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O utlineO utline
• S p read in g  C ortic al  D ep res s ion
• B rain -C el l  Mic roen v iron m en t
• D if f us ion  of  I on s  in  th e E C S  an d  I C S
• S p atial  B uf f erin g



Motiv ationMotiv ation

• Functional  r eas ons
– S p r eading dep r es s ion – connection w ith  cl as s ic m igr aine
– S eiz ur es

• S tr uctur e of br ain and diffus ion p ath s  of ions
– T or tuos ity
– V ol um e fr action
– Diffus ion tens or  im aging

• I onic concentr ations  in th e m icr oenv ir onm ent of neur ons
– M aintain bal ance of ions  dur ing neur al  activ ity
– S p atial  buffer ing



Spreading  C ortical Depression ( SD)Spreading  C ortical Depression ( SD)
• S tim ul i - ch em ical ,  el ectr ical ,  m ech anical ,  p h y s iol ogical
• Anim al s  - r abbit,  cat,  r at,  oth er s  ( h um an? )
• S tr uctur es  - cer ebr al  cor tex,  r etina,  h ip p ocam p us ,  etc.  
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C ort ex
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I nit ia l
S t im u l u s

W a v es  of
S p rea ding
D ep res s ion

• Functional  s ignificance:
• P h y s iol ogis ts  - nuis ance
• P s y ch ol ogis ts  - l ear ning and beh av ior
• P h y s icians  - m igr aine w ith  aur a 

( cl as s ic m igr aine)



• A. A.  L eao - 19 4 4  - P h . D.  Har v ar d,  Ep il ep s y  in r abbit
• Dep r es s ion of th e EEG  - ~ 1-2  m in

Spreading  C ortical DepressionSpreading  C ortical Depression

Bures,  Bureso v a,  an d  K ri v an ek ( 1 9 7 4 )



Spreading  C ortical DepressionSpreading  C ortical Depression

• I ns tigation and p r op agation
• P r op er ties  s im il ar  to action p otential s

• s ol itar y  w av e
• al l  or  none
• r efr actor ines s
• m ul tip l e w av es
• annih il ation up on col l is ion



Spreading  C ortical DepressionSpreading  C ortical Depression
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T im e and s p ace s cal es
• S l ow  w av e p h enom ena - 1-15  m m / m in
• L ong w av el ength s  r el ativ e to cel l  s iz e
• L ar ge ch anges  in ionic concentr ations  of 

N a+ ,  K + ,  Cl - ,  Ca2 +



Modeling  Spreading  DepressionModeling  Spreading  Depression

• Anal og to conduction of im p ul s es  in car diac m us cl e
( W iener  and R os enbl ueth ,  S h ibata and Bur es )

• Com p uter  s im ul ation ( R es h odk o and Bur es )
• P otas s ium ,  action p otential s  ( G r afs tein)
• N eur otr ans m itter  m ech anis m  ( T uck w el l  and M . ) 
• O s m os is  and neur onal  gap  j unctions  ( S h ap ir o) 



Model E q uationsModel E q uations
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Cons ider  onl y  p otas s ium  and cal cium :

0.t,x ><<− ∞∞

H . C .  T u ck w el l  a nd R. M .  M iu ra ,  “ A m a t h em a t ica l  m odel  f or s p rea ding cort ica l  dep res s ion, ”  
B iop h y s ica l  J .  2 3 ( 1 9 7 8 ) ,  2 5 7 -2 7 6 .  



Solution of the SD E q uationsSolution of the SD E q uations
in O ne Space Dimension ( Kin O ne Space Dimension ( K ++ , C a, C a 2 +2 +))

H .  I k eda  a nd R. M .  M iu ra ,  “ S ingu l a r p ert u rb a t ion a na l y s is  of  t h e 
s ol it a ry  p u l s e s ol u t ion f or a  m odel  of  s p rea ding cort ica l  dep res s ion” .



Why Study SD Again?Why Study SD Again?

• L attice gas  al gor ith m  ( br ain as  a p or ous  m edium ,  s tabl e,  com p utational l y  intens iv e)
• Br ain s tr uctur e effects
• N oncontinuum m odel  in 2 - and 3 -dim ens ions
• S h ap ir o’ s  com p utational  m odel  ( J .  C om p .  N eu ros ci.  1 0( 2 0 0 1 ) , 9 9 -1 2 0 )
• L ack  of cor r el ation betw een S D and neur ogenicinfl am m ation in initiating cl as s ic m igr aine ( Ann.  N eu rol . ,  4 9  ( 2 0 0 1 ) ,  7 -1 3 )



Dispersal of Ions Dispersal of Ions 
in t h e B rainin t h e B rain--C ell M ic roenv ironm entC ell M ic roenv ironm ent
• I nfl uence of th e geom etr ic s tr uctur e of th e br ain-cel l  m icr oenv ir onm ent on th e dis p er s al  of ions
• N o ev ok ed s p ik ing
• I onic concentr ations  ch ange v er y  s l ow l y  s o l ocal  eq uil ibr ium  is  ach iev ed at each  tim e s tep
• I n th e ECS  and I CS ,  ions  under go p ur e diffus ion
• I nj ection of p otas s ium  into th e s y s tem



BrainBrain--C ell Microenv ironmentC ell Microenv ironment

E l ect ron m icrogra p h  of  a  s m a l l  region of  t h e ra t  cort ex  ( t a k en f rom  
C .  N ich ol s on a nd E .  S y k ov a ,  Trends Neurosci .  2 1 ( 1 9 9 8 ) ,  2 0 7 )



Difficulties in Modeling  and C omputationsDifficulties in Modeling  and C omputations

• Com p l icated 3 -D geom etr ic s tr uctur es  of I CS  and ECS
• Differ ent k inds  of cel l s  and p r oces s es ,  s uch  as  neur ons ,  gl ial  cel l s ,  axons ,  s y nap s es
• M any  differ ent k inds  of ions  w ith  dis tinct diffus ion coefficients  and coup l ed dy nam ics
• Connections  betw een neur ons  ( s y nap s es ) and betw een gl ial  cel l s  ( gap  j unctions )
• Cel l  m em br anes  w ith  s p atial  dis tr ibutions  of ion ch annel  dens ities



Modeling  G eometric Structure Modeling  G eometric Structure 
of the Brainof the Brain--C ell Microenv ironmentC ell Microenv ironment

I .  R etr iev ing geom etr y  fr om  el ectr on m icr ogr ap h  

R etr iev ed com p onents  
of th e s y s tem :
1. ECS  and I CS  s tr uctur e
2 . Cel l  s h ap e and m em br ane



G enerating  C ellular A utomataG enerating  C ellular A utomata

Contr ol  p ar am eter s :
T or tuos ity :  about 1. 5
V ol um e fr action:  about 0 . 2



Diffusion of Ions in the E C S and IC SDiffusion of Ions in the E C S and IC S

• Fr ee diffus ion of ions  in th e I CS  and in th e ECS ,  
s uch  as  K + ,  N a+ ,  Cl -,  Ca++ ar e gov er ned by
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• S ol v e us ing th e l attice Bol tz m ann eq uation ( L BE)



Solv ing  the Diffusion P rocesses using  L BESolv ing  the Diffusion P rocesses using  L BE

I . I ons  m ov e al ong th e l attice 
nodes .  T h e dens ities  at each  
node,  th e L BE r ul e,  and th e 
cor r es p onding diffus ion 
coefficients  ar e giv en by :
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I I .  Boundar y  condition betw een I CS  
and ECS

L BE r ul e for  R  and R ’  nodes

I I I .  Boundar y  condition on th e w h ol e s y s tem :  th e concentr ation at
th e boundar y  nodes  is  al w ay s  s et to th e v al ue of th e r es t s tate

G eom etr ic s h ap e of th e boundar y  
betw een th e I CS  and ECS  ar e 
cl as s ified into th e th r ee ty p es :  I ,  
I I ,  and I I I ,  and th er e ar e a total  
of 2 4  cas es



M em br ane cur r ent h as  tw o p ar ts :  ionic ch annel  cur r ent
and activ e p um p ing cur r ent

pc
K , N a , C l K , N a , C l K , N a , C lI = I +I

Modeling  Memb rane Ionic C urrentsModeling  Memb rane Ionic C urrents
M em br ane p otential  is  des cr ibed by  th e G ol dm an-Hodgk in-
K atz  eq uation

   
+ o + o - i

1 2 3
+ i + i - o

1 2 3

P [Na ] +P [K ] +P [Cl ]R TV = lnF P [Na ] +P [K ] +P [Cl ]



c 4 c 3
K K N a N a N ak

c
C l C l C l

I = g n (V-V ), I = g m h (V-V ),
I = g (V-V ),

∞ ∞ ∞

I onic ch annel  cur r ents  ar e

nm h

m m n nh h

αα αw h e r e   m = ,     h = , n =α + β α + β α + β∞ ∞ ∞

T h e p um p ing cur r ent is  deter m ined to m ak e th e net cur r ent 
at r es t cr os s ing th e m em br ane eq ual  to z er o.

T h e p um p ing cur r ents  ar e m odel ed by :
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Simulation of a Small Sy stem Simulation of a Small Sy stem 
w ith Impermeab le Memb ranesw ith Impermeab le Memb ranes

• P otas s ium  inj ection in th e ECS

P otas s ium  diffus ion in th e ECS  at t= 0 . 12 5  m s .  T h e inj ection 
s top s  at t= 2 . 5  m s .



• W h en th e m em br ane is  im p er m eabl e,  p ur e fr ee diffus ion in th e 
ECS  at th r ee p oints

α
β
γ



Simulation of a Small Sy stemSimulation of a Small Sy stem
w ith P ermeab le Memb ranesw ith P ermeab le Memb ranes

• P otas s ium  inj ected in th e ECS

P otas s ium  diffus ion in th e ECS  at t= 0 . 12 5 m s  and t= 5 m s .  T h e 
inj ection s top s  at t= 2 . 5  m s .



• P otas s ium  in th e I CS

P otas s ium  diffus ion in th e I CS  at t= 0 . 12 5 m s  and t= 5 m s .  
T h e inj ection s top s  at t= 2 . 5  m s .



• Concentr ation ch anges  w ith  tim e at th r ee p oints  s p ecified abov e
ECS I CS



Simulation of a L arg e Sy stemSimulation of a L arg e Sy stem
• P otas s ium  inj ected in th e ECS

I nj ection tim e=  2 0 0  m s ec.  T h e s nap s h ots  ar e tak en at t= 0 . 12 5  m s  
and t= 2 0 0 0  m s



• P otas s ium  in th e I CS

I nj ection tim e=  2 0 0  m s ec.  T h e s nap s h ots  ar e tak en at t= 0 . 12 5 m s
and t= 2 0 0 0  m s
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Chen and Nicholson, Biophys. J. 78 (2000), 2776-279 7.



Modeling  Memb rane P otentialModeling  Memb rane P otential

T h e m em br ane p otential  is  cal cul ated 
by  s ol v ing:

∂ ∇
∂ ∑2

j
V = u V - It

Em p l oy ing finite differ ences :

− ∑
2

j

V(n+1,t)+V(n-1,t)-2V(n,t)V(n,t+τ ) = V(n,t)+u τ λ
τ I
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L ocal  dep ol ar iz ation due to p otas s ium  inj ection 
s p r eads  el ectr otonical l y al ong th e m em br ane s ur face
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SummarySummary

• S p r eading Cor tical  Dep r es s ion
• Br ain-Cel l  M icr oenv ir onm ent
• Diffus ion of I ons  in th e ECS  and I CS
• S p atial  Buffer ing


