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e One of the central issues of dynamical systems

Existence, persistence and break-up of invariant tori for flows, on
which motion is conjugate to a rigid rotation. Renormalization is

a non-perturbative technique which allows to study these questions.

— Diophantine property on the rotation vector;

const

WL forallv € Z* — {0}, k> 1,

w- v >

and isoenergetic non-degeneracy:

Yot 0;0;, H 0; H
d;H 0

appear as conditions for robustness of invariant tori.

} ‘ > k>0 on the torus,

— Case of isoenergetically (non-twist) degenerate Hamiltonian flows
with shearless tori is notoriously harder.




e Observation of universality in non-twist area-preserving maps

(P. Morrison et m’.)
Area-preserving f: T xR T x R

0pq = 0, where (¢',p") = f(q,p).

Example: non-twist Arnold two-parameter family 7, .

gnt+1 = ¢n +w(1 _Pi+1)

Pr+1 = Pn — €810 27Qn

The twist condition is violated along the curve p = —esin 27gq.

— Bifurcations of invariant tori in two-parameter families of maps:
Claim 1. (A. Delshamps, R. De la Llave (2000))
Let wo = (/5 — 1)/2. Then, for |e| << 1 there is a smooth

curve w(e) with w(0) = wo, such that

a) if w > wle), then T, . admits two invariant circles with
rotation number wy,

if w < wle), then T,,  admits no invariant circles with ro-

tation number wo,
if w = w(e), then Ty, . admits one shearless invariant circle
with rotation number wo.

This claim has been proved for a class of families, “similar” to
TLL]‘..E-




— Phase space universality: E—:-pﬂl‘iﬂdic orbits accumulate on the

golden invariant curve at the break up at a geometric rate:

—k

dist(yxk — 7 ) xXa ", a>1

Parameter space universality: parameter values (wg,€r) for
which %‘i&p&rimdic orbits of a fixed stability are on the verge
of destruction accumulate on (€, ftoo ) geometrically with two
rates: 01 = 2.678 and 62 = 1.583.




e Renormalization explanation of universality
A, a Banach space;
B C A, open;
V,dim()Y) = n;
F: B — VYV, an observable;

a “natural” map r on a countable Y C ), with an orbit {1 }§° C
V.

Level sets of /' - equivalent objects.
Jasubmnfd W € A, s.t. F~'(yx)— > W at a geomeltric rate.

Construct R : B — A with a hyperbolic fixed point and WV as
its stable mnfd, s. t.

F(R(h)) =y, whenever F(h)=r(y),

The convergence of F~*(yg) is governed by the largest eigen-
value of 'R.




¢ Renormalization of Hamiltonian Flows (1. koch et al.)

— Objects of renormalization: Hamiltonian functions H (q,p) in
2d variables, analytic on a subset of 24 generating a flow
through

ity ——dH BF %(q(t),p(t))=J(VH')(*}'(?5):-P(?5)J&

where wy is the sympl. form in T% x R? and J = [_”HHD].

Observable: normalized rotation vector w € RP?,

Given an integral d x d matrix 7', such that

a) T has a simple eigenvalue 9, |¢| > 1, Tw = Yw;

b) other eigenvalues are inside the unit circle, simple, non-zero;
c)det T = +1;

starting with wg € R?, wo - w # (0, one can construct a sequence

of normalized “rational” approximates of w: {T‘i*’ wo }o°-

f



— Renormalization operator:

R(H)=HoT: (modgG),

where

— Tu(g,p) = (Tq, i (T") " p), with p € C:

— @ is (ideally) a group of transformations that acts on
Hamiltonians, preserving the rotation numbers of the orbits.

Motivation: A Hamiltonian R(H ) has an orbit with a rotation

vector cw whenever H has an orbit with T w.




® Spﬂfiﬁfs for d=2 (H, Koch, D. Gcl_‘l‘dc.ra'hev)

— Objects of renormalization:

Letw = (1/6,1), where 6 is a quad. irrational, Q = (—1,1/6).

Letw’ and Q' - multiples of w and Q, w-w’ = 1and Q- Q' = 1.

Given a pair p = (p1, p2) of real positive numbers, define
D By ™2 | ! !
1(p) = {9 € C" : [S(w' - q)| < p1,[S(Q - q)| < p2},

2 w-p|{pg,|ﬂ-p|{p4ﬁ}.

Given a quadruple p = (p1, p2, p3, pa) of real positive num-
bers, define

D(.ﬁ) == Dl(ﬁl;ﬂ?) X 92(931 p4)'

Definition 2. Define A(p) to be the Banach space of all ana-
Iytic functions on D(p), which extend continuously to the bound-
ary of D(p), of the form

i(v-wo-r-L2 k T
H(g,p)= Y Heupme @ (4.0)%(Q.p)",
vEZZ kEN,nEN

for which the norm

_ lv-w|p1+|v-Qlps k n
“HHP = E ‘Hmkmn} € P3 P4
vEZ? keNneEN

IS finite.




— Elimination of the irrelevant degrees of freedom

Notice: the norm of the components of the Fourier-Taylor ex-

pansion 'aligned’ with w grows under 11.:

Definition 3. Given real positive numbers o, ks and k4 define

the non-resonant and resonant index sets

I'={(v,k,n) €Z’xN: |w-v|>0|QV|, |w-v| > K3k

and |w-v|>kan},

I'=7° xNxN\1I".

Theorem 4. Given a quadruple p there exists a choice of p' <
p, 0, k3 and K4, a non-empty set H € A(p) containing H° =
w - p, and a map N that assigns to each H € H a canonical
transformation Uy from D(p') to D(p), such that

Holy € A(p'), 1I"Holu =0.

The map N is analytic from H to A(o"). Furthermore, if H €
H satisfies 1" H = 0.
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— Compactness
Theorem 5. There exists a choice of renormalization param-

eters for which H — H o T, is a compact linear map from
1T A(p") to A(p) of norm less or equal to one.

Renormalization operator

Definition 6. Given a four-vector p, define

R(H) = 195(H s 508, — )

&N
H = HolUy o Ry,

R:i(q,p) = (g,p + tQ2),
Sn(q,p) = (g, np).

where €, 1, t and € are chosen from the normalization condi-
tions:

(R(H))0,0,1,0) = L

(R( )){00[}3;—':&7’?3’0

(EH(H)){{},U,[LQJ =0,

(m(H))(D,U,D,U) = 0.

()



— Fixed points

R has a period two simple fixed point

The rotation vectors of these integrable flows are given by

i 1 4+ 3v(Q - p)?*d
¥ F 37(Q2 - p)*

— Analyticity and compactness

Theorem 7. 3 nbhds B+ C A(p) of HL, such that the operator
R is well-defined, analytic and compact as a map from B(b)+

to A(p).

— Linear analysis at the simple fixed point

R is hyperbolic at H with one unstable direction spanned by
w - p and has a stable manifold W of codimension one.
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e Bifurcations and shearless invariant tori (#. xoch, D. Gaydashev)

Consider the unstable family:

1+ (a+ 3y(Q2 - p)*)¥

F*(a) = H{ + a(2-p), w(a)=
)= H el@ ), W)= 5 T i)

A family F' : C — A(p) is said to be real if the map («, q,p) —
F'(a)(q, p) takes real values when restricted to real arguments. Sim-
ilarly for a torus map 'y : D1(p1, p2) — D(p).

Theorem 8. 4 Ds 3 0in C, a nbhd U of F* and an analytic F'
ar from U to Dgs, such that the following holds for every family
F € U and a € Ds.

a) 3 a complex nbhd D of T?, and two torus maps T F(a) and

F}‘?(a}' analytic on D, and satisfying

(IVF(a)) oLk = cw- Velka)- (1)
The torus maps are distinct if « # ap and coincide if @« = ap.
The torus T'Y F(ap) IS shearless (in a proper sense).
If F'is real and « belongs to the interval (—0, ar| the torus
maps F}(u} are real.

If Fis real and o« € (avp, 0) the torus maps F}[m) are not real.

For every such F and oo 3 a nbhd D = D(a, F) of T? in C?,
such that the range of both T F(a) and - F(a) IS contained in
‘D and there exist no real torus map satisfying the equation (1)
with the range in D.
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e Renormalization at criticality and break-up of the invariant

w-tori (H. Koch, D. Gaydashev)

— Numerical implementation of renormalization

H(q,p) =w-p+ Z H, e Q- p)*,
(v,k)el

V5 +1

w=(1/9,1), Q= (-1,1/9) and ¥ = -

01 il
T: T —_— 9' ) —_— —
[1 ]}, w = P, T 1"}52

— “Obvious” symmetries:
JH = —H, here JH(q,p) = H(—q,—p).

— Cut-offs:

v1| + 2| < N1, kK< Ny, |v1] + |v2| +k < N3, N e N°.

— Period six: for some of the better Hamiltonians on the critical
stable manifold, R"™"°(H) was noticeably similar to R" (H),
modulo a translation 7, . where

JoH =HolJo,  Jalg,p)=(q+ma,p),

with « a vector from A = {(1,0),(0,1),(1,1)}. Hence, R"*
was substituted by 7, o R°,

— Symmetries: H, is invariant under S_1 o J4.
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— Critical scaling parameter: i° = p(Ho)pu(Hy) - - - u(Hs).

N

7

5%/‘5 5;fﬁ

(75 7,9)

0.36546

2.6620 | 1.5850

(12, 8, 14)

0.36594

2.6613 | 1.5850

(16, 8, 18)

0.36589

2.6612 | 1.5850

Eigenvalues describe the accumulation of the bifurcation points

of orbits 1n two parameter families of Hamiltonians.

— FEigenvalues of the scaling transformation at the symmetry point
: -\ 1 * 7
(0,0): (3/p) “HpoAp =Hp,Ap =T,y oUn, 0...0

1
L, viry o UR, 55

N

A9 — 1

/\éfl:::

(A2Aa)/?/p—1

N a1

(7:7:9)

5.2 % 1012

0.65643

0.016

—4. 1 % 1074

(12, 8, 14)

5.2 x 1012

0.65704

0.017

=97 % 10—

(16, 8, 18)

5.2 x 10712

0.65694

0.017

5.6 x 10~
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Figure 1: Orbits for the return map to the cylinder g2 = 0 for a

critical Hamiltonian at energy zero.
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e Conclusion:

Renormalization is a successful non-perturbative alternative to
perturbative KAM techniques and (probably) the only hope for
a rigorous explanation of the universality of critical phenomena
in degenerate Hamiltonian flows.

e Open (and very hard) questions:

1) A (computer-assisted ??) proof of existence of the period 12.

2) A (computer-assisted ??) proof of the hyperbolicity of
the renormalization operator at this period 12.

3) Do 1) + 2) imply the Greene’s criterion for existence of
an invariant surface?




