innermost Intervals

T
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Data

Turnbull

Lietal
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Relationship to Self-Consistency

Theorem: limy,o Fj(x) = Fj(z)

Proof:
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estimate of CDF
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Gentleman and Geyer

(0,1),(0,2),(0,2),(1,3),(1,3),(2,3)

(0,1),(1,2),(2,3) with weights

W =
LW | —
Wl =

DN | —
DN | —

reduced data (0,1),(0,2),(1,3),(2,3)
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Implementation

S

A Lo g By — y) fy)dy
ni=1 I, f(y)dy

o M={x}L,  f=(fN M with fF = f(zy)

e 'Trapezoidal quadrature rule

£ — 1 s~ {Zl:xleli K (r; — wk)fz}

Stael; Ji

J+1 J
e Convergence to a unique solution for sufficiently large “h”
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Newton Iteration

e Alternatively consider solving U ( f ) =10

e (Construct a Newton iteration as

e Local convergence gauranteed provided good intitial guess

e General Strategy: Iterate f = G(f ) until p(VG) < 1
J+1 J
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Empirical results

h  p1 ps  ps original Newton
01 774 126 1.0 125 fails*
3 1475 795 800 53 fails, 4!
4 1180 .699 .716 41 50, 31
D981 614 633 30 3
6 878 537 588 26 3
7 77T 481 551 24 3
1 .564 .364 .433 19 3
1.2 488 .325 .368 17 3
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Local Likelihood Density Estimation

e Loader (1996), Hjort and Jones (1996)

e Embed KDE in a larger local likelihood class

L(f.2) = 3 Ki(Xi—2)log{f(X))} —n [, Kn(u—2) f(u)du

1=1

o log{f(u)} =Plu—wx)
o Plu—zx)=ap+a(u—x)+---+a,(u—x)

e Solve ZL(fx)=0 Vz

o fz)=explao)

e [xample:

Plu— 1) = ag — f(z) = 3 KX~ )

n
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Local Likelihood Density Estimation for Interval Censored
Data

L(f.x) =X E[EW(X; — 2)log{ f(Xi)} I; ] = n [, Ky(u — @) f(u)du

EM-type algorithm

M-step: Solve %E(f, x) =0 to get f(:z:) = expq{ap}

E-step: Compute expectations wrt f(z) = exp{ao}

Plu—2x)=a)g =

A

flx) = —ZE[Kh( — )| 1]

n =

21



More fixed point equations

e Gaussian kernel

e Plu—z)=ap+a (u—2z)+a(u—z) =

R o)

e = SLie) =0 £ By (SR - o 8

e Analogous to Hjort and Jones (1996)

e Newton Implementation for the class?

22



Symbolic Newton Raphson

e Newton Raphson: A; = A? | x O,(1)

e Symbolic Newton Raphson: A; = AjA;_; x O,(1)
(Andrews and Stafford 2000)

e Difference: denominator is replaced by its leading term

e a solves local likelihood equations

e a cxpression based on first k steps

e a—aisorderk+1
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density estimate
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Local Log-Linear

h  p1 p2  ps original Newton
3 1.502 .781 858 53 fails*, 13!
4 1.242 700 796 51 fails*, 8
D 1.044 629 756 47 4
6 .926 560 .730 47 fails*, 4
7809 506 713 43 4
8 701 443 692 38 4
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ICE: Other local likelihood classes

Multivariate density estimation

Hazard or intensity estimation (Betensky and co-authors)

Regression

Usefulness of Newton iteration

Usefulness of symbolic computation

Observations
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Locally constant regression (for a GLM)

Lofa) = S wia)l{Y;, P(Xi — )

]

EM-type =

() = - wilx) EfYi| L]/ ¥ wila)

]

Newton Implementation =—>

oo ValYald e
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Locally linear - more Symbolic Newton Raphson

e Mulivariate Density Estimation:

h? (zr f?"2) gy b (zr f?“4)

Fla) = foexp————— + —— L (a — 3u})
27 8!
e Gaussian Regression:
_ _ 0u(X,Y) _ _ ou(X,Y)
Y. — Xy)— =% Y. — Xy)—5
+ (z )aw(X, ) VS + (x ) =

e Poisson Regression:
ou(X,Y) o0,(X,Y)?

1 Yw _Xw — —
Og{ }—I—(CE ) h2M2Yw + QhQ,UQYuQ,

e Logistic Regression:

logit{Yy,} + (z — X, (X, Y) (1—-2Y,)0,(X,Y)?

Rl — Vo) | 202usY2(1 — V)2

e Inherits boundary corrections: a — a
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Summary

e Likelihood Cross-Validation and h

e Relationship to methods for measurement error

e Symbolic Computation vs Boundary kernels
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