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Solid State Electronic Devices
Streetman/Banerjee

Characterization of two Electromigration Failure Modes in
Submicron VLSI, by Atakov, Clement, Miner

Comparison of Via Electromigration for Cu, CVD-Al, and CVD-W
Kawasaki, et. al.

Electromigration causes failure in circuits at high current density.
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Comparison of Electromigration
Behavior in Passivated Aluminum

Interconnects
Lee, Doan, Bravman,
Flinn, Marieb, Ogawa

0.6µm × 3µm × 300µm
240◦C, 20mA/µm2

TEM allows for testing with
passivation in tact.

Surface diffusion can
lead to a significant

change in geometry.
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The Setup

ψ = 0

grain boundary

e−

ψ = ψ0

void

void

network Γ

5



Chemical potentials, continuity equations

bulk: µ = µ1 − fΩ tr(σ)− kT log(cvΩ)
grain boundary: µ = µ0 − Ωσnn µ1 energy of vacancy formation

free surface: µ = µ0 − γΩ(κ1 + κ2) µ0 cohesive energy per atom
γ surface tension ∼ 0.1 erg/cm

Einstein-Nernst: J = −cvD
kT ∇µ

include electromigration: ∇µ −→ ∇µ+ Z∗e∇ψ (Z∗ = −5)

bulk: J = cvD
kT

(
fΩ∇ tr(σ) + kT

cv
∇cv − Z∗e∇ψ

)
grain boundary: Jb = νbDb

kT (Ω∇sσnn − Z∗e∇sψ)

free surface: Js = νsDs
kT (γΩ∇s(κ1 + κ2)− Z∗e∇sψ)

−∂cv
∂t +∇ · J = 0 gt + Ω∇s · Jb = 0 vn + Ω∇s · Js = ΩJ · n
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grain growth rate

Electronic Thin Film Science for Electrical
Engineers and material scientists

Tu, Mayer, Feldman

gt + ∂sJ = 0

grain

boundary

t = 0

new material

t > 0

g

Jb

Jb

J = ∂s(η + ψ), η = σnn

∂g
∂t = − ∂2

∂s2 (η + ψ)
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Synopsis

• no voids. ψ solved once and for all.

• linearized version of the model.

– stress/displ. evolve on fixed polygons

– grain growth with no sliding

u(x+)− u(x−) = g(x)n (x ∈ Γ)

– forces balance along grain boundaries

σ(x+)n = σ(x−)n (x ∈ Γ)

– normal stress given by

η(x) := n · σ(x)n (x ∈ Γ)

Γj

tj

nj

u
−

u
+

g(x)
x−

x+

plot of x− Cu(x±), x ∈ Γ
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2. ∂nψ = 0

3. ψ = 0

1. ∇2ψ = 0

Electric Potential

5. Grain boundaries are invisible to ψ

Elasticity and Grain Growth

1a. µ∆u + (λ+ µ)∇(∇ · u) = 0

2a. u = 0

4a. g = 0

5a. g(x1)n1 + g(x2)n2 + g(x3)n3 = 0

5b. η(x1) = η(x2) = η(x3)
Initial Condition: g ≡ 0

4b. ∂s(η + ψ) = 0

5c. ∂s1
(η + ψ) + ∂s2

(η + ψ) + ∂s3
(η + ψ) = 0

2

4

3

1

x3 x1

x2

3d. ∂tg = −∂2
s
(η + ψ)

{

J = ∂s(η + ψ)

gt + Js = 0

5

3a. u(x+)− u(x−) = g(x)n

3b. σ(x+) = σ(x−)

3c. n · σ(x)n = η(x)

4. ψ = ψ0 1

2

4
3

2

5
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comments

• Equations are very stiff: two derivatives of stress!

• Equations and boundary conditions are non-local.

• Boundary conditions overspecified? (displacement and flux)

ut = uxx yes ut = −uxxxx no gt = −ηxx ??

• What role will singularities play?

– Does it make sense to impose b.c.’s on η, ∂sη at a junction?

• Can we make use of the fact that we have linearized the model?
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infinite interconnect line

u = v = 0

u = v = 0

y = −h

y = 0

y = h

u+
= u−, v+

− v− = g, σ+
= σ−, η = ?

• start simple

• no singularities or junctions

• gain insight about nature of the diffusion process
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Fourier transform

u = v = 0

u = v = 0

symmetry

exploited

y = −h

y = 0

y = h

τ = 0, 2v = g = α cos ωx + β sin ωx

η(x) = σ22(x, 0) = −C(ω)g(x)

C(ω) =
ω[1 + κ2 + 4h2ω2 + 2κ cosh 2hω]

(1 + κ)[κ sinh 2hω − 2hω]

gt = −ηxx ⇒ g(x, t) =
∫ ∞

−∞
eiωxe−C(ω)ω2tĝ0(ω) dω
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C(ω)
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ω

C(ω)ω2

C(ω) =
1

h


κ + 1

2(κ− 1)
−

(κ− 2)(κ− 3)

3(κ− 1)2
(hω)

2
+ . . .

ff
, (|hω| � 1)

C(ω) =
2ω

1 + κ
, (|hω| � 1)

Dissipation Rate Equation
bω2 ut = buxx (b > 0)

C(ω)ω2 gt = −ηxx

bω4 ut = −buxxxx (b > 0)
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finite geometry

u
+
− u

−

= 0, v
+
− v

−

= g, σ
+

= σ
−

S Dirichlet to Neumann map

∂
∂s

∣

∣

0,1
(η + ψ) = 0g(0) = g(1) = 0

ηt = SL(η + ψ)

gt = L(Sg + ψ)

L −

∂2

∂s2

−∂2

sηη

G

LS

B

g
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The operator B : L2(Γ)→ L2(Γ)

(gb normal stress problem)



µ∆u + (λ+ µ)∇(∇ · u) = 0, (x ∈ Ωk),
u(x) = 0, (x ∈ Γ0),
[u(x+)− u(x−)] · tj = 0, (x ∈ Γj),
[σ(x+)− σ(x−)]nj = 0, (x ∈ Γj),
nj · σ(x)nj = η(x), (x ∈ Γj).

(Bη)(x) = [u(x+)− u(x−)] · nj, (x ∈ Γj).

• E = −1
2

∫
Γ
ηg = −1

2

∫
Γ
ηBη

• B is self-adjoint and negative

• B is compact

– a sort of Neumann to Dirichlet map
– trace operators are involved
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The operator G

Poisson problem on network:

8>><>>:
− ∂2

∂s2
η = f on each segment

η continuous at each junction

Fiη = 0 at each junction

A = L +

dX
1

(·, ej)ej, P = I −
dX
1

(·, ej)ej, L = AP = PA

G = A
−1

P = PA
−1

(self-adjoint, positive, compact)

A
−1/2

: L
2
(Γ) → H

1
(Γ) is an isomorphism

f =
X

anϕn

Lϕn = µ
2
nϕn

⇒ ‖f‖2
=

∞X
n=0

|an|2, ‖f ′‖2
=

∞X
n=0

|anµn|2
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semigroup theory

η̇ = SLη, η(0) = η0 ⇒ η(t) = Etη0

Et+s = EtEs

E0 = idH1(Γ)

t 7→ Etx continuous on [0,∞) for each fixed x

⇒ d

dt
Etx = SLEtx = EtSLx, (x ∈ D(SL), 0 ≤ t <∞)

Electromigration: a passive driving force

ηt = SL(η + ψ) ⇒ η(t) = Et(η0 + ψ)− ψ.

Suffices to solve ηt = SLη to get Et.
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a pseudo-inverse

Q

ker(LS)
ker(SL)

ran(LS) = {ej, Gbk}
⊥

ran(SL) = {bk, Bej}
⊥

K = QGBQ (compact)

SLφ = λφ ⇔ Kφ = λ−1φ (λ 6= 0)

SLφ = 0 ⇔ Kφ = 0

η0 =
∞∑

k=1

akφk, Etη0 =
∞∑

k=1

ake
λktφk, ak = (η0, φ∗k)L2(Γ)

Analyze L
1
2SL

1
2 in parallel:

• the φk are a Riesz basis for H1(Γ)

• the semigroup Et is analytic
(
lim sup

t→0
t‖E′t‖ = α <∞

)
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boundary conditions

J2

J3

E = −∇ψ

J1

(possible flux imbalance at t = 0)

ψ ∈ D(L1/2) but ψ 6∈ D(L)

ηt = SL(η + ψ), η = Et(η0 + ψ)− ψ, J = ∂s(η + ψ)

Et analytic ⇒ range(Et) ⊂ D(SL) (t > 0)

η(t) + ψ ∈ D(L) (t > 0) ←−

{
η remains finite (not singular),
flux balances at junctions

gt = L(η + ψ) ∈ range(L) ⇒ ∂

∂t

∫
Γj

g ds = 0 (mass cons.)
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steady state
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eigenfunctions
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Note that φk, φ∗k satisfy the boundary conditions for η, g respectively

η0 =
∞X

k=1

akφk, Etη0 =
∞X

k=1

ake
λkt

φk, ak = (η0, φ
∗
k)L2(Γ)

23



numerical method

• K = QGBQ = pinv(SL) is compact

– well approximated by finite rank operators

• compute B numerically using X-Fosls

– resolve singularities
– use compatible stress and displacement spaces

• use 1D Galerkin finite elements to compute G

• compute eigenvalues and eigenfunctions of K

• use them to represent the evolution

24



101 singular functions added to FE space

n
11.0
10.0

9.0
8.0
7.0
6.0
5.0
4.0
3.0
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Example

Left: a power solution (λ = .7474). Right: 3d plot of α = w3(r, θ)
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GB triple junction
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singular basis functions affect g but not η
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0

0.5

1

arclength along segment (24,27)

computing G on Γ is almost like solving 1D Poisson problem with FE:

{ei}ni=1 basis for grain growth, g = giei

{εi}mi=1 basis for normal stress, η = ηiεi

−Aη = M̃g, Aij = (∂xεi, ∂xεj)L2, M̃ij = (εi, ej)L2,
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evolution of g from η

ηt = SL(η + ψ), gt = L(Sg + ψ), η(t) = Et(η0 + ψ)− ψ

• nondegenerate case: g(t) = Bη(t)

• degenerate case:

– orthogonal projection R = SB = BS

dim kerR = “order of degeneracy”

– related projection R1 (along span{bk} onto {Gbk}⊥)

g(t) = R1Bη(t) + (I −R1)g0 + [(I −R1)Lψ]t

– η reaches steady state, g has unsuppressed growth modes
(plate tectonics)
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degenerate grain boundary networks

existence/uniqueness: u ≡ 0 must be the only displacement in H
consisting of infinitesimal rigid body motions on each grain

H = {u ∈ H
1
(Ω)

2
: γ0u = 0, γtu = 0}

i.r.b.m. : ε(u) = 0

(
u1(x, y) = a− cy

u2(x, y) = b + cx

(b) (c)(a)

• pathologies lead to degeneracy

– non-convex grains
– too many quadruple (or higher order) junctions
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typical grain boundary networks are non-degenerate

(a)

condition number of matrix (rigid body motions ↔ b.c.’s)
geometry regions trials max min mean std dev

(a) 200 10000 172.6 31.7 37.8 3.2
(a) 100 10000 48.4 21.6 26.2 2.1
(a) 50 10000 35.0 14.4 18.2 1.6
(b) 200 10000 31.8 13.0 16.8 1.3
(b) 100 10000 31.5 8.2 11.1 1.1
(c) 200 10000 26.8 7.4 9.9 1.1
(c) 100 10000 21.4 4.5 6.9 1.1

(b) (c)
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summary

1. Found an exact solution for the infinite interconnect line.

2. Recast problem on a finite geometry as an ODE on a Hilbert space.

3. Developed a machinery for computing the eigenfunctions of the
generator of the semigroup.

4. Explored problem numerically, proved well-posedness rigorously.

• stress components directly involved in transport process remain well-behaved.
• “hidden” stress components grow very large, develop singularities.

– may be responsible for voiding and stress induced damage.
– omitted from most stress generation models in the literature.

5. Developed X-Fosls, a method of adjoining stable representations of
singularities near corners and junctions to LSFE basis.

6. To do: void meets grain boundary?
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