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G-space basics@; always compact Lie group here)
e G-points:G/H (H < G closed subgroup)

(H): conjugate classes

Orbit type: (H) or (G/H), we choose the later
e The onlyG-equivariant maps betwed&spoints:

G/H — G/K

are surjective ones fdH) < (K).
This gives a partial order among types.
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G-manifolds are good, due to lliman (1983).

(1) Cell: D"x (G/H),

(2) Attaching byG-equivariant mapS™t x (G/H) — X
can be reduced 8! — X",

XH: the subspace of fixed points byH
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(2) Attaching byG-equivariant mapS™t x (G/H) — X
can be reduced 8! — X",

XH: the subspace of fixed points byH
e But whenX is lower-dimensionalz-CW complex, with types
(Hi), only bigger types thatN(H;)) can be attached to it.
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e But whenX is lower-dimensionalz-CW complex, with types
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e So for aG-manifoldM, a rough description of a general strat-
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e G-equivariant cohomology d¥l is defined as (Borel)

Hs(M) =H*(M xgEG)
whereEG — BGis a classifying space fds-principal bundles.

Contents
G-space
G-manifold

equivariant
theory

TEO
Examples
Index
“Space”.«/
K-homology
(o, 7,D)
Wave Front
Oscillatory
Resolution

Conclusion

*kkkkk



Contents

G-space

e G-equivariant cohomology d¥l is defined as (Borel)

G-manifold
H(M) = H*(M xGEG) caivarn
whereEG — BGis a classifying space fdg-principal bundles. TEO

e H. Cartan introduced “the equivariant de Rham differential =™
forms” Index

(@' (M) @W(g)° S

K-homology
and equivariant exterior derivative, and showed that this gives the .,  p)

same cohomology up té,-grading when thé&-action is locally Wave Eront
free. Oscillatory

Resolution

Conclusion

*kkkkk



Contents

G-space

e G-equivariant cohomology d¥l is defined as (Borel)

G-manifold
Hg(M) =H"(M xGEG) oy
whereEG — BGiis a classifying space fds-principal bundles. TEO
e H. Cartan introduced “the equivariant de Rham differential =™
forms” Index ’
“Space”
(Q"(M)®@W(g))® P

K-homology
and equivariant exterior derivative, and showed that this gives the, . p)

same cohomology up té,-grading when thé&-action is locally Wave Eront
free- Oscillatory

¢ Block and Getzler “globalized” the Cartan’s version and showegsolution
that its conomology is essentially the same as periodic cyclic ho-conclusion

mology of the smooth crossed product algebfato be defined ==
later.



(for a compact Lie groufs acting on a compact manifold)

An invariant (pseudo-)differential operator

P:T(E)—T(F)

TEM ={(X,&) e T*"M : ({,Xy) =0 VX € g}
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(for a compact Lie groufs acting on a compact manifold)
An invariant (pseudo-)differential operator

P:T(E)—T(F)

TEM ={(X,&) e T*"M : ({,Xy) =0 VX € g}

Transverse ellipticity (similar to a foliation): means principal
symbol invertible onfZM.
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(Atiyah 1974)
Kernel of P and co-kernel oP are generally infinite dimen-

sional.

For each irreducible representationthe multiplicity of r in
ker(P) (or andker(P*)) is finite.
We can make sense of
index P) = char(ker(P)) — char(ker(P*))

as a central distribution o@G.
The traces make sense;

indexP)(f) = Tracegp(f)nakerp) — Tracep(f)merp)-

Atiyah also gave index theorem for torus action with finite
isotropies (bigger orbit types). He used equivariartheory ex-
tensively.

Contents
G-space
G-manifold

equivariant
theory

TEO
Examples
Index
“Space”.«/
K-homology
(o, 7,D)
Wave Front
Oscillatory
Resolution

Conclusion

*kkkkk



Contents

G-space

The noncommutative “space
Elements ofes are inC*(M x G),

G-manifold

equivariant
theory

TEO
Examples
Index
“Space”.«/
K-homology
(o, 7,D)
Wave Front
Oscillatory
Resolution

Conclusion

*kkkkk



The noncommutative “space
Elements ofe7 are inC*(M x G),
with product

(axb)(x,g) = /G a(x, h)b(h~1x, h~1g)du ().

Let the group actionbp :GxM — M.
Also usep for the equivariantmap : Gx E — E.

The algebraz acts on sections of a vector bundehis way:

(p(@)-9() = [ axg)(p(@s)(g g
The special case#’, the (graded).? sectiond %(E) & L2(F),
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Generalization of parametrixdQ : PQ—1 andQP—1 are

smoothing when composed with apy¢), ¢ € <.

LetF = |

0 Q

P O

] (#7,F) is a pre-Fredholm module over.
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Generalization of parametrixdQ : PQ—1 andQP—1 are
smoothing when composed with apy¢), ¢ € <.

LetF = [8 g] (#7,F) is a pre-Fredholm module over.

Finite summability:
And we can express the index (for large enoagh

index(P)(f) = Trace(p(f)(1—-QP)") — Tracegp(f)(1-PQ)")
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Generalization of parametrixdQ : PQ—1 andQP—1 are
smoothing when composed with apy¢), ¢ € <.

LetF = [8 g] (#7,F) is a pre-Fredholm module over.

Finite summability:
And we can express the index (for large enoagh

indexP)(f) =Tracgp(f)(1—-QP)") —Tracep(f)(1—PQ")
Julg (1981) pointed out TEOSs gives cycleHK (<7, C).
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Spectral triplex(.e/, 77, D),
</ as abovey7 as above; quivariant
Let D is a G-invariant, 1st order, symmetric, transversally el- theory

G-manifold

liptic operator. TEO
Then it is essentially self-adjoint of¢’ (Kordyukov 1991). Examples
If D? has scalar symbol, then we have a regular spectral triple;ndex

there are many examples. *Space"/

We have seen the Connes-Moscovici local index formula in- ¥"emelos
volves traces of operators like EnizelD)

Wave Front
ao(d al)(kl) ee (d a”)(k”> Oscillatory

Resolution

composed with powers ¢b|*
For our purpose, we view those operators in the first line as
elements in a much bigger algeBP4E) x G (See Appendix).
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Wave front relation oA € W(E) x G,

WF(Ka) €{(¢,9:8) : € € Te,M};

compared tA € W(E),
WF(Ka) € {(¢,¢) : ¢ € TyM}.
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Wave front relation oA € W(E) x G,

G-manifold
WF/(KA) € {(é , g*é) : 5 c T&XM}; thztgl:;variant
compared tA € W(E), TEO
Examples

WF(Ka) €{(§,8): & € T,M}.

Using the composition and pushing rules of wave front sets. “space’s

Index

here is how a typical index formula looks like: K-homology
(o/,7,D)

Trace(p(f)(1+P'P+Ky) ™)~ Tracap(f)(1+PP +Kp)™S) 00
with Oscillatory
(A) with 1+ P*P+K; ,1+ P*P+K; elliptic; Resolution
(B) andK4, Ky are chosen so “small” as to be absorbegby) conelislien

******

to smoothing operators.
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ForA € W x G andD the part of the spectral triple:

Following Grubb and Seeley (1995) we have the asymptotic

behavior of resolvent along a ray

Tracg A(D>— 1) 1),|A| — o
which gives equivalent information about poles of zeta functions
TracgA|D| ™).

Trace formula in¥ x G amounts to the asymptotic expansion
(asu — o) of oscillatory integrals locally of the form:

pm /}R N /G ht9xe)q(x,g,€) dgdg dx

Contents
G-space
G-manifold

equivariant

theory

TEO
Examples
Index
“Space”.«/
K-homology
(o, 7,D)
Wave Front
Oscillatory
Resolution

Conclusion

*kkkkk



Contents

G-space

(Malgrange) Letp be a real valued nonzero analytic function

onRN. Foru e CZ(RV) (real or complex valued) a test function, :q::::::
let1(7) be the oscillatory integral theory
) TEO
() = [ €*Fu(qdvol(x).
Then fort — o e
“Space”s/
|(T) = z Cayp’q(U)Ta_p(In T)q, K-homology
@,p.q (o, 2,D)
wherea < 0 runs through a finite set of rational numbgrsy € N Wave Front
and 0< g < n. Moreoverc, 4 are all distributions with support  Oscilatory
inside Resolution
S]) — {X c RN . d¢(X) — O}, Conclusion
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and with finite orders not exceediny
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Conclusions aboute’, 77, D):

(1) It has dimension spectrum {Q, starting from the highest :q:::::
transversal dimension of tiie-CW complex. theory
(2) Recall the functionals defined in (CM95) (needed for local TEo
index formula) Examples
7°/(A) = Res_oZTracegAD| ). ,I‘r:ex ,,
pace”</
TLD‘ vanishes fok > dimM + dimG. K-homology
(3) q‘(D| are decided by the symbol near a conic neighborhood Etit)
of T¢M in T*M\ {0}. Z)V“Ftyt

(4) Therefore, renormalization, as in CM95, is not needed.

Resolution

Conclusion
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Appendix 1: manitold
The algebrd¥(E) x G: an element is a continuous function : e':::izm
G — W(E), with product e,
TEO
/ P(h)- [(1).Q)(h 1g)] du(h),
ndex
There is an action on the sectlo%((E, E)xGonTl(E), de- ,I‘Space,,ﬂ
fined as: K-homology
for P=P(g) in Y°(E,E) x G, (/. 7.D)
_ Wave Fron
(P9(X) = | P(@)p(0)(s(g)du(0).
W*(E,E) x G is aW”(E,E) bimodule (but be careful of the  Reseuton
module map) Conclusion

******

Operators ifP(E, E) x G has ordek compatible to¥ (E, E)
(theZ-grading ofW) ?
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Appendix 2: .

Let (7,7, D) be an even spectral triple defined by afirstorder =
transversally elliptic pseudo-differential operaf@rand with all ey
the above conditions. o

The Connes characteh(<7,.7#,D) in periodic cyclic coho- Examples
mology is represented by the following even cocycle in the peri- Index

odic cyclic cohomology: "Space’s/
K-homology

Pom(@0; - - ., 8om) = Z Comk,qg° (,7,D)
keNTTq=0 okl (1) Wave Front

Tq ('}/ao(d a1)<k1) <. (d 3Qm) (kzm) ‘ D‘_ k= m) Oscillatory

Resolution
form> 0 and

Conclusion

¢o(8°) = 7_1(ya"). (2)
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Appendix 3: o
- . -manito
In the above formulk = (ky, ..., kom) € N°™ are multi-indices .
. . equivarian
andcymk g are universal constants given by theory
(_1) ‘k| TEO
Comk,q = kI—RI Gq(‘k‘ + m), (3) Examples
T Index

wherek! = ky!...kom!, Kl = (ki + 1) (ki + ko +2) ... (ks + ...+ “Space’s/

kom+2m), and for anyN € N, o4(N) is theg-th elementary poly-  k-homology

nomial of the se{1,2,...,N —1}. (f ,,D)
Wave Front
Oscillatory
Resolution

Conclusion
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