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LECTURE 3

HILBERT AND CHAPMAN-ENSKOG EXPANSIONS




Hilbert’s asymptotic solution

eStart from the dimensionless Boltzmann equation in the compressible Eu-
ler scaling St = 1 and 7Kn = e€:

1
atFe —I_ v - V:CF(—: — ;B(F€, Fe)

eHilbert’s expansion is a method for constructing solutions of the scaled
Boltzmann equation above in C* (R x R3 x R3)[[€]] (i.e. formal power
series in e with coefficients that are smooth in (¢, z,v):

Fe(ta L, ’U) — Z GnFn(t, L, U)
n>0
eThe convergence radius of the above power series may very well be 0.



The linearized collision operator

eThe leading order of Hilbert's expansion should be a local Maxwellian
(see lecture 1) whose parameters are governed by Euler’s system.

e This suggests to study the linearization at a Maxwellian M of Boltzmann’s
collision integral

[,qu — —QM_lB(Ma M¢)
- //R3xsz(¢ + ¢ — ¢ — ¢ (v — vi) - w|dw Midoy

WLOG, assume that M = M o 1 (the centered, reduced Gaussian)




e Translation/Scaling invariance of 5

Denote by r the action of R3 on func-

tions by translations, and by m that of R’_‘F by scaling:

Twd(v) ‘= ¢(v — w),
Then

map(v) = 56 (1)

B(moF, mq¢F) = amqB(F, F)

eln particular, since M, ,, g = pTum. 5M1 0,1, ON€ has

ﬁMp,u,e(Tum\/@(b) — p\/gTum\/@'CMl,O,lqb




eNotice that the operator L, takes the form

(Ly¢)(v) = Ay (Ju))p(v) — (Kpre)(v)

where A(|v]) is the collision frequency, while I, is an integral operator

A([v]) = 2n /R3 v — ve|Mydvs, Kpr¢p =Ky pr — Ko pr

and where the operators K1 j; and Ko,y are defined by

Ky o =2 //R3><82 & (v — vy - w|dw Msdus

,CQ,M¢ s 27'(' /R3 ¢>|<|?) — ’U>|<|M>|<d’U>|<




Lemma. (Hilbert 1912) The operator K1 5, IS compact on L2(Mdv).

eSince K5 s is also compact on L2(Mdv), Hilbert's lemma implies that

Theorem. The operator £, is a nonnegative, unbounded self-adjoint
Fredholm operator on L2(Mdv) with domain L2(A(|Jv|)2Mdv). Further,
its nullspace is the set of collision invariants, i.e.

ker £ = span{1,vy,vo,vs,|v]?}.
Moreover, there exists cg > 0 such that, for each ¢ € L2(\(|v|) Mdv):
b1 Kker Ly = /R3 SL1sdMdv > co /R3 2 \(v]) Mdo .
Finally, there exists ¢; > 1 such that
(L Jo)) < A(o]) < er(L+ o))



A nonlinear variant of Hilbert's lemma

Theorem. (P.-L. Lions 1993) The gain term in Boltzmann’s integral
By (F,F) = // F'Fl|(v — vy) - w|dwdvs
maps L2,,,,(R>) continuously into H!(R3).

eHere is the very elegant proof found by Bouchut-Desvillettes: parametrize
the solutions to the collision relations

o vl =vtoe, [ L2 = (o + e
as follows:
v’=%(v+v*)+%|v—v*|a, vl =%(v—|—’u*)—|—%|v—v*a

where o runs through S2.



The two parametrizations of the collision relations




oA straightforward change of variables shows that

B (F,F)(v) = 2//F (U_EU* + |v_2r0*|0) F (U_EU* |v—2v*|0> [v—v«|dodvs

eCompute the Fourier transform of B (F, F') by the pre- to post-collision
change of variables:

|v—v«]

B(F, F)(¢) = 2 / || PP ¢ <U+v*+ 2 ) [0 — vi|dodvedy
— 2//F(U)F(v*)e_7’ =L (/ ot g v*l v — fu*\da> v — vs|dvsdv

eCompute the inner integral in spherical coordinates with polar axis R&:

lv— ’u*| T |§|| — x|
/e_Z€ v — vi|do = 27T/O e 2 ©%ingae

= T =S
V — VUx




eSetting z = % and w = "5

EIBCF, F)(©) = 64r [[ 1P +w)F(- = w)(©) sin(l€]|w])duw
By Cauchy-Schwarz and the Plancherel identity,

— 2 d’U)
IIEIBCE F)IIZ, < 64 / R

x (27)3 //F(z + w)?F(z —w)?(1 + |w\)3+odzd'w
< C//F(’U)2F(”U*)2(1 + |v — v*|)3+odvdv*

Hence

3402

IBCF, F)|lgr <C HF(l + ) 2

L2




eFredholm’s alternative: Consider the (integral) equation £,,¢ = . Either

e /1l ker Ly = there exists a unique solution ¢q_L ker £, (denoted
by ¢o = cL]szp); all solutions are of the form ¢g—+n withn € ker L,;

e oOtherwise, there exists no solution ¢ to the above equation.

eExample: For M = Mj g 1, consider the vector field B and the tensor
field A defined by

A() =v®2 = Lu?I, B(v) = Sv(Jv|* - 5)

Noticethat AL ker L, BL ker L, and AL B; there exist ﬁ&lAL ker Ly
and LMlBL ker Ly



e Rotational invariance of B|Let R € O3(R); it acts on functions f on R3,
on vector fields U on R3, and on 2-contravariant tensors fields S on R3 as
follows:

fr(v) = f(R'v), Ugr(w) = RU(R'v), Sgr(v)= RS(R'v)R"

eThe Boltzmann collision integral is rotationally invariant:

B(Fgr, Fr) = B(F, F)R, therefore Ly, ,,éop = (Lary o, PR

since My g 1 Is a radial function.

eOne has Arp = Aand Br = B; hence (ﬁ&lA)R = £;41A and (LMB)R =
£X41B. Therefore, there exist a = a(|v|) and 8 = G(|v|) s.t.

LyiAW) =a(w)A@), £} B) = B(jv])B(v)




The Hilbert expansion

eSeek a solution of
1
8tF€ + U - ijFe — ;B(Fe, Fe)
in the form

Fe(t,z,v) = ) €"Fp(t,z,v) € CFy ,[[€]]
n>0

eOrder 0: B(Fp, Fp) = 0, which implies that Fj is a local Maxwellian

Fo(t, @,v) = Mo (4 2) ug(t,2) 00 (t,2) (V)
eOrder 1: one finds that

I
O Fg +v-VaFy = 2B(Fp, 1) = M po,u0,00L My g 66 (M 0 )
PO,UQ,Y0




Once Fp is known, one finds F4 by solving the Fredholm integral equation
above.

eCompatibility condition at order 1: in order for this Fredholm integral equa-
tion to have a solution, one must verify the compatibility condition

(9 +v- Va)FoLker Ly

PO UO 0o Po,u0-90
l.e.
1 1
O [ | v | Mpguosodv+dive [v@ | v | Myg g gdv =0
1,12 1,12
2|v| 2|U|

This compatibility condition means that (pg, ug, 6g) solves the compress-
ible Euler system.



eAssuming that (pg, ug, 6g) solves the compressible Euler system, there
exists a unique solution F{) to the Fredholm equation

1
BiFy + v - VaFo = 2B(Fp, FO) st / v | FOdv =0
Aof?
eTherefore Fy (the first order term in Hilbert’s expansion) is of the form
Fl (ta X, U): F]_O(ta X, U)_I_M(pojuoﬁo)(t,g;)(a’(t? $)+b(t7 CC)"U"—C(t, CC) |U|2)
with

FP = — M1 4, (a6, [VDAWVY:D(u0) +26(60, V) BOV) Vo)

(see Chapman-Enskog expansion below) where

vV — uQ

Voo

but a, b and ¢ remain undetermined so far.

V =

D(u) = Veu 4 (Veu)! — 2(dive w1



eOrder 2: one finds

OtF1 +wv - Vg F1 — B(F1, F1) = 2B(Fp, F>)

which is another Fredholm integral equation for the unknown F». For this
equation to have a solution, one must verify the compatibility conditions

1 1
at/ v Fldv—l—diva;/v@) v | Fydv =0
11,2 11,12
2|U| 2|U|
These 5 compatibility conditions are 5 PDEs for the five unknown functions
a, b and c.



eQOrder n: one finds

(975Fn —|— (VA Van — Z B(Fk, Fl) — QB(F(), Fk—l—l)

k+l=n
1<kl.<n

which is the same Fredholm equation as above.

eHere again, the compatibility condition reduces to

at/ v Fndv—l—divw/v® v | Fodo =0

1,12 11,2

§|U| 2|U|
eMore generally, the compatibility condition at order n 4 1 (to guarantee
the existence of F}, 1) provides the equations satisfied by that part of F,

which belongs to the nullspace of EMpo vorlo’



The Chapman-Enskog expansion

eSeek a solution of
1
8-[;F€ —I_ U - V$F€ — ;B(Fe, Fe)
in the form of a formal power series

Fe(t,z,0) = 3 "FM[B(t, 2)](v)
n>0

parametrized by the vector P of conserved densities of F..

eNotation: F*[P(t, z)](v) designates any quantity that depends smoothly
on P and any finite number of its derivatives with respect to the z-variable
at the same point (¢, ), and on the v-variable.




o [ P(t, 2)](v) doesn’t contain time-derivatives of P: the game is to elim-
inate ;P in favor of z-derivatives via conservation laws satisfied by P.

eThat P is the vector of conserved densities of F: means that

1 1
/F<0>[13](v) v |dv="P, /F(")[ﬁ](v) v |dv=0,n>1
1,2 1.2
2|v| 2|’U|

eThese conserved densities satisfy a formal system of conservation laws
P =Y € div, oM [P]
n>0
where the formal fluxes are obtained from the local conservation laws:

1
*MWF == [ve| v | FMP(w)dv



eOrder O0: one has

BFOIP], FOI[P]) = 0, and thus FO[P] = M, , ¢

here
B p 3 pu
P= pu OB = — | pu®2 4 oI
p(5lul? + 30) pu(3lul? + 36)

Hence the formal conservation law at order O is

9 P° = divy (0[P mod. O(¢) < Euler system
eEuler's system can be recast as

8ip° + u® - Vzp® + pPdivgu® =0
1
Aul 4+ (u¥ - V)ul + p—ovx<p090> =0

040° 4+ u® - V20° 4+ 26° divyu® = 0



eOrder 1: one has
(B 4+ v - Vi) FO P = 2B8(FO[PL], FOD[PL)

using the formal conservation at order 0, eliminate &gF(O) []31] and replace
it with z-derivatives of F(0)[P1]:

(&g —|— v - vx)Mpl,ul,Hl :Mpl,u1,01 (A(V) . D(ul) —|— QB(V) . V;g\/@T
+0O(e

N—

N

with the notations

v—ul

Vol

and where D(u) is the traceless part of the deformation tensor of u:

D(u) =1 (Vg;u + (Vau) T — 2 divg uI)

V= AWV)=V®2 L1, B(V)=3iV(V|*?-5)




eTherefore, F(1)[P1] is determined by the conditions

AWV 1 DG 4 2BOV) Voot = £y, | (Fu)[pl])

psu Mpl,ulﬁl
1
/F<1>[131](v) v |dv=0

1
§|’U|2

By Hilbert’s theorem, £, is a Fredholm operator on L2(Mdv); therefore

FOB () =M, 1 (a(el, V)A(V):D(ub)

+ 28004, [V BOV) Va0 )




eHence the first order flux in the formal conservation law is

0
>D[P = u(61)D(ul)
p(OHD(ul) - ul + k(1) V461

e Therefore, the formal conservation law at first order is
8, P = divy ®(O[P1] + ediv, D [P]

i.e. the compressible Navier-Stokes system with O(e) dissipation terms

apt + divz(ptul) =0
B (ptul) + diva(pt (ul)®?) + Va(pro) = ediva(uD(ul))
Oy (p(%\u1|2 + %91)) + divy (plul(%\u1|2 + gel)) — edivy(kV461)
+edive(uD(ul) - ul)




eThe viscosity and heat conduction coefficients are computed as follows:

9/04(9, V)Aij(V)AR (V)M gdv = p(0) (8051 + 6316k

0 [ B0, V)B,(V)B; (VM1 4,00 = r(6)5;

or, in other words

— £6:30k1)

nw(f) = / a (0, r)r° c

k(0) = 19/ 8(6, r)r*(r2 — 5)2°

eIn the hard sphere case, one finds that

u(0) = oV, rK(0) = roVo




Hilbert vs. Chapman-Enskog

eHilbert's expansion more systematic? Chapman-Enskog expansion re-
quires knowing in advance that one gets a system of local conservation
laws at any order in e.

eChapman-Enskog expansion=reshuffling terms in Hilbert expansion? Not
really: in the case of a boundary-value problem, Hilbert’'s expansion leads
to a set of boundary conditions for (pg, ug, 6g) that is adapted to the com-
pressible Euler system, i.e. to a hyperbolic system.

eThis is in general not consistent with the boundary conditions adapted to
the compressible Navier-Stokes system, which is (degenerate) parabolic.
(For instance: there may be a viscous boundary layer of thickness O(+/¢)).



Deficiencies in both expansions

eTruncated Hilbert or Chapman-Enskog expansions are polynomials in v,
and thus may not be nonnegative for all t, z and v. See a proof by Caflisch
(CPAM 1980) of the compressible Euler limit; lack of positivity may be cured
by suitable initial layers, as constructed by Lachowicz (M2AS 1987).

eHydrodynamic equations may develop singularities in finite time (as in the
case of the compressible Euler system) — or it may be unknown whether
the solution remains smooth for all times (as in the case of 3D incompress-
Ible Navier-Stokes). Truncated expansions cannot provide a justification of
the hydrodynamic limit past the time of appearance of a singularity in the
limiting solution.



