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. Equation for the one-point distribution function
Consider a plasma composed of N partlcles (Nr particles of speC|es r) at positions x;, with

(BN (2 l,t)—l—— x B'(z,;,t)). The density of

T
velocities v; and total acceleration a, =

L

the system in the 6 N-dimensional phase space
N
F(x1, T2, "+, TN, V1, V2, ", UN, 1) = H 0(x; — Xi(¢))o(vi — Vi(t))

obeys Liouville equation
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together with Maxwell’s equations
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Liouville equation rewrites in conservative form
OF &
= T > (Va, - (viF) + Vo, - (a; F)) = 0.
i=1

The same equation holds for the N-particle probability density function F' which obeys
[ Fdxy---dzy,dvl, - -doy = 1.

The one-particle probability distribution (or distribution function) is defined by

nTFfl)(xl, v, t) = Nr/ F(xi1,x9, - ,xN, V1, V2, -, UN,t)dxo, - ,dxN,dVvs, -+, dvoy
with n, = Vr V' being the finite spatial volume occupied by the system.

The two-point probability density function is defined as

2)
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nrn3F£

NTNS/ F(x1,x9, - ,TN,V1, V2, - ,UN,t)dxs, - ,dxN,dVvs, -+, dUy.



The equation satisfied by the one-body distribution function is obtained by integrating
Liouville equation over the spatial and velocity coordinates of all but one particle; it reads

o(n,FY OF
(natr ) ( F(l))+N / T.—dx27 7de9d,U27'°'7d,UN = 0.

The acceleration on the " particle can be written

q”f’i /U'L.
af = (B (2 1) + — x BX (2, ) + ) ay = af + ) ay

so that the last term of the |.h.s. reads

al Jun (nTF(l)) Z / —nrn F (:131, Ts, V1, Vs, t)dxsdvs

where the summation holds over the type of particle species and since all particles of the same

type are identical.



Defining the two-point correlation function G,.s(x1, x2, v1, V2, t) as
F( )(901,962,’01,’02,75) == F (a:l,vl,t)F ($2,’02,t)—I—Grs(aﬁl,mg,vl,’vz,t)

which constitutes the first step in the Mayer cluster expansion, one has

/ Z A1s - —NrMN SFT(SQ)(CCla Lsy V1, Us, t)dxsdvs —

8

+/ Z o, s Cirs(T1, o, V1, Vs, 1) dzsdv.



The quantity /Z alsnst(l)(:cs,vs,t)dwsdvs is in fact the ensemble average

S
acceleration experienced by particle 1 due to all other particles. Assuming N, large one
finally obtains

3FT<1> X %) F(l) n qr o V1 X B> 0 F(l) 8qu(1) |
v —— — — — .
ot ! 8:131 " M, c ovy ot

where the < E > and < B > are the self-consistent fields, sum of external and average
internal fields, which satisfy average Maxwell equations

V- < E >= 47rz nSqS/ Fs(l)dfv — 47quE

10 < E >
VX < B >— NsQs F )d —J —
Z d /U v c + C Ot
and where the collision term reads
8F(1)(331 U1 t)
T A —nGrs(x1, x5, V1, Vg, t)dx dug.
8t /Z 8’01 ( ! ! )

To simplify notations, Fﬁl) will be denoted f, and the symbols < . > will be dropped.



e From Liouville equation, it is possible to obtain an infinite chain of statistical
equations for the n-point distribution functions, the so-called BBGKY hierarchy.
e T his hierarchy can be closed if the ratio g of the average interaction energy to
the average kinetic energy g =< ¢*/ri12 > / < 2muv* > is small enough. This

2 1/3
n 1 T
40 where rp =

plasma parameter can be rewritten g

T nor 47tngoq?
is the Debye (or screening) length.
e This means that if there are

, Coulomb interaction is efficiently shieldied and becomes

short-range.

Derivation of the Debye length: consider a static electron/ion cloud in the viscinity of a test

particle of charge gp. The electric potential ¢ obeys V¢ = —4m ) . qin; — 4mqré(r).

At thermodynamic equilibrium, n; = n;oexp(—q;¢/T) with q;¢/T < 1. The equation

for the electric potential becomes VZ¢ — ¢/\7, = 0 leading to ¢ o q7T exp(—r/Ap) with
2
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Under the assumption that three-particle correlations are negligible, that the
plasma is spatially homogeneous and that the two-particle correlation function
relaxes much faster than the one-point distribution function, one obtains the
Lenard-Balescu equation, which is still quite involved. Further simplifications
allow to turn the Lenard-Balescu equation into a Fokker-Planck equation in the

form
of, 1
i —Vo - [Afr-(v)] + §VUVU : |IBfr(v)]
where A is the coefficient of dynamic friction and B the diffusion coefficient.
The two effects tend to balance each other and compensate exactly for
2 (T
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approximation for the collision integral, is given by the Krook collision term

a Maxwellian distribution Fj;(v) = ( ). An even cruder

o,

1

T

This approximation however fails to reproduce the fact that distribution tails
relax much later than their central part.



A precise form of G, will not be needed in what follows.

e Correlations vanish when the one-point distribution function is a Maxwellian.
In the presence of collisions and in absence of external fields, an initial
distribution evolves over long times towards a Maxwellian. This relaxation
takes place over a time scale of order 7 ~ [/v;;, where [ is the mean free path
and vy, = (T/m)"/? the thermal velocity.

e This relaxation time-scale is proportional to the square root of the particle

mass. Since T;; = /| —Tee and T.; = —Tee, the electron population will relax
Me Me

first, then the ions and the equilibrium between ions and electrons will occur last.

As a consequence, separate temperatures can be defined for the different species.



e In the case where collisions can be totally neglected, the distribution function
obeys the so-called Vlasov (or collisionless Boltzmann) equation

8fr_|_rv.£fr_|_2 E+UXB .gfrzo.
ox Ov

ot m, C

This model is valid when the frequency (w) and wavenumber (k) of the typical
oscillations satisfy wr > 1 and kv, > 1.

e Under the Vlasov equation, the time rate of change of the total number of

0
particle is zero a/nrfrda;dv =0, and if f.(xz,v,t =0) > 0 for all x and v,

it will remain so for all times.

e Vlasov equation has also many equilibrium solutions, more than the exact
(collisional) equation. In addition to the Maxwellian distribution, any function
fr(a(x,v),b(x,v),---) is a solution if a(x,v), b(x,v) ... are constants of the
motion of particles.



Il. Fluid description
1.2 Scale considerations
The validity of the hydrodynamic approximation a priori depends on the ratio
between a typical scale of perturbation and a scale of the system above which
particle get sufficiently “mixed”.

(a) When there is no ambient magnetic field: By = 0.

where v is the collision frequency and w and X the typical frequency and
wavelength of a wave-like perturbation.
A local hydrodynamic theory can be valid:
- (i) If A> 1, i.e. when there are many collisions in a wave period (v > w)
- (ii) If A> L, i.e. when there are almost no collisions (v < w) but particles
move very slowly (cold plasma).

In case (i), there is no condition on vy, = Aw and there is no closure problem
since collisions ensure that the distribution function stays close to a Maxwellian.
In that case, the heat flux (third order moment) is zero.



In case (ii) vy > vt @ hydrodynamic theory can only describe “rapid” waves.
An adiabatic theory is here possible. [|f waves travel more slowly resonant
particles have to be taken into account.

(b) When there is an ambient magnetic field: By # 0.

In the direction along the ambient field, the conditions are the same as in
absence of magnetic field.

In the direction perpendicular to the magnetic field, a third length has to be
considered, namely the particle gyration radius 7, = -4 where Q2 = % is the
particle gyrofrequency.

- (i) If rp, > 1 (i.e. ©Q < ), the magnetic field plays almost no role. Parallel and
perpendicular directions are not decoupled and the conditions for the validity
of a hydrodynamic approximation are the same as in the absence of magnetic
field.

- (i) If r, < 1 (i.e. 2 > v), collisions are infrequent and 7}, plays the role of
the mean free path in the perpendicular direction. Typical perturbation scales
have to be separated into a parallel (\) and a perpendicular (A} ) wavelength
and the conditions of validity for a hydrodynamic theory now read:



)\|| S>SlIfwugKy
or
)\H >Lifw>v

AL>S>rpifw < Q)
or
AL>Lifw>Q

There are thus three possibilities:

(Hw>0>v

In this case the conditions read vy > vy, and vy > vy, this is the case of a
cold plasma.

(2) A>w>v

In this case the conditions read vy > vy, and k7, < 1. Perpendicular scales
have to be much larger than the inertial length.

3)2>»v>w

There is no condition on vy but it is necessary to have k7, < 1.



1.2 Derivation of the bi-fluid equations
In the general case, we write the full system of kinetic and Maxwell equations
in the form

. 1
atfr + v - vfr + Q_(€_|_ Ev X b) ’ vvfr — atfr‘c

r

1
—8tb: —V X e
C

4 1
VXxb= ?qunr/vfrdgv—i—gﬁte

V.e= 47TZ qry / frd?’v,

where f, and n, are the distribution function and the average number density
of the particle of species r with charge ¢, and mass m,. The displacement

current —0;e turns out to be negligible in the present analysis.
c



Let us write the kinetic equation for electrons and ions as:

['e(fe) — Zee(fea fe) +Iei(fea fz)
Li(fi) = Lie( fi, fe) + Zis( fis fi)

where L,.(f,) denotes the l.h.s. and Z, is the part of the collision integral for particle r that
describes collision between particles r and s. We have here assumed bilinearity of the collision
operator. There is a logarithmic departure to bilinearity due to the long range nature of the

Coulomb interaction. The conservation of the number of particles, momentum and energy
imply that

9 fr

|dvr—0 r=e,1

o,
/mrvr |d’UT:0 / mr2f dv, = 0.

We also have

1
/ mrvrIrr<fr7 fr)d'v = 0, / imrvgzrr(fm fr)dv = 0.



e From Vlasov-Maxwell equations, derive a hierarchy of moment equations for
each particle species r:

density p, = m,n, [ frd>v
[ vfrd®v

[ frd3v
pressure tensor P. = m,n, [(v —u,) ® (v — u,) frd®v
heat flux tensor Q, = m,n, [(v —u,) ® (v —u,) @ (v — ) frd>v.

hydrodynamic velocity u, =

atpr + V. (prur) =0

1
pr(atur + Uy Vur) + V - Pr — qrnr(e + —u, X b) =
C
OP, + u, VP, + P,V -u, + V- Q, + [P, - Vu, + ——b x P,]° =
m,C

where [A]® = A + AT

The extra term R, = — R, determines the forces which act upon the electrons
as a result of collisions with ions. Similarly the tensor

He = mene [(v—ue) ® (v — we)ZLei( fe, fi)dv = —H;

is the amount of heat obtained by the electrons per unit time as a result of
their collisions with ions.



When collisions dominate, simplifications can be made that lead to the so-called MHD equations.
At dominant order, the distribution function is close to a Maxwellian. The anisotropy due
to the ambient magnetic field is subdominant so that the pressure tensor can be written as
P, = pl + II,, where I denotes the unit tensor and II, the generalized viscosity tensor of
species . The latter is by definition of zero trace and describes viscous stresses (proportional
to viscosity coefficients times rate of strain tensors) but it also include terms which are quite
unrelated to conventional viscosity (such as FLR terms). At large enough scales the viscous
terms are negligible. The equation for the isotropic scalar pressure reads

3 5)
§(atp7“ + Uy - v)pr =+ §prv U+ Vo qqf} + 1. : Vu, = Qr
where ¢/ = %mrnr [(v —uy)?(v — u,) frd3v is the vector heat flux

and @, = 5I : H, the heat generated as a consequence of collisions with
particles of other species.

One has Q; + Q. = —R;(u; — u.). It is necessary to find relations between II,,
qf}, R, and @, with 7., u, and T;. (where by definition p, = 0,/ T, p, = n,.m..).
These relations and the calculation of the transport coefficients in terms of
microscopic quantities are presented e.g. in Braginskii.



1. From a bi-fluid to a mono-fluid description

A mono-fluid description together with the additional approximation of
neglecting electron inertia, allows the filtering of the small scales (e.g. associated
with Langmuir waves).

. . 1
Define the plasma velocity u = — E pruy Where p = > p, and the pressure
p T

and heat flux tensors associated with each particle species in terms of the
deviations from this barycentric velocity, in the form

pr =mn, [(v—u)® (v—u)f-d*v and

qr=mn, [(v—u)® (v—1u)® (v—u)frd°v. One has
P, =p; — pr(u—u,) @ (u —uy)
and

QT ijk — qrijk + prij(u — ur)k + prik(u — ur)j +prjk(u — u?“)'ia



One thus easily gets that
Ohp+ V- (up)=0
and !
8t(pu)+v-(pu®u)+v-p—gj x b =0,

where p = Zpr denotes the total pressure tensor and where the electric

-
current j = qunr/vfrd?’v = Z&prur is given by j = 4£V X b. Note
My ™

T T
that the friction forces cancel each other and that the displacement current is

here neglected.

For small amplitude MHD waves with long wave lengths, one can replace
the pressure equation by

dr

b x pr]s = H.,
m,c

8tpr + V- (upr_'_qr) + [pfr - Vu +




The curent 7 obeys

2
: qrPr qr q7Pr 1 .
8t]+V-(Z mrur®ur)+zm—TV-Pr— m%(€+EuTXb)__V]'
T T T
where vj = — T%RT, with v an average collision frequency. One has

atj+v-(u®j+j®u—zq;fru@@u)jtzgvpr

—( — = —vj.

_qupre_qj(l_'_l puxb+qmp Me, J XDb
~ m? cC Me My Me+mp € Me My Me+ My

Me drPr

My

= 0, usual when considering slow

Assuming and quasi-neutrality Z

Myp
T

motion of fluid elements of size greater than the Debye length, and writing

pr = m,n and u = u, one obtains

q*n uXb gXxXb

1
(e + + —V - pe) = —vJ.

Me C nqc qn




For the weakly nonlinear dynamics of low frequency phenomena, the two first
terms of the above equation are subdominant to leading order. From Maxwell
equation, one then obtains the usual Hall-MHD approximation

cm ' xb 1
b —V x (uxb) =2y x (L7 _2v.p,+ Ly
q cp P My
. . UM
The resistivity 7 is related to v by n = ——. One thus has a closed system
ng

provided a closure approximation is made to express the heat fluxes. Simple

closures are obtained in the isothermal or adiabatic cases where the pressure
dp dp

equations are replaced by —= or —— respectively (— = 0; + u - V denotes

q p Y 3t & @ P y (5 =0

the convective derivative).



IV. The pressure tensors

In the case where collisions are not enough to ensure isotropy of the pressure
tensor, it is necessary to consider the equation for the full pressure tensor. This
equations however involves time scales associated with the gyro-motion of the
particles, making its numerical implementation difficult when larger scales are
also included in the simulation.

This scale separation can in fact be used to define a reduced description where
the evolution of the gyrotropic components of the pressure tensors is followed on
hydrodynamic time scales, but where the non-gyrotropic ones, usually referred
to as finite Larmor radius corrections, obey a slaved dynamics.



To isolate the gyrotropic components of the pressure tensor, it is convenient
to write

P.xb—bxP, =k,

where

=g iT[dZ (V- u)P 4V Q4 (Pr - V) .
In this equation, By denotes the amplitude of the ambient field and (2, = 4rBo is the
gyrotropic frequency of the particles of species r. The unit vector along the Ioc??lrr?nagnetic
field is b = .
]

The usual procedure (Kulsrud 83) consists in performing an expansion in
terms of (! considered as a small parameter. This approach may be conflicting
with a subsequently performed weakly-nonlinear asymptotics that could mix the
various orders in 1/€2,..

We thus choose units such that the gyrokinetic frequency of the protons
(2, is of order unity, and use a unique expansion parameter, which requires a
specific relation between the small amplitudes and the long wave lengths of the
perturbations.



The left hand side P, x b—bx P, can be viewed as a self-adjoint linear
operator acting on P, whose kernel is spanned by the tensors (I — b® b) and

b®b. Defining the projection on the image of this operator as

AN AN AN AN AN AN AN AN

a:(I-bvxb0)(I-02b0) —(a:bRb)b® VD,

ol
|

o
|

1
2
one has trﬁzlzﬁz()andﬁz/b\@@/b\zo.

The pressure tensor is written as the sum P, = pf + 7, of an element of the
kernel
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3R
1
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AN AN

p1-(I _/[;@) b) + prb ®/I;

and of a non-gyrotropic component 7, = P.. that thus satisfies tr7,. = 0 and
7 :b®b=0.



IVV.a Dynamics of the gyrotropic pressures
To obtain the equations for the gyrotropic pressure components, one applies
the trace and the contraction with b ® b on both sides of the pressure tensor
equation to get

dP,

= +(V-u)I:pS +1:(V-Q)+1:(p¢ -Vu,)® + 51, =0

I:

S

with s, =1: (7, - Vu,)” and

dP,
dt

b@b+ (V- u)pS+V-Qr + (p€ - Vu,)%) : b @b+ 59, = 0

with so,. = (7, - Vur)s Db

One has

dP, 7
dt dt



Wltis;;r—ﬂ'r.&(b@ ) where we used (%@)b—l—b@%).(I—b@b)—O
db ~ ~ db, ~ ~
d(—XRb+0® —):bxb=0.
an (dt® + ®dt) ®

One thus gets CGL equations with heat fluxes and coupling to the non-
gyrotropic components of the pressure tensors,

AN

N 1 N N
8tp¢r+v-(urpmn)+pLTV-ur—erb-Vur-lH—i(trV-Qr—b-(V-Qr)-b)

1
+§(51r — 89+ 83,) = 0

Owr +V - (urpyr) + 2pHTg- YV, - b+b- (V-Q,) b+ 89, — 53, = 0.

In the case of weak perturbations of an equilibrium state characterized by a
uniform density, gyrotropic pressures and a uniform magnetic field, the couplings
S1r, Sor and sz, to the non-gyrotropic pressure components, are subdominant.
Furthermore, both the gyrotropic and non-gyrotropic components of the heat
fluxes Q, can a priori contribute to the gyrotropic components of V - Q,
entering the dynamical equations for the gyrotropic pressure components.



IVV.b Non-gyrotropic pressure contributions
Start with
7w, Xb—bxm, =k,.

A formal solution is

AN

bxk, (I+3bx0b)]°

T, =

>~ =

that could be used as the starting point for a perturbative computation of the
solution. Instead, it is possible to perform the expansion at the level of the
previous equation by writing

A~ ~ /
T, X2 —2 X1, =k,

where B R R
kl =k, — (m, x(b—2)— (b—2) x 7,)

AN

takes into account the small deviation b — Z between the unit vectors 3 and
z = (0,0,1) along the local and the ambient magnetic fields.



One can formally solve

o /
27T?° ry kr rx
- /
Tryy — Trze = kr Ty
o /
Ty y= kr rz
- /
/
—Trxz — kr Yz
together with the conditions 7, ;, + 7y = — 7., and 7, : b ® b = 0O that rewrites
7-(-7‘22:_/Z\'w«r"(b_/Z\)_(b_/Z\)'w/r"/z\_(b_/z\)°7r7-°(b_/z\)7
implying
1
/
Tr e — _Q(kr Ty + zz)
_ 1 k‘,
Tryy = _( rry 7TTZZ)'



The compatibility of the above system is automatically satisfied and the
non-gyrotropic components of the pressure tensor can then be computed
perturbatively. For this purpose, it is convenient to split

k, =k, + L(m,)

with
_ 1 By dpy G G s
K,T—Qr‘b’[ oy ‘I‘(V U'r)pr +V Qr‘l_(pr VUT) ]
and
1 By.dm, ~ .
L(m,) = g o0 (V) + (- Vi), (5-2)— (-2 ).

One then uses

dp&
dt

d ~ ~ 1 db db 2 d|b
= (pyr —PLr)E(b@)b) = (Pr —PLr) =5 (—=Rb+b® o] b® b)

b2 dt dt  |b| dt

that is computed using the generalized Ohm’s law in the Hall-MHD approximation ().



In a weakly nonlinear regime, the quantity L(7,) is of higher order than
7, which enables one to compute the non-gyrotropic pressure corrections by
iterations.

Expand & = x'Y + x2 4+ ... and 7, = 7wl + 72 ... that obey

a xz2—2xwll) =

w? x 2 -2 x 7@ = LixD) +x,

together with

M =0

TZZ2

ml=—2m) b-2)-0-2 ) 2-0-2) = (-2

rzz



Concentrating on the proton contribution, it is easily seen that the leading

order 71'1(91) reproduces Yajima (1966) result

Pl
ﬂ-l(?lx)x — _ﬂ-l(?ly)y — _Q—QZ(&?JUQ: + aacuy)
D =
Pl
Wz(?lsgy - WI()ly)x _Q—Qii(ayuy OzUy)
7T](91y)z — 7T1(9 z)y — Q_p[2p|\pazux + pJ_p(axuz azua:)]



V. Modeling of the heat fluxes
It is again convenient to separate Q,. in the form Q, = qf - qanG with

AN AN

QF ik = qrbibibr + a1 (8ijbr + Gisbj + J;1b; — 3b;b;br).
The equations for the gyrotropic pressure components involve

b-(V-af)-b=V-(bgy) —2q1,V b
1 ~ ~ ~ ~
i(tr(v-qf)—bo(V-qf)-b) =V - (bgir) +q,V-b

Y

together with the contribution of the non-gyrotropic heat fluxes to the gyrotropic
part (V- qY) of V - q,.



V.b The adiabatic approximation
It is valid when wave phase speeds are much larger than particles thermal
velocities. The opposite case where particles travel much faster than the waves
corresponds to the isothermal limit. Most of the results of the low frequency
modes can be recovered by assuming isothermal electrons and adiabatic ions.
For adiabatic flows one has

AN AN

ath_r + V- (u'er_r) —|_pJ_'rv * Uy _pJ_r/b\' vur /b\: 0
Ow)r +V - (urpypr) + 2 b- Vu,. -b =0

that are known as the CGL equations. In the one-fluid approximation, these
equations rewrite,

d (pir PLr myc,J X b
b - — b ° - ° Pe
e ( > |b\2 v P4 < C v )




Neglecting the Hall term and the electronic pressure gradient one gets the
double adiabatic laws

pir X plbl and pj, p°|b| 2.

The adiabatic approximation requires that the local state of the plasma be
unaffected by small pertubations made at a distant point: very slow variation
along magnetic lines of force. In order to extend the domain of validity of the
fluid approximation, it is thus necessary to include the heat fluxes. Since the
hierarchy of equations for the fluid moments is unclosed, a modelization has to
be made at some point.

Landau fluids

Relations between heat fluxes and temperature and magnetic field
perturbations can be obtained within the framework of a linearized kinetic
theory. Since the resulting relations involve perturbation frequencies and
wavenumbers, they are not directly applicable in a general fluid theory. A
method to obtain first-order in time PDE's that can be incorporated in an
extended MHD model is to replace the plasma response function W, by its two
or four-pole Padé approximant.



VI. Plasma waves in the Vlasov theory
VLl.a Linear theory

Consider a spatially homogeneous uniformly magnetized (byg = BpZ) plasma
at equilibrium with a distribution function f,.o and no net charge or current.
The Vlasov equation linearized about f,.q becomes (writing f. = fr.0 + fr1,
b:bo—l—bl, 6261)

0 qgr U X bo q v X by
( _|_ v - v /’n ° VU)fr]_ — _—/’n(e]_ _|_ ) ) vafro
ot m, C m,
. A . . . . gr v X bO
while the equilibrium distribution satisfies - Voufro = 0.
m, cC
Writing
v= (v, = vicos¢,v, = vising, v, =)
and s s
sin CcoS
Vv:(cosqb&l— &b,smqb&l—i— 8¢ , Ouy),s
ol H

one has dr (v X Boz) - V, = —Q,04, where Q, = 0 is the cyclotron frequency of the

. cmy m,C
particles of species r.



The general equilibrium solution is isotropic in a plane perpendicular to b,
I.e. satisfies fro = fro(vi, UZ). Such solutions are for example bi-Maxwellian distributions

1 m3/? My o My o
fro = A exp{ — (—=v; + —=v7)}.
270)3/2 (0) (0)1/2 0) |l (0)
(27) T THr 2T\|r 2T

Restricting ourselves to the case of plane waves such that
e1 = érexp(i(k - x — wt)),
by = BlAeXp(i(k -x — wt)) and
fr1 = friexp(i(k - x — wt)),
and using Maxwell’s equation to write by = 5(k X €1), one has (dropping the

hats)
0 fr1 Gr k-v,  k(v-er)

—i(w—k-v)fr1 — 96 —E((el(l—T)ﬂL -

) ’ vvfrO)-



Integrating this equations, one has

_ 4 ! ¢ / ; ’ 4 "
fmmrﬂrexmm/()(k-vw)dmlfo exp (=g [ (kev—w)dd")

X ((e1(1 — u) + Mo-c)

) ’ vvfr()>d¢/ + C]
W W
where the constant C' has to be determined by the constraint of periodicity.
Introducing a coordinate system such that k, = 0, one has

¢
/ (k-v—w)de' = (kv —w)p + kyvy sin .
0

Using
+o00
exp(—idsing) = Y Ji(A) exp(—ilg)
l=—o00

where A\ = k, v, /€, and the J;(\) are ordinary Bessel functions of the first kind,



One finally gets

where

(= (kva_ 8f'r0 4 (1 B kzvn)afr()) %<

w Oy w T O0v|
k.v| 0fro k 20| dfro
— — Ji—1(A
aly ( w  Jvj t- W )(9’1& QZ(JZ_H()\) Ji-1(V)

Al =

Ofro <A>+(kwvn8fm kyv1|0ro

v w v w Oy ) 2(Jl+1()\) +Ji-1(A)



Expressing the perturbed current J; in terms of f,.; and substituting into
Maxwll’'s equation leads to

2

—kxkxe = w—el + EZLWZanT/ v fr1dv

c2 c2

where the integration must be performed on a suitable contour (Landau contour)
avoiding singularities.

From the latter equation it is easy to find the dispersion tensor governing the
properties of all the modes propagating in this kind of plasma. An important
property concerns resonant particles, moving with parallel velocities such that

w — (€2,
Y| = k.

They yield a significant damping of its energy. For [ = 0, we recover the usual
Landau damping in presence of a magnetic field, where only parallel motion is
involved.



For [ # 0, we have cyclotron damping which occurs when particles see a
wave whose Doppler shifted frequency is some harmonic of the gyrofrequency.

Inspection of the dispersion relation (see e.g. Krall and Trievelpiece 1973)
shows the complexity of the problem. If one restrict ourselves to the case where
the wavelength is long compared to the ion inertial length, drastic simplification
occurs: cyclotron resonance can be ignored (but Landau damping can still
occur).

In the following we show that in the case where a specific wave is selected,
a reductive perturbative expansion leads to a closed nonlinear wave equation.
This can be seen as an example of an exact fluid closure that can serve as a
benchmark for Landau fluid types of models.



VI.b Weakly nonlinear theory in the long wavelength limit

We onsider here Alfvén waves propagating along a strong ambient magnetic
fleld. These waves are amenable to an asymptotic expansion, directly from the
Vlasov-Maxwell equation, when involving scales that are large compared to the
ion Larmor radius and amplitudes small enough to keep linear dispersive effects
comparable to the nonlinearities.

e The reductive perturbative expansion

Let us consider the Vlasov-Maxwell equations (we assume zero collisions).
For an ambient field Bpx , one expands the distribution function and the
electric and magnetic fields in the form f,. = FT(O) + €( 7£0) + ej}gl) +...),
b= Boz+e(b® +eb® + .. )and e = e(e© + eV +...), where F'”) denotes
the equilibrium velocity distribution function, assumed rotationally symmetric
around the direction of the ambient field and symmetric relatively to forward
and backward velocities along this direction, thus excluding the presence of
equilibrium drifts.



Denoting by A the Alfvén-wave propagation velocity that will be determined
in the following, one defines the stretched coordinates £ = ¢(x — \t), n = €’y
and ¢ = €3z and the slow time 7 = €*t.

One writes v = (’U“ , V] COoSQ ’UJ_Sinqb) = (’U||,’UJ_ﬁ) = (U||,?7J_) and

Vo= (8y , 0y, +%-L0,), where 7i = i gi=2
v = ( v > T O0u T 15 »), Where 7 = (cos ¢, sin ¢) an s

Expanding VM equation to the successive orders, one gets

Q,0,F% =0

Q05 f” = B

20, f) =2

2057 = (v) = N0 fy” + 27

0051 = (v) = NS + (T - V)L + 5P
Q0s [ = (v) = NS + (7L VL) [V + 0: ;% + 2



where

1

1
y(s) — r () . 2 (s) (0) (p) (p)
. mr(e +Cv><b ) Vo F2 + E T +v><b ).V
pt+q=s—1
One derives easily
A
T X (956(0) = —8519(0)
C
= 9D ©0) _ A p0)
T X Oger’ +V | xe'/) =—=0¢b
C
~ (2) MW _ a2 Ly
T X 0ger™” +V  xe'/) =—=0:b" —=0,0"".
C C
and more generally for any p > 0,
A

Z x 0P 4 v x TP = Do pPtP) aTb@).
C

&

V£,



It immediately follows that and . No mean value is assumed

for the various fields when averaged over the & variable.

e \When averaged on the angle ¢, the eq. for fqgo) gives , and
1 0) 0
0,f© = " (@(bi) T1) 0y FO — (v — A 6¢V”Fqﬁ(0)) |

Defining for any positive integer 5 the operator

%) ' 0
D;t:()\—m)( :EJ)—I-’UJ_—,

61@ U | 8’0”

and also D = Doi, one writes

1 _
7O = =0 - ADFO + 7,
0

where the last term of the RHS refers to a possible contribution independent
of the ¢ variable, that will be later shown to be identically zero.



e The eq. for fﬁl) gives:
, and One can prescribe and

The modulus of the local magnetic field is given by |b] = Bo(1 + € A) + O(¢€’)

pH p(0))2
with A = | —|—| L' .
2
B, = 2B?
One has
1 . .
061 = o0 = M@ X bY) - Vo £+ (T x 000 1]

e Using solvability at next order:
one easily checks that where 85_1 denotes the

anti-derivative, and, as announced,



e Propagation velocity of the wave

Applying the vectorial operator Y m,n, [ d>v ¥ on the two sides of the eq. for f7§2)
allows one to determine the propagation velocity A of the Alfvén wave.
In the LHS of the resulting equation, one gets

B
E nrmTQrfﬁLQbf,,SZ)d?’v — 4—72((95[)5?),
while in the RHS, one has

. L 0 0
Zmrnr /(UH — )\)UL({?gf?EO)d‘gv = B—O(p|(| - pi) + AQP(O)) 6’55)1)

with the equilibrium parallel and transverse pressures and

, and the density



One then concludes that the propagation velocity A is given by

(0)

2
Mp(0 = =20 4 p — pl?,

where the usual Alfvén velocity is affected by the anisotropy of the equilibrium
pressure tensor. In order to prevent the system to be firehose unstable, the

RHS is assumed positive.

e \Wave-particle resonance

The solvability condition on the eq. for j}gg), together with the quasi-neutrality
constraint ) | gyn, f?i”d% = 0 prescribe ffnl) and e|(|3). One has

(0) (p)
—(1) L qr OF; qr v X b\P
(=N, = —((TL-V 1) V) o) = Y (P )V )

m, Oy o, c

that displays a singularity when the longitudinal velocity v of the particles
equals the propagation velocity A of the wave.



After some algebra, one gets

—(1 8F7£0>
(v = NI = (v = MR, + S, o
with
R, = —= a;; i())agA + ;DJFDF(O)@ ‘[;(22‘2
Sy = ﬁ@gA + —0cp
2 My
where

1
—0ep = e}’ + 5010 B0 5 pl0)

identifies with the electric field along the local magnetic field.

One thus gets 85f£1) = R, 4+ x,, where Y, corresponds to the singular

oF\"
8v|| .

contribution driven by S,



This singularity results from the assumption that in the frame traveling at
the propagation velocity A of the wave, all the dynamics takes place on a time
scale O(e™*), a condition that is broken near the resonance. One should thus

define (Mjglhus, and Wyller, 1988) y, = lim,_o x.*} where x1 obeys

OF"
62({97—)(7{6} + (”UH — )\)agx{e} = 0¢Sy Do
|

r

Since S, does not depend on v, one can explicitly solve in the form



One then computes

1 orY oF %
~dvy = 1i &} duy =P / " duy S, . S.

— g’I“ST'

where P holds for principal value, H¢{S,} = —P/ =

with respect to the & variable, and

r(¢)
3

As a consequence of the electric neutrality of the equilibrium state,
- —(1 : :
>~ qrny [ Rpd?v = 0. The condition > 7nc_JTn,,affq(n )d3v = 0 then implies

2 2

oS [ a5 a0+ i [l iaoc =0
rter T m’r 2 T Y

or equivalently



—0cp = LM Oc A,

where one has defined the operators

2 o) 2 o0
qrr Y1 YiyY1
=2 a T — ribyr A ) o Ire
L 7T§ mr/()d(z)g M QWEan/O d(2)29

r

Note that the inversion of the operator L is easily performed due to the property
He = —Hgl of the Hilbert transform and thus It follows that

b(o) 2 8FT(O)
‘ - ‘ —/vL d’U”@gA

#) Lyt p ()
d — T'd r r — _D DF d
/85]‘} V| /R v+ G,S /2 ) »dv) O 25 > Do

2

+Gr (2 — I LTI M) DA

2 m,



e The Kinetic DNLS equation

One now applies the operator ) _m,n, deU U - on the eq. for f7E4).

Using Faraday's equation, one gets
S =g e Borg o) (1)
mn. . [ U104f, 'd"v=—(0:b7" —V1b .
" 41 I

)\p(O)

0

One also easily obtains Z mrnT/ ﬁLanfo)dg’v = — 8Tb(f) and

r

Z mrnr/ 17J_(17J_ : VL)fﬁl)deu =

—(1) sin 2¢ 8, — cos 2¢ 0, (1) 43
Vi ZT: mrnr/ Z mrnr/ ( — cos 2¢ 9, — sin 2¢ 9, Opfpd"v
where the second term T5 (including the sign) of the RHS is given by

1 ( 8, (b2 — p©2) 1 29, (Vb)) )

Ty = —
T 8r | —9.(00% — b2y 4 29, (bWp()



Furthermore, as a consequence of the neutrality condition and the expansion of the electric
current one has

1
Z mrnrﬁ/ ’UL(e(4) + —v X b(4)) . VvFﬁo)dgv =0
- my c

and

Z Z mrnr /UJ_( (p) i ’U < b(p)> ,vvf7£Q)d3U

p+q=3 T

_ 0 0y = 50 4 (1) 5 1(0)
_—E[(aybg)—a,zb?g))ggxbL + b 9eb ).

1
This contribution is easily added to T5. Using the divergenceless condition, the sum reduces to ——8 (b|(|1 bg?)).

Finally,
Z mrnr/ ’UJ_(’U” — A)(?&f?gQ)d&U = Z m»,»nr/ ’UJ_(”U” — A)ag(fqgQ)a d3”U

A\ Ap(0)
:+—(3p(0)—|—)\2 (0) 2pL))a (# x b(0)>_|_ 55(2) 8 (b(l)b(o)) _%8Tb(f)
0

BOQi ||7

2
+87‘r ) (|b(0)|2b(0)) + 85(2 mrnr/ [(v) — A2 %]Tﬁl)d?’v b(f))’

where only the contribution of the ions was retained in the dispersive term.



Summing up the various contributions computed above, one notes that

_ _ ~(1)
Writing fil) = <f7(nl)>5 + f,. where the brackets
1 tL

()¢ = limp .57 J_; - d§ indicate averaging along the direction of the ambient field

: " : : —(
and the tilded quantities are the fluctuations about this mean value, one sees that (fi )>§
contributes.

One gets the dynamical equation

~ ~

P 0 P
20 T el Snm

0,61 + 60ce(@ x b)) — BoV . ( + ()] =0,

with a dispersion coefficient ¢ given by

() o) 2
_ b e P Py 1 54 (0) (0) (0) (0)
0= 2Qz~(A " 3/)(0) : 2/)(0)) B QQip(O)(llW +2p); —PLi —Pj ~PLe):

Here the subscripts e and i refer to electrons and ions (assumed of a unique species) respectively.



The ion density at equilibrium has furthermore been replaced by the total
plama density. One also has defined

BQ
P=(—

ot 20" + N — MPLTHA (1)

where the magnetic fluctuations b|(| ) along the ambient field is prescribed in terms of the

transverse component b(f) by the divergenceless condition. For pulses whose extension
is comparable to the longitudinal scale €72, mean fields are zero and the system
is closed. The resulting system was derived by Rogister (1971) using a Fourier
space formalism.

Note that the action of the Landau damping on the Alfvén waves is mediated by the coupling with ion-acoustic

waves that are directly affected.

. 8rp® T, .
In 1D and for situations where (6 = B2 < T I.e. when kinetic effects are

negligible, KDNLS reduces to the usual DNLS equation

1
4(1 - 0)

which is integrable by inverse scattering (Kaup and Newell, J. Math. Physics, 19, 798 (1978)).

0.-b + —855b+

S 9e(Jb°b) = 0 (2)



(i) Modulational stability of a circularly polarized wave

The DNLS equation admits an exact solution in the form of circularly polarized Alfvén waves
b — boe—ia(ké—w’r).

Linearization of the DNLS equation about the above solution leads to the dispersion relation

ok b2 )§2+_(k2 K2 N 30 kb3 N 3bg
R;  2(1-p) R? 4R?  4R;(1-p8) 16(1 - p)?

1

Q2 — 2K( ) =0

which predicts a modulational instability for right-hand (left-hand) polarized waves when
25, 2p.
8>1+ bgR; bgR;

4]: (respectively 3 < 1 — —47



(ii) Two-parameter solitons
They form in the nonlinear stage of the modulation instability of the circularly polarized solutions. Rescale £ so
that R; = 1. Mjglhus L found solitary wave packet solutions: b = a exp 26 with real amplitude a = a(xz — vt)

and phase 0. The local wavenumber k = 6, and frequency v = —60+ obey, in a simple case:
22— 4(vo + ko)
(vg + 2k0)1/2 cosh [(x — vt — xg) /58] + Ko

K = /<c()—|-(3/4)a,2 R 2(/1(2)+1/0)1/2

v =19+ (3/4)a2 v = —2Kq

—20 —10 o 10 20 30

Flgu re 1: Envelope (solid) and real part (dotted) of the above soliton for kg = 0.5, § = 1, vy = 0.

1I\/Ij¢|hus and Hada in, Nonlinear Waves in Space Plasmas, eds. T. Hada and H. Matsumoto, Terrapub,
Tokyo, 1997, p. 121



Landau damping of circularly polarized Alfvén wave trains
In one dimension the KDNLS equation writes

2

9 , 9
0:b+ —(b H)|b 0—=b =20
+ g (blo AP +id g

When \b|2 is constant, there is no Landau damping: the H term vanishes. However it is
non zero in presence of modulation, hence the misleading denomination of nonlinear Landau
damping.

Two main points (Fla, Mjglhus and Wyller, Physica Scripta 40, 219 (1989)):
e Instability of the circularly polarized wave for all parameter values (even RH polarization,
B < 1, although it is weak in that case).
e For typical parameters instability of the RH case is suppressed for 3 > 1. A quasi-resonance

survives only in the special case when the temperature of the electrons strongly exceeds that of the ions.

Also: along with damping, wavenumber decreases, a consequence of the conservation of
helicity K = L [ [b* [*__ bda' — b [*._ brda')de = —2xP [ el gp

Numerical simulations show the formation of stationary S-type and arc-polarized directional
and rotational discontinuities (Medvedev et al. PRL 78, 4934 (1997)). Linear waves evolve to
rotational discontinuities while circular ones do not evolve, a phenomenon due to the fact that
Landau damping is NOT restricted to small scales.



When dealing with Alfvén wave trains that include a large number of pump wavelengths of
order €2 the mean fields are no longer negligible. It is given by

A o

U)e = —gy oG e 20

2X\p (0> Z m'f“"r/ [(v=A) ——](f(1)>

that can be viewed as a convective velocity which locally corrects the Alfvén wave speed. lts

—(1
computation requires the estimate of (f,f, )>5 by pushing to higher order the expansion of the
Vlasov-Maxwell system.

Furthermore, the system requires the solvability condition

B )+ 3 mone [ e = T

where T'(7) denotes a function of 7 . For solutions decaying at large transverse distance or
obeying periodic boundary conditions, no mean field (b(f)>§ is thus driven.



The 3D-KDNLS equation for parallel Alfvén wavetrains

Defining the operator I = N — M?*L£7 1,

0 Pp¥ B ~
(0) 0 -~ 0y _
(87- + <U>§a§)b -+ £(2>\ (O)) — x50 \V | P + 5055 (:13 X b ) =0

_p0 _ _ ~ ~
p(0)87<U>§ = C1 (VJ_ ' <P?O>g - <AIC5§A>€> - C2<AK85A>§,77,C’

aégﬁl) +v. -0 =0,

g(l) I;_(B)/Q 2
| b1 5 B (0) <
th A = , = (— 4+ 2 JC)A.
Wi B, + 252 (47r +2p,’ + K)




VI.c Calculation of the heat fluxes: towards a Landau-fluid closure

1
The transverse heat flux is defined as ¢, = Z mrnr/ E(VL — UL)2(V|| — U||)frd3v,

T
where the velocities are calculated in the local frame of reference. To leading order,

q. = e2q(j) + O(€”). A straightforward expansion leads to

~(1) ~(1)
~(1) o [ PL P A
q. = Ap — ———A].
S (p(f) Pt )

The parallel heat flux is gy = >, m,n, [ (V| — Uj)*f-d’v. Again to leading order,
q| = 62qﬁ1) + O(€%), and one has

~(1) "

D (1) ~

~(1) (0) ISP

q” — ApH p—m) S—p(()) + 2A
I



The heat fluxes also read

) T ew 1

0 0 0 0

/Uth,rpiz T||(7~) 1 — TJ(_r)W Tj(_r)
Tﬁo) :

(1) (D)

4, et =34+ W HI,

viep)) G- L+Welop

where ¢, = \/vy,» and

2
1 (e ¢/ \/? 2/
WTEW r :—P d — Cpr CT H.

)= e /C—cr e Tt

Using suitable Padé approximants for VV,, one easily obtains first order partial differential
equations for the heat fluxes.



As an example, the parallel heat flux can be modeled by the following equation

(1) (1)

i + Yth,r HO L — ;Uth o T|l
— T — 3 ,rYx

i’ Jra—g ) T-F IO

that was also obtained by Snyder, Hammett and Dorland (1997). With a similar, although
slighltly more complicated (as it involves magnetic field disturbances) equation for g, ., one
has a fluid model that reproduces the correct weakly nonlinear dynamics of long parallel Alfvén
waves, up to the replacement of the plasma response function by suitable Padé approximants.
Note that such a model needs to be modified for more general waves propagating at a finite

angle to the magnetic field, to account for the coupling with non-gyrotropic contributions (T.P.
and Sulem 2004).
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