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,Model:          :  finite dimensional

                           :  infinite dimensional.

Pθ η θ
η
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E ( ; ) 0;

E [ ( ; ) / ] is nonsingular; 

E [ ( ; ) '( ; )] is nonsingular.

G Z

G Z

G Z G Z

θ
θ θ

θ θ

=
∂ ∂

{ ( ; , ) : }G G h Z hθ= ∈ H
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ˆ- [0,(E ) E '(E ') ]
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G GG G

G G

θ θ

θ

− −→

= ∂ ∂
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Let ( ) (E ) E '(E ') .  is optimal 

if (G )- (G) is nonpositive definite , 

 and  .  

G G GG G G

G

ε
ε ε

θ η

− −=
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G
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 is a quasi-score estimating function 

if and only if

                       -E  = E     G . 

G

G GG
•

∈

∀ ∈

G

G.
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* ' * '-E  = E   E[ ( )] 0G GG G l Gθ

• •
⇔ − =
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1/ 21ˆ ( ; , ) ( )

with E ( ; , ) 0,  var ( ; , ) .
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θ ϕ θ η

ϕ θ η ϕ θ η
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= < ∞
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 The efficient estimator is the most precise RAL.

 Sufficient to work with the class of RAL estimators 

      to find the efficient estimator.

     find  ( )

     construct efficient estimators

l lθ θ
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Let { }  be the closed linear span of the influence 

functions for all RAL estimators. Then  is uniquely 

identified by  and 

                   E[ ( )] 0    .G l l G
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θ

θ

θ

θ
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E( | ) ( ; );  var( | ) ( ).

 and  are known. 

Y X X Y X v

v

µ θ φ µ
φ

= =
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1/ 2[ | ] ( ) where ( ) /( )s sf x g X Y vε ε µ φ= −
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��1*��0�
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s s s s
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f X f x d
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=

= ∈
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1

{ ( ; ) :  ( ; ) ( ; )[ ( ; )], }

Optimal member: G  ( ) [ ( ; )]

i i ii

i i i ii

G h G h h X Y X h

v Y X

θ θ θ µ θ

µ µ µ θ
•

−

= − ∈

= −
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H
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2
2 1 2 2 1 2

* 3 4
2

{ ( , ; ) :  ( ; ) ( ; )( )}

Optimal member : involves E( | ) and E( | ).

i i i i ii
G h h G h X h X v

G X X

θ θ ε θ ε φ

ε ε

= + −�
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( )

      Conditional mean (parametric)

       E( | ) ( ; ),  

      Joint distribution 

       ( , , ) ( | , ) ( ; ) ( )

       ( , , ) (infinite dim.) "nuisance" parm

        finite variance,   

pY X x x R

p y s x q s y x f y x g x

q f g

µ θ θ

µ θ

η

= = ∈

= −

=

( )d 0f ε ε =�
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n

n
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( , ) 0s xπ σ≥ >

Pr( 1| , , ) Pr( 1| , ) ( , )R y s x R s x s xπ= = = =

( , ) ( , ; ), qs x s x Rπ π α α= ∈
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π π
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π π
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( ) 0S Y A X= � =

|S Y X⊥ �

* -1 1 T1
Var E ( ; )E Var ( | ) ( ; )G X X X Xµ θ ε µ θ

π
−
 �� �= � � �
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