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Introduction
BEC

1924: S. Bose and A. Einstein realize that Bose statistics predicts a
Maximum Atom Number in the Excited States.

1995: E. Cornell, C. Wieman and W. Ketterle realize BEC in a dilute gas of
87Rb and 23Na: 2001 Nobel Prize.

In between: Mostly “He (London, Tisza, Landau, Bogoliubov, Gross,

Pitaevskii).

Today:

— ~ 35 Experimental Groups have achieved BEC (in 100-108 atoms of Rb,
Li, Na, H).

— O(103) Theoretical and O(10%) Experimental papers ! Check out:
http://amo.phy.gasou.edu/bec.html/bibliography.html]







And Why On Earth Should We Care 7

Many Body Hamiltonian
7 TrT h2 T 1 'N1rt TrT (+/ I\AT, I\AT,
H = [ drVv —2—A+Vext(r) W-I_E drdr' W (r) W () V(e—r)W()W(r)(1)
m

Bogoliubov Decomposition:
Psi = ®(r,t) + V'(r,t) (2)

& is now a regular wavefunction (the expectation value of the field
operator). Its equation:

od h?
ith— = ——AD + Vet () D + g|P|°D (3)
ot 2m

for dilute, cold, binary collision gas.

But: This is 3D NLS with a Potential: GP I




Anything Simpler ?
Typical Potentials

Magentic Trap
1
V(r) = 5 (wixQ + w§y2 + wsz) (4)
Optical Lattice

V = Vg (sin®(kex) + sin®(kyy) + sin®(k:z)) (5)

Typical Reductions

Relevant length scales: Scattering Length (as), Harmonic Oscillator Lengths

(azy. = \/h/(mwx,y,z)) :

For Weak Interactions, Strong Transverse Confinement:
(62 = (Nas/a))k < 1 and a;/a; ~ 6vk), one can use:

)

1/2
atas/

d(r,t) = e Wite /)y (5 /ay, 82wt /2) (6)




Then, the 3D GP reduces to 1D GP:

uy + gy + s|u|2u —k()z*u=0 (7)
Similar Considerations for the Optical Lattice

iut-l—um—l—s|u|2u— Vosin?(kz 4+ 0)u =0 (8)
If one direction is tightly confined, then we obtain 2D GP:

iug + Au + slul?u — V(z,y)u = 0. (9)

Finally, from NLS with OL to DNLS: if V(z + L) = V(z), use

P(x,t) = ch,a(t)wn,a(m) (10)

no

where the Wannier functions w, of band « are expressed in terms of the
Bloch functions ¢, as:

L 7T/L _
wo(z —nL) = \/Z / / Or.a(x)e ML dE, (11)
—7m/L

3



— Then the GP equation becomes into a Vector Lattice equation:

.dcn,a
1

dt

_ ~ ~ nnnn  _x
— wO,acn,a‘l‘wl,a (Cn—l,a + Cn—l—l,a)_l's E Waalazaa.cn,alcn,azcn,as(12)

x1,2,03

— which in the Tight Binding, Single Band Limit becomes the DNLS

.dcn,a
1

d — &}O,acn,a -I' &}1,04 (Cn—l,a + Cn—i-l,a) + SW{L{T{qcn,aFCn,a; (13)
— and more generally the Vector Lattice Model with XPM

.dcn,a
1

dt

— al,a(En—l,a + En—l—l,a) + S Z Waa1|5n,a1|25n,a- (14)
i




The GP: Some Short Stories On Teaching An Old Dog New Tricks !

Rediscovering Instabilities !
e Modulational Instability: Soliton Trains

e Snaking Instability: Vortices and Patterns

Rediscovering Solitary Waves !
e 1d Solitons: Bright, Dark, Twisted (and Some New Kids On the Block !)

e 2d Solitons: Ring Dark Solitons, Vortices and Vortex Lattices.
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Back to the Future: MI with some Twists

NLS MI: V(z) = 0. Use:

u(z,t) = (¢ + eb) expli((gz — wt) + exp(x, 1))] (15)
For b(z,t) = by exp(i(Qx — Qt)), ¥(x,t) = Yo exp(i(Qz — Qt)):

(-2 4 29Q)* = Q*(Q* — 25¢°) (16)
A Twist: Do it Variationally: Use

i = [tho + a(t)e’® Ve 4 b(t)e'*Me~"] exp (i(kz — wt)) . (17)

inside the Lagrangian !
> i * * 2 U 4
L= [ 5w wed — P + Sl (18)

Linear Terms — EXxplicit Solution. For all terms:

5=-2Y (19)

~ o7
11



with V(¢) = Acos(¢) — Bcos(2¢), A = —4Uy2(Uvy2 — q¢?) B = U2y}

Taylor Expansion: V(¢) = 22442 4+ (A — B).

12



MI for the GP

e For the Parabolic Potential, use Lens Transform:
u(z, t) = £ exp(if(t)z*)v(¢, 7) (20)

with ¢ = 2/, 7 = 1/02, fi = —4f2 — k(t) and £(t) = £(0) exp (4 J f(s)ds).
e Then the GP becomes:

ivr 4+ vee + [v[*v — 2idv = 0, (21)

with f62 = X.

e Interesting cases are
k(t) = (t+t*)72/16 (22)
and

k(t) = C. (23)

13
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Max (lu(x.t)%)

=3)?

Ju(x,t

u(k,t=3)|?
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MI for the DNLS

e The DNLS is of the form:

8 /(pn
ot

th

= —K(¢n-1 + Ynt1) + (en + U | ¢n )t (24)
e The MI analysis can be carried out:
(w — 2K sin(k) sin(q))? = 8K cos(k) sinz(%) [QK cos(k) sinQ(%) + Uldol?| .(25)

e Hence for n/2 < k < 3w /2, the MI condition can be realized:

Ulo|? > —2K cos(k) sin?(q/2) (26)

17



A Finishing Touch: The Experiment !

An Indirect Experiment to Induce MI: Instantaneously Displace Trap.

For +¢; = \/n;e%, define Collective Coordinates ¢;41(t) — ¢;(t) = A¢(t)
(Quasi-Momentum —< k >) and § = } . jn; (Center of Mass).

ODE Reduction — Josephson Equations

h%g(t) = 2K sin A¢(t) (27)

d
haAqS(t) = —2 Q &(t). (28)
A Pendulum Equation: Unstable for A¢ = /2 and

2K

§>&er = 6 (29)

Also use an Order Parameter for probing Loss of Coherence

V=) i (30)
J

18
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Numerical Results (Part II)
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Experimental Results

15

10

V, (E)

- () o S ()
<r on ¢\ —

(tum) Juaudoe[dsIp [eanIId

22



A 2D Analog: The Snaking Instability

e Consider the 2D Defocusing GP
iug = —(1/2) Au + |u|?u + (1/2)Q2%r?u. (31)

e Ground State: Thomas Fermi Cloud

ug = \/u — (1/2) Q?%r? exp (—iut) (32)
and Ring Dark Solitons:
v(r,t) = cose(t) - tanh & 4 isin p(t) (33)

with & = cosp(t) [r — R(t)]

23



e Use again Soliton Perturbation Theory to obtain:

d cospdW CcCOS dR
dt 2u dR 3\/ﬁR dt

R [ 1dW(R) , 1 dR\?

d2 | 2 dR +3R] Lo (E) (35)
e Motion in Potential: M(R) = (1/2)(QR)? — (1/3) In R.
e Stationary RDS: Ro = /2/(3%2).
e Min-Max Radius: for n = —3W[R(0)] cos® ¢(0) exp {—3W[R(0)]}:

Rmin = [—(2/3)w(0,m)]"? Q7%, Rmax = [-(2/3)w(-1,m)]"? Q@ (36)

24



Numerical Results: Oscillating RDS
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Onset of Snaking: Supercritical Dips
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From Xx’s to Crosses (and back !)
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(Experimental) Bright Solitons
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Dark-in-Bright Solitons: Twisted Modes

e Use Multi-Soliton Ansatz

o(a) = 3 (-1 msech (\%(w - @-)) =V (37)

in Hamiltonian: H = % [|ue|? — |ul* + Vo cos? (352) |u|?] da.

e Obtain Effective Potential

Verr (€1, &2; A@) = —8n° cos (A¢) exp (—i 61 — £2|>

V2
22712V, [ <4 27 ) (4 Py )]
+ cos | ——&; | + cos £ : (38)
Asinh (2\@2) x X

e Also for Magnetic Trap

Verr(€1, €2; Ap) = —8n° cos (Ag) exp (—% &1 — £2|) + 4v/3e (¢ + €3) (39)
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Numerical Results:
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TLMs: Oscillatory Instabilities
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Multi-Soliton Solutions
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Dispersion Management Analog: Feshbach Resonance Management

Modulation of Scattering Length via Feshbach Resonance
iug = —(1/2)uge + a(t)|ul?u + (1/2)Q%z%u (40)

Notice: Modulational Stability Analysis for

u = Ag exp[iA%/o a(s)ds] [1 4+ ew(t) cos(kz)] (41)

leads to Hill's Equation
w1 = —k° [k°/4 + a(t)] wr (42)

and to the Kronig-Penney model for FRM.
Robust Bright and Dark FRM solitons
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FRM: Phase Diagram
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FRM Bright and Dark Solitons
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Multi-Components: DWs, Bright-Antidark, Bright-Grey,

Dark-Grey
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Recent Additions: Part 1
Infrared Catastrophes (And How To Avoid Them)

e Modulational Instability

— 3/2 (ap)t2ug

ABEC < Aer = 2 > Q2 (43)
TT
e Transverse Instability
\/2
)\BEC’ < >\cr = Q > _,U’ (44)
TT
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The Dipole
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The “Monkey-Pole”
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Recent Additions: Part 11
Averaged Dynamics for Feshbach Resonance Management

e FRM for Strong Nonlinearity Management
iup = —uge + T () |ul?v + V(z)u (45)

o ForI'(t) =0+ %7(7’),7’ = é, obtain:

Uy = — Ugy + 'yo|u|2u + V(z)u + pu (|u|§)2 + ivi1u (Uug — wzu), (46)

e Use Standing Wave Ansatz u(z,t) = ¢(x)e™t,to obtain:

—¢" +wop 4+ V(x)p + v09° + 4u(4')?¢> = 0. (47)
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Recent Additions: Part III
Vortex Lattices and their Structural Transitions

e Parrinello-Rahman Molecular Dynamics
1 : .- . 1. . _ L
L = = Z M (G11£2 + 2G12 €t + G22U2) — peatS + EW(ai + a§ + b2 + bg)
- Z V("‘mn; 77bmn) (48)

e Identify Ground State as Triangular Configuration

e Identify also Richer Pattern Landscape: Rhomboidal and Star Patterns
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Conclusions

BEC is a new experimentally controllable playground for nonlinear waves

Bright and Dark Solitons in Attractive and Repulsive BECs have been
identified Analytically, Numerically and Experimentally.

Depending on Trapping, 1, 2 and 3d GP with Parabolic or Periodic
Potentials (or even Discrete) are the relevant Models for the Condensate.

Old tricks (Modulational and Snaking Instability) have been used to
generate Solitons and Vortices,

Other old tricks (DM, TLMs, Multiple Components) have been adapted to
generate new beasts !.
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Future Challenges

Vortices and Vortex Lattices

2d-3d FRM Solitons

Multiple-Components

Genuinely “Discrete” Structures

Avoiding Collapse: Can the OL or FRM Help 7

Thermal Cloud Fluctuations: Including the Non-Condensate

Examining Collapse: the Dynamic Renormalization Framework
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