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Summary. A family of one-dimensional nonlinear dispersive wave equations is intro-
duced as a model for assessing the validity of weak turbulence theory for random waves
in an unambiguous and transparent fashion. These models have an explicitly solvable
weak turbulence theory which is developed here, with Kolmogorov-type wave number
spectra exhibiting interesting dependence on parameters in the equations. These predic-
tions of weak turbulence theory are compared with numerical solutions with damping
and driving that exhibit a statistical inertial scaling range over as much as two decades
in wave number.

Itis established that the quasi-Gaussian random phase hypothesis of weak turbulence
theory is an excellent approximation in the numerical statistical steady state. Neverthe-
less, the predictions of weak turbulence theory fail and yield a much flatter (|k|~'?3)
spectrum compared with the steeper (k| ~**) spectrum observed in the numerical statis-
tical steady state. The reasons for the failure of weak turbulence theory in this context are
elucidated here. Finally, an inertial range closure and scaling theory is developed which
successfully predicts the inertial range exponents observed in the numerical statistical
steady states.
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NUMERIcAL REsSULTS
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Figure 9: 3 = 0, A = —1. Square amplitude of the Fourier transform for the mode & = 200 vs.

frequency (time resolution 7 = 0.015).
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Figure 10: 3 = 0, = —1. Same as before but with a zoom on a smaller frequency window.



SINGULARITY FORMATION
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Figure 23: # = 0, A = —1. Evolution towards a collapsing peak of the isolated solution for the

initial amplitude 9 = 2. Dotted line ¢ = 0, dashed line t = 0.55, solid line ¢ = 1.1.
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Figure 27: = 0,A = —1. Computed spectrum and WT spectrum vs. wave number. The WT
spectrum (straight line) is given by n(k) = ck~! with ¢ = a P1/3 ~ 0.42.
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FOCUSING CASE
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SPECTRUM
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Figure 28: 8= 0,A = +1. Computed spectrum and WT spectrum vs. wave number. The WT
spectrum (straight line) is given by n(k) = ck™! with ¢ = a P/® ~0.24.
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DEFOCUSING MMT MODEL
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Fig. 21. Defocusing MMT model (A = 1) with a = 1/2, 8 = 3. Plot of |¢(z)|? versus
2z, showing the development of the modulational instability. The monochromatic
wave (10.1) is perturbed by (10.2). (a) ¢ = 349.502, (b) t = 361.283, (c) t = 373.064,
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DEFOCUSING MMT MODEL
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