


- Periodic vertical acceleration of fluid — surface waves
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- Periodic vertical acceleration of fluid — surface waves

- Faraday’s original experiment

65. The general phenomenon now to be considered is easily produced upon
a square plate nipped in the middle, either by the fingers or the pincers (2. 6),
held horizontally, covered with sufficient water on the upper surface to flow
freely from side to side when inclined, and made to vibrate strongly by a bow ap-
plied to one edge, X, fig. 12, in the usual way. Crispationsappear  Fig. 12.
on the surface of the water, first at the centres of vibration, and | % &
extend more or less towards the nodal lines, as the vibrations are N
stronger or weaker. The crispation presents the appearance of
small conoidal elevations of equal lateral extent, usually arranged |

— M. Faraday, Phil. Trans. R. Soc. Lond. (1831)
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- Periodic vertical acceleration of fluid — surface waves
- Faraday’s original experiment

- One-, two-, three-frequency forcing

Mdaller (PRL 1993)
Edwards & Fauve (PRE 1993, J. Fluid Mech. 1994)
Kudrolli, Pier & Gollub (Physica D, 1998)
Arbell & Fineberg (PRL 1998, PRL 2000, PRE 2002)
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- Periodic vertical acceleration of fluid — surface waves
- Faraday’s original experiment

- One-, two-, three-frequency forcing

- Exploratory studies

Arbell & Fineberg (PRE 2002)
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- Multifrequency forcing enables a prescriptive approach

v

forcing function
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- Multifrequency forcing enables a prescriptive approach

- Symmetries may give information about coefficients

equivariant > form of equations

bifurcation
theory
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- Multifrequency forcing enables a prescriptive approach

- Symmetries may give information about coefficients

(has been said before, but bears repeating)

equivariant > form of equations
bifurcation
theory s > scaling of coefficients

Chad Topaz, UCLA Dept. of Mathematics topaz@ucla.edu ¢ http://www.math.ucla.edu/~topaz



- Huge (potentially infinite dimensional) parameter space

f(t) > fue™+ce, f,eC

wWEZLT
= ) |fule™T% + e
ueZ+

A

amplitudes frequencies phases
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- Huge (potentially infinite dimensional) parameter space

- Multiple length scales

Sample Schematic Neutral Stability Curve:

f(t) _ fmeimt 4+ fﬂeint + fpeipt + fqeiqt 1 oc.c

m/2 n/2 p/2 q/2
N A A

wave number k

overall forcing strength
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- Lowest order nonlinear interactions, affect pattern selection

K> K
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- Lowest order nonlinear interactions, affect pattern selection

K> K
damped
mode
critical/
modes
res > kl

(Zhang/Vinals, Miller, Porter/Silber/Skeldon/Topaz,...)
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- Lowest order nonlinear interactions, affect pattern selection

K> K

ereq

»kl

spatial translation, reflection, rotation by 1t

Al = A1A1 + alﬁzﬂg + (a Al 2 + bg
Ag = AIAQ + (1’121143 + (Cb Ag 2 + b[}
Ag — AsA3+ A1 As + (bz Ay 2 + bo

Chad Topaz, UCLA Dept. of Mathematics

2 4 by
2 40,
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- Lowest order nonlinear interactions, affect pattern selection

K> K

ereq

»kl

center manifold reduction
Al = AAL+0qAAz + (a |Aq|? + bo|Aa|? + b1|A3|P) Ay
Ay = AAy+0qA1A5 + (a |Ag|? + bo|Aq|? +b1|A3|?) Ay
A3 = —(as/A2)A1A5+ ...
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- Lowest order nonlinear interactions, affect pattern selection

K>

ereq

»kl

rhombic equations
A = A1A 4 a|A1PA; + b(0es)| A2 A4
Ay = AAy+alAs3]2As + b(6,es)| A2 A,
b(greS) = bo + bres, bres = —(0610:2)/A2
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- Lowest order nonlinear interactions, affect pattern selection

K>

b
b

< 0 - suppress rhombic state with angle 6

res res

> (0 - enhance rhombic state with angle 6

res res
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- Lowest order nonlinear interactions, affect pattern selection

Dionne & Golubitsky (1992)
Dionne, Silber & Skeldon (1997)
Silber & Proctor (1998)

stripes, rhombs, hexagons, superlattice

b
b

< 0 - suppress pattern with angle 6

res res

> (0 - enhance pattern with angle 6

res res
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most significant?

Which triad intera
[Which e for largest |b, 4[]

How does the triad interaction d
[Magnitude and sig

d on some parameters?
f Bres(U[ful, @,)]
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. Weakly nonlinearity and damping (y) and forcing (|f,|) ~ O(¢)

Z;—eikz-x—l—i(m/Q)t Zél—ei(lu +k2)-x+i21t

Zl—eikl-x—i(m/Q)t< >Zil—e'il-cl-}t:-l-z'('nfL/Q)lf;

.

Zg—ei(lu +ko)-x—iQt Z‘Z_eikz.x_i(m/g)t
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- Spatial symmetries

Z;—eikz-x—l—z'(m/Q)t Zél—ei(lu +k2)-x+i21t

Zl—eikl-x—i(m/Q)t< >Zil—e'il-cl-}t:-l-z'('nfL/Q)lf;

.

Zg—ei(lu +ko)-x—iQt Z‘z_eikz.x_i(m/g)t

spatial translation, reflection, rotation by 1t
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- Parameter (broken temporal) symmetries

Z;—eikz-x—l—i(m/Q)t Zél—ei(lu +k2)-x+i21t

Zl—eikl-x—i(m/Q)t< >Zil—e'il-cl-}t:-l-z'('nfL/Q)lf;

.

Zg—ei(lu +ko)-x—iQt Z‘Z_eikz.x_i(m/g)t

fE) =Y fue™ +ce.

UEZ+

time translation symmetry
t—t+ At (ZilfQ? Zét) — (Ziljgezl:i(m/mﬁt, Zél:e:l:iQAt) : fu . fueiu/ﬁ\t
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- Parameter (broken temporal) symmetries

Z;—eikz-x—l—z'(m/Q)t Zél—ei(lu +k2)-x+i21t

Zl—eikl-x—i(m/Q)t< >Zil—e'il-cl-}t:-l-z'('nfL/Q)lf;

.

Zg—ei(lu +ko)-x—iQt Z‘z_eikz.x_i(m/g)t

fE) =Y fue™ +ce.

UEZ+

time reversal symmetry
(ta’Y)_}_(taf}’) ZJ:I:_>Z;:1 fu_;’Tu
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7t = Zi +BBZ7 + Q17,5 ZF + Q225 Z5 + QsZ5 Z + QuZ, 25
Zi = L3Zi +LyZ5 + QsZ{ ZF + Qe Z{ Z3 + Qe Zy Z5 + Q1 Z7 Z5

= —UYF... vy > 0 damping
= —ifmAi+... MNER parametric forcing
= —ov+... or >0 damping

Chad Topaz, UCLA Dept. of Mathematics topaz@ucla.edu ¢ http://www.math.ucla.edu/~topaz



Zt = L1Z7 4+ LyZ7 +

Z: = L3ZF +@Z; +|
Ly = —ifooui+... pmeR
Qe = —iq¥y +... @€R

Involve products of the f,

parametric forcing
coupling

Chad Topaz, UCLA Dept. of Mathematics
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Time translation invariants:

ei(Q—m)t
o—i(m+Q)t ex. (m,n) forcing, Q =3m —n
: —2
182t Qe!Pm=t Q) ~ JmJn
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L3Zf +LyZ; +@s5ZFZ + Q82 Z; + QeZ; Z5 + QuZy Z;

Focus on Q; 2 O(e)
Possible only for 2 € {m,2m,n,n —m, m £ n}

At most 5 relevant forcing frequencies for fixed Q

Chad Topaz, UCLA Dept. of Mathematics topaz@ucla.edu ¢ http://www.math.ucla.edu/~topaz



. Strongest interaction is for Q = m

D] ~O(1) forQ=m

D] ~O() forQ=2m,n,m+n,n—m
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. Strongest interaction is for Q = m

- Forcing damped mode can drastically strengthen interaction

ex. (m,n, p =2n-2m) forcing, Q =n—-m

|ory| + pi| fp| sin @
g |Q'r’}’|2 - |M’ifp

Y

[or Y| > |1i fpl
since Q = n—-m is damped

bres — a2|fﬂ|2

|2
_/
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. Strongest interaction is for Q = m
- Forcing damped mode can drastically strengthen interaction

- Phases @, may tune interaction strength

ex. (m,n, p =2n-2m) forcing, Q =n—-m

lory| + pil fp| sin @
|Qrf}/|2 o |ﬂifp|2

@:¢p+2¢m_2¢n

bres — a2|fﬂ|2
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. Strongest interaction is for Q = m
- Forcing damped mode can drastically strengthen interaction

- Phases @, may tune interaction strength

- Only Q = n—-m is always enhancing (Hamiltonian argument)

ex. (m,n, p=2n-2m) forcing, Q =n—-m

Or7Y| + Hi f sin

bres _052|fn|2| | 5 | p| .
- \|Qr’}’| — |1 fpl y
>0

Y

Py(®) >0

D,.. > 0 for this case!
(can get signs for some other cases)

Chad Topaz, UCLA Dept. of Mathematics topaz@ucla.edu ¢ http://www.math.ucla.edu/~topaz



. Strongest interaction is for Q = m

- Phases @, may tune interaction strength

- Only Q = n—m is always enhancing (b, > 0)

- Forcing damped mode can drastically strengthen interaction

ex. (6,7,2) forcing, Zhang-Vinals equations (J. Fluid Mech 1997)

°[b(0)

N
Q=n-m=1

O=m=60
0 30 60 90

Chad Topaz, UCLA Dept. of Mathematics

-1

~1

spike
magnitude
1-2
|-3
. . . R
20 22 24 -180 -90 0 90 180
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- Scaling laws verified via calculations on Zhang-Vinals eq.
- EX. (8,7,2) forcing, Q =1

* [Bres| ~ yup to y~ O(10)

 Half-width ~ yup to y ~ O(10-1)

- Dependence on ® up to y ~ O(102) — O(101)

-0.299

b()

-0.301

-0.303

-0.305

0807, 22 23 24 25
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Arbell & Fineberg, PRE, 2002

I[nterestingly, this state was exceedingly stable and existed
(3,2,4) o ; . )

torci within a single domain over a wide range of parameters (note
OFCING U the sharp peaks in Fig. 38). This is in sharp contrast to the
distorted eightfold state shown in Fig. 37, which existed in 39
both a narrow range of parameters and, as evident in its (3.2)

diffuse spectrum, had a tendency to break up into domains. It J forcing

0 =45
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From symmetry results:

(m,n) = (3,2) forcing, Q =1
bres(f}': fu) — _a1|fn|2pn(3¢’n — qum) <0
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From symmetry results:

(m,n) = (3,2) forcing, Q =1
bres(f}/: fu) — _a1|fn|2Pn(3¢n — qum) <0

(m,n) =(3,2,4) forcing, Q=1
bres(f}’a f’u) — _&1|fn|2Pn(3¢n _ 21;’!}'”1_) + a2|fp|2Pn(2¢m + ¢n _ 2¢p)

N - NG o _

<0 >0
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From symmetry results:

(m,n) = (3,2) forcing, Q =1
bres(’}/: fu) — _a’l|fn|2Pn(3¢'n — ZQE?m) <0

(m,n) =(3,2,4) forcing, Q=1
bres(’}’a .fu) — _&1|fn|2Pn(3¢'n _ ZQI!}'m) + a2|fp|2pn(2¢m + ‘;bn _ qu’p)

— - NG - _

<0 >0

From hydrodynamic dispersion relation:

0. =42.8°
(expect could spill over to 45° for experimental y)
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- [dea: use symmetry results to construct a forcing function
which favors a chosen pattern

»

Kudrolli et al., Physica D (1998)
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- Step 1: Use geometry to select 0,

S

Stability of superlattice depends on
b(6,)/a, b(60° — 8,)/a, b(60° + 6,)/a

Strategy: Make b,.. > 0 (via difference frequency mode)

res
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- Step 2: Use inviscid dispersion relation and trigonometry

Example: Choose 6, = 20.2° - 60° — 8,= 39.8°

Need {m,n,p} such that k(n — m) and k(p — m)
determine resonant angles of 20.2° and 39.8° with k(m/2)
[actually, 180° — 20.2° and 180° — 39.8° are 0K]

(m,n,p) =(8,10,11)

Q=11-8=3
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. Step 2: Use inviscid dispersion relation and trigonometry

(m’n’p) = (8’10’11)7 ((pm’(R'l’(pp) = (OO,OO’OO)

b(8)/a

No stable superlattice patterns

0 30 60 20

20.2° 39.8°
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- Step 3. Force damped mode, use phases to enhance effect

(m,n,p,q.r) =(8,10,11,4,6), (@, P,y P @) = (0°,0°,0°,10°,-12°)

b(8)/a

30

20.2°

39.8°

60

20

Partial bifurcation diagram:

superlattice pattern

\
. ~
flat fluid ~~._
surface

total forcing strength ——

Chad Topaz, UCLA Dept. of Mathematics

topaz@ucla.edu ¢ http://www.math.ucla.edu/~topaz



- Arbitrary periodic forcing function

- Parameter symmetries
 Classification of resonant triads
- Scaling, phase dependence

- Enhancing vs. suppressing (sometimes)

- Results used in explanatory and prescriptive manner

The future:
Other systems, e.g. vibrated convection (Rogers, Schatz et al., PRL, 2000)
Four-wave interactions

>< kl—k2:k3—k4
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