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Frobenius Manifolds
and Integrable Hierarchies
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Lecture 3

Systems of Integrable PDEs

Bihamiltonian systems of n PDEs:

. . 1 . .
+e (B; (w)ul., + EC;k(u)u%ug) + O(e?)

= {u'(x), H1}1 = {u'(z), Ho}>

1=1,...,n.
The rhs are differential e-polynomials of de-
gree 1,

degu® =k Ek>1, dege= —1.



Hamiltonians are |local functionals

Hp[u] = /hk(u;ua;,um;,...;e) de, k=1,2.

Compatible local Poisson brackets, i.e.

ai{, t1+a2fl, }2

is a Poisson bracket for any aq, ao

LLocality
{u'(z), v ()} = 77;];2(“(33))5/(33_y)+I_ZjLQ(U)U:IZCS(CC_y)'I'O(E)

det nijz(u) #= 0

Semisimplicity: characteristic roots of
(A:;-(u)) distinct for generic u



uw= (ul,...,u™) € M local coordinates (later:
M=Frobenius manifold)

wrt the group of Miura-type trans-
formations

ul = @t = fi(u)e £ (u; ug)Fe? fo(u; ug, uge) O (€3)

deg o (u; ug, ..., u™) =m, det (af5(9)> £ 0

ouJ



One Poisson bracket
{u'(z),4 (1)} = 1" (w(@))8' (z—y)+T (W)ulbs(z—y)+O0(e)

detn¥(u) £ 0
IS equivalent to
{v¥(x), v’ (y)} = 8 (x —y), n*’ = const

(B.D., S.Novikov, 1983: nY(u) is a flat metric;
E.Getzler, 2001: triviality of Poisson cohomology)



Bihamiltonian = commuting Hamiltonians:
find reducing transformation for the pencil

{u' (@), v (1)}2 — AMu'(@), v (Y}

f&(u;ve,...;€)  fi(v;ve, ... €)
X + 2 +...

ul — v = e vg, ... e)+

{v¥(2), v’ (y)} = AP & (z — y)

The Hamiltonians

Fg:/fg(v;vx,...;e), a=1,....,n, p>-1
commute

{Faanﬁ}l,on



Proof The functionals
FY  F¢
FY()\ :=/vo‘d33=Ff‘ 04 71
(M) 1T 3 + 2
are Casimirs of the Poisson pencil

{v¥(2), FP(\)}2 — {v*(), FP (M}

— )\ no‘6/5/(a: —u)dy =0

+ ...



Hierarchy = commuting bihamiltonian flows
on the space of vector functions u(z) =
(ul(z),...,u™(x)) of the spatial variable x
organized in n infinite chains

t=0@*?), ao=1,...,n, p=0,1,2,...

ou
Ot&pP

— {u(w)a HOf,p}l

Ha’p — /ha’p(u, Ug, - - - . 6) d.f[/'

[ . g ]
: =0
otosp’ HtB>q

satisfying certain additional properties



e triangular bihamiltonian recursion

{ . Hop-1}2= > REL{ ., Hg,h
q<p

starting from the Casimirs of { , };

Ha,—l — /ua d:U, {'7Ha,—1}1 =0

(recursion for F: { - ,F* }o={ - ,F2}h)

e cxistence of tau-function.
Hamiltonian densities

52 log T
. : _ 2
ha’p(u, U,y ..., 6) — € 8:88-[;@,}7—'_1

= Strange symmetry

aha7p_1 —_ ahﬁaq_l
otha  Hroup

= 8$Qa7p;5,q(u; Ug, ..., €)

Tau-structure: choice of a symmetric matrix

Qoppgluiug,...;e) = Qggqpluug,...;€)
satisfying the above properties



In particular

>02log T

— € ,
Ox OtV
(recall: z =19, hy 1 = ua)

Uy a=1,...,n.

Tau-function 7(t; €) depends on the choice of
a solution

w(z, t;€) = ug(t) + eui(z, t) + 2us(z, t) + ...

02 log T
2 . . |
‘ 8ta’pat/37q R Qa,p;/@7q(u, Ugy -y 6)



Results (B.D., Y.Zhang)

At e =0
hierarchies <« semisimple Frobenius mani-
folds M™ (or their degenerations)

Must also allow the operation of changing
the spatial direction

0 0 0 . 0
p— } — bz ;
ox otl1,0 ox Z ot4,0

= parameters™ of dispersionless
(= no ¢) integrable hierarchies with n depen-
dent variables.

n(n—1)
2

*rpoduli — holonomy of the deformed flat connection
YV on M"™ x C*
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of the Principal Hierarchy
associated with M (B.D. 1992)

Ov
otop

= VOa,p(v) - ve = {v(x), Haph1

Hap = /‘ga,p—l—l(v) dx

Here the functions

fa(v,z) = Z Ha,p(v)zp_l_'“o‘, a=1,...,n
p=>0

are such that
?df@ — O

1, o, ..., un = eigenvalues of d_TQ—VE (here
assuming semisimplicity and nonresonancy of

VE, pa —pg € Z~0).
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(First) Hamiltonian structure

{v¥(2),vP(y) }1 = nP' (z — )

i.e.
o7 _ om0 Sow _ 5 57 0%pt1
OtP ovY(x) ovY
Proof uses the horizontality equations

OrOpbap+1 = €3, (v)0ubarp

Second Hamiltonian structure
{u®(@), v’ (Y }2 = g (v(2))§' (2—y)+T 27 (V)v]6 (z—y)
with

9P (v) 1= E’V(v)c?;ﬁ (v)

another flat (outside discriminant detg = 0) met-
ricon M
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Dispersionless KdV

Here n =1
yPtat+1

., —
P plgt (p+q+1)

02pq . uPudu”

U
ot” p! q! r!

{u(z), u(y)}1 =8'(z —y) .
{u(z), u(y)}2 = u(@)d'(z — y) + Suad (@ —y)

uPT2
Hp_/(p+2>!dw

X

{ ., Hy_1}2= (p-l-é){ . Hp}1
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Solutions v = u(t) given in implicit form

> (tp —cp)

p=>0

uP
~ =0
p!

arbitrary constants cp

Tau-function

log T = %Z Qpg(u(t))(tp — cp)(tg — cq)
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. T he dispersionless limit of any
tau-structure <« trivialization
of the deformed flat connection on M x C*

Vab=Veb+z2a-b, a,beT:M

Vab=0b+E-b+"0
dz z
_d-2
=

(= -calibrated Frobenius manifold in the
Givental's terminology)
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. from tau-structures to Frobe-
nius manifolds.

O2F (u)
Qoz,O;B,O|cs=O — uOub

The function F(u) satisfies WDVV = a
structure of semisimple Frobenius manifold
on the space of fields (ul,..., u")

(must also allow the operation of change of
the spatial direction
0 o0

5 5
= b =
9t10 — o 2. 5t20 — 9z

for constant %)

, for the (extended) Toda the change
0] 0]
I

dsp oto
corresponds to

Toda < NLS
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. classification of tau-structures
with the given dispersionless limit
(i.e., associated with a given calibrated
semisimple Frobenius manifold)

Deformation theory of bihamiltonian struc-
tures:

two differentials 091 and 0> on multivectors
(Schouten - Nijenhuis brackets with { | }4

and {, }» resp.)
87 = 93 = 010y + 0,01 = O

In our case both 07 and 0, are acyclic
= the space of infinitesimal deformations
H?2(91,95) equals

H?(81,85) = Ker 919> /Im 81 + Im 5

(Here 010> acts on vector fields).
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The deformation space of a
given Principal Hierarchy with n dependent
variables is at most n-dimensional

of the parameters cq1, ..., ¢n
for a bihamiltonian structure

{w*(@), w’ (Y} =1 (@ — y) + AP (w(@))6" (z —y) + ...

{w*(@), w’(y)}2 = ¢’ (w(@))d (& — y) + TP (W)wé(z — y)

+ A (w(2))8" (@ —y) + ..

e Canonical coordinates uy, ..., up on M:
roots of

det(9*’(v) —An*’) =0
Main property:

9/0u; - 8/0u; = 6;;0/0u;
T he two metrics are diagonal in the canonical
coordinates

n n 2
2
n=>Y mni(wdu;, g=> niu)

(

du
L

1
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e Define

ou’ ou’
'L](u) — 5 Z‘ﬁ(w), k=1,2
e [ hen

This is the complete set of invariants of the
bihamiltonian structure with the given lead-
iIng term at e = 0.

For n = 1 all tau-structures are
equivalent to KdV

ur = uug + 2c¢ > Uz

Proof uses results of S.-Q.Liu, Y.Zhang on
deformations of bihamiltonian structures and
also Quasitriviality Theorem



. any tau-structure
can be obtained from the dispersionless limit
by a transformation

k
Va — Wa = Vo + Z ekch ](v; Vg, Uy - - )
k>1

with some functions Fo[ék] rational in
the derivatives (B.D., S.-Q.Liu, Y.Zhang,
math/0410027)

Riemann wave — KdV

vgt+vve =0 — wt"‘wwx‘l'—z’wx:cxzo

The substitution

2
€
w=1v+ —0? (log v,
+ ~Z > (log vg)
v ( VypxUpax ’03

4 a2 v TT 6
9 _ O(e5).
e (1152v§ 102003 | 360v;}> +0(e)

Baikov, Gazizov, Ibragimov, 1989
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Riemann wave — Camassa-Holm

3 3 1
v = 51} Vy — Wy = (1—62832;)_1 (Ew Wy — €2 [wxwm -+ Ew wmx])
5 VUpy Uy
w=7v -+ € 0y — =
t (3'093 6)
—I—e48 7v§w n 451)U£’x B 45 92 vﬁx  Vzzz 59 UV Vpg Viga
\45v, 1603 325 8 90 v2
_|_37 V202, Vpzw T V2V2,, n 5vov!V
30 v 3003 18 vy
31 v2 vy, vV v2 oV
e aa) HO)
90 v? 18 vz

Lorenzoni, 2002
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From Frobenius Manifolds to Integrable
Systems of the Topological Type

Hierarchy of the topological type:

1
24

Cl1=¢C=...=cp

- for any n construct universal in-
tegrable hierarchy of the topological type
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